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PREFACE 


“YOU CAN DO ANYTHING IF YOU SET YOUR MIND TOIT, | TEACH GEOMETRY TO JEE ASPIRANTS BUT 
BELIEVE THE MOST IMPORTANT FORMULA IS COURAGE + DREAMS = SUCCESS” 


It is a matter of great pride and honour for me to have received such an overwhelming response to 
the previous editions of this book from the readers. In a way, this has inspired me to revise this 
book thoroughly as per the changed pattern of JEE Main & Advanced. | have tried to make the 
contents more relevant as per the needs of students, many topics have been re-written, a lot of 
new problems of new types have been added in etc. All possible efforts are made to remove all the 
printing errors that had crept in previous editions. The book is now in such a shape that the 
students would feel at ease while going through the problems, which will in turn clear their 
concepts too. 


A Summary of changes that have been made in Revised & Enlarged Edition 

e Theory has been completely updated so as to accommodate all the changes made in JEE Syllabus & 
Pattern in recent years. 

e The most important point about this new edition is, now the whole text matter of each chapter has 
been divided into small sessions with exercise in each session. In this way the reader will be able to 
go through the whole chapter in a systematic way. 

e Just after completion of theory, Solved Examples of all JEE types have been given, providing the 
students a complete understanding of all the formats of JEE questions & the level of difficulty of 
questions generally asked in JEE. 

e Along with exercises given with each session, a complete cumulative exercises have been given at 
the end of each chapter so as to give the students complete practice for JEE along with the 
assessment of knowledge that they have gained with the study of the chapter. 

e Last 10 Years questions asked in JEE Main & Adv, IIT-JEE & AIEEE have been covered in all the chapters. 


However | have made the best efforts and put my all teaching experience in revising this book. 
Still |am looking forward to get the valuable suggestions and criticism from my own fraternity 
i.e. the fraternity of JEE teachers. 

| would also like to motivate the students to send their suggestions or the changes that they 
want to be incorporated in this book. All the suggestions given by you all will be kept in prime 
focus at the time of next revision of the book. 


Amit M. Agarwal 
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Session 1 


Scalar and Vector Quantities, Representation of Vectors, 
Position Vector of a Point in Space, Direction Cosines, 
Rectangular Resolution of a Vector in 2D and 3D Systems 


Vectors represent one of the most important mathematical 
systems, which is used to handle certain types of problems 
in Geometry, Mechanics and other branches of Applied 
Mathematics, Physics and Engineering. 


Scalar and Vector Quantities 


Physical quantities are divided into two categories-Scalar 
quantities and Vector quantities. Those quantities which 
have only magnitude and which are not related to any 
fixed direction in space are called scalar quantities or 
briefly scalars. Examples of scalars are mass, volume, 
density, work, temperature etc. 

A scalar quantity is represented by a real number along 
with a suitable unit. Second kind of quantities are those 
which have both magnitude and direction, such quantities 
are called vectors. Displacement, velocity, acceleration, 
momentum, weight, force etc., are examples of vector 
quantities. 


Example 1. Classify the following measures as 
scalars and vectors 

(i) 20 m north-west 
(iii) 30 km/h 
(iv) 50m/s towards north 
(v) 10-'? coloumb 


Sol. (i) Directed distance -Vector 


(ii) Force-Vector 


(ii) 10 Newton 


(iii) Speed-Scalar 
(iv) Velocity-Vector 


(v) Electric charge-Scalar 


Representation of Vectors 


Geometrically, a vector is represented by a directed line 
segment. 

For example, a= AB. Here, A is called the initial point and 
Bis called the terminal point or tip. 


A directed line segment with initial point A and terminal 


3 
point Bis denoted by AB or AB. Vectors are also denoted 


by small letters with an arrow above it or by small bold 


33 €F 
letters, e.g.a, b, c etc. or a, b,c etc. 


B 


A 


Here, in the figure a = AB and magnitude or modulus of 
a is expressed as |a| =| AB| = AB (Distance between initial 
and terminal points). 


Remarks 


1. The magnitude of a vector is always a non-negative real 
number. 


2. Every vector AB has the following three characteristics 


Length The length of AB will be denoted by | AB| or AB. 


Support The line of unlimited length of which AB isa 
segment is called the support of the vector AB. 


Sense The sense of AB is from A to B and that of BA is 
from B to A. Thus, the sense of a directed line segment is 
from its initial point to the terminal point. 


Example 2. Represent graphically 
(i) A displacement of 60 km, 40° east of north 
(ii) A displacement of 50 km south-east 
Sol. (i) The vector OP represent the required vector. 


> E 


(ii) The vector OQ represent the required vector. 


Types of Vectors 


1. Zero or null vector A vector whose magnitude is zero 
is called zero or null vector and it is represented by 0. 


The initial and terminal points of the directed line 
segment representing zero vector are coincident and 
its direction is arbitrary. 

2. Unit vector A vector whose modulus is unity, is 
called a unit vector. The unit vector in the direction of 
a vector a is denoted by a, read as ‘‘a cap’. Thus, 
jaj=1 

a Vector 


a = = 

|a| Magnitude of a 

3. Like and unlike vectors Vectors are said to be like 
when they have the same sense of direction and 
unlike when they have opposite directions. 


4. Collinear or parallel vectors Vectors having the 
same of parallel supports are called collinear vectors. 


5. Coinitial vectors Vectors having the same initial 
point are called coinitial vectors. 


6. Coplanar vectors A system of vectors is said to be 
coplanar, if they lie in the same plane or their 
supports are parallel to the same plane. 


7. Coterminous vectors Vectors having the same 
terminal points are called coterminous vectors. 


8. Negative of a vector The vector which has the same 
magnitude as the given vector a but opposite 
direction, is called the negative ofa and is denoted 
by —a. Thus, if PQ= a, then QP=— a. 

9. Reciprocal of a vector A vector having the same 
direction as that of a given vector a but magnitude 
equal to the reciprocal of the given vector is known as 
the reciprocal of a and is denoted by a‘ . Thus, if 
|a|=a, then|a '|=1/a. 


Remark 
A unit vector is self reciprocal. 


10. Localised vector A vector which is drawn parallel to 
a given vector through a specified point in space is 
called a localised vector. For example, a force acting 
on a rigid body is a localised vector as its effect 
depends on the line of action of the force. 


11. Free vectors If the value of a vector depends only on 
its length and direction and is independent of its 
position in the space, it is called a free vector. 


Remark 
Unless otherwise stated all vectors will be considered as free vectors. 
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12. Equality of vectors Two vectors a and b are said to 
be equal, if 
(i) |a|=|b| 
(ii) they have the same or parallel support. 
(iii) they have the same sense. 


Two unit vectors may not be equal unless they have 
the same direction. 


Example 3. In the following figure, which of the 
vectors are: 
(i) Collinear 
(ii) Equal 
(iii) Co-initial 
(iv) Collinear but not equal 


A 
a c 
b 
~<— scale —>| 
unit 

d 
y 


Sol. (i) a,c and dare collinear vectors. 

(ii) a and c are equal vectors 

(iii) b,c and d are co-initial vectors 

(iv) a and dare collinear but they are not equal, as their 
directions are not same. 


Position Vector of 
a Point in Space 


Let O be the fixed point in space and X’ OX, Y’ OY and 
Z’ OZ be three lines perpendicular to each other at O. 
Then, these three lines called X-axis, Y-axis and Z-axis 
which constitute the rectangular coordinate system. The 
planes XOY, YOZ and ZOX, called respectively, the 
XY-plane, the YZ-plane and the ZX-plane. 
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Now, let P be any point in space. Then, position of P is 
given by triad (x, y, z) where x, y, z are perpendicular 
distance from YZ-plane, ZX-plane and XY-plane 
respectively. 


The vector OP is called the position vector of point P 
with respect to the origin O and written as 


OP = xi+ yj +zk 
where i ; j and k are unit vectors parallel to X-axis, Y-axis 


and Z-axis. We usually denote position vector by r. 


Remarks 


1. If Aand Bare any two points in space having coordinates 
(X%, Yi, 2) aNd (Xo, Yo, Zo) respectively, then distance between 


the points Aand B= y(x» — x1)? + (Yo - yy)? + (Zo - 24)? 
2. Using distance formula, the magnitude of OP (orn) is given by 
|OP| = (x — 0)? + (y -0)? + (2-0)? = fx? + y? + 2? 


3. Two vectors are equal if they have same components. i.e. if 
a=ai+aj+akandb=bi + bj + bk are equal, then 


a =), & = band a = bs. 


Example 4. Find a unit vector parallel to the 
vector —3i + 4j. 
Sol. Leta = —3i+ 4j 


al = y(-3)? + (4)? =5 


. A 1 
. Unit vector parallel toa =a = A ‘a 
a 


Then, 


-3i+4j 37> 4: 
= = 1F—J 
5 5S 


Example 5. Let a =12i+nj and|a|=13, find the 
value of n. 
Sol. Here, a = 12i + nj 
= jal = ./12? +n? =13 
=> 144 + n? = 169 
=> n> =25 or n=+5 


Example 6. Write two vectors having same 
magnitude. 


Sol. Leta=2i+j+k and b=i+j+2k 


Then, |a|=|b|=/2?+12+1° =o 


Example 7. If one side of a square be represented by 


the vectors 3i+ 4j+5k, then the area of the square is 


(a) 12 (b) 13 
(c) 25 (d) 50 


Sol. (d) Leta =31+4j +5k then |a | 
= 3744? 45? = V9 416425 = 5/2 


Thus, the length of a side of square = 5/2 
Hence, area of square = (5/2) = 25x2=50 


Direction Cosines 


Let r be the position vector of a point P(x, y, z). Then, 


direction cosines of r are the cosines of angles a, B and y 
that the vector r makes with the positive direction of X,Y 
and Z-axes respectively. We usually denote direction 
cosines by I,m and n respectively. 


In the figure, we may note that AOAP is right angled 
triangle and in it we have 


x 
cosa =— (r stands for | r}) 
r 


Similarly, from the right angled triangles OBP and OCP, 
we get 


cosB=~ and cosy =— 
iy 


Thus, we have the following 


x x x 
cosa =1= 
xr ty? +2? Ir] or 
y yo. 
cosB=m= == 
fxr ty? +2? Ir] or 
Zz Z 2 


and cosy =n= =— = 
fxr ty? +z? [rl or 

Clearly, VP +m? +n? =1. 

Here, & = Z POX,B = Z POY, y = Z POZ and i, j and k are 


the unit vectors along OX, OY and OZ respectively. 


Remarks 
1. The coordinates of point P may also be expressed as 
(/r, mr, nr). 


2. The numbers /r, mr and nr, proportional to the direction 
cosines, are called the direction ratios of vector r and are 


denoted by a, band c respectively. 
.ifr=ait bj +ck, then a band care direction ratios of the 


oo 


given vector. 
Also, if a’ + b° + c? =1, then a band cwill be direction 
cosines of given vector. 


Example 8. The direction cosines of the vector 


—4j+5k are 
3 4 1 3 -4 4 
a—,—,= (b) ——, —~, — 
5° 575 ba? Gad 42 
3 -4 1 3 4 1 
(c) =, =, >= (d) ——, —=, = 
V2 V2 V2 Bv2 5/2 4/2 
Sol. (b) r =3i- 4j +5k 
=> |r| = 4/3? + (4)? +5? =5V2 
3 —4 5 
Hence, direction cosines are 
52’ 52 5/2 


; 3 -4 #1 
ie. Sie 
Example 9. Show that the vector i+ j +k is 
equally inclined to the axes OX, OY and OZ. 
Sol. Leta = i+j +k 
Ifa makes angles a, 8, y with X, Y and Z-axes respectively, 


then 
1 1 
cos 
Ji +041 V3 
1 
cosB = — 
3 
and cos Y = : 
NB 


Thus, we have cosa = cosB = cosy, i.e.& =—B =¥ 


Hence, a is equally inclined to the axes. 


Rectangular Resolution of a 
Vector in 2D and 3D Systems 


In Two Dimensional System 


Any vector r in two dimensional system can be expressed 
as r = xi +yj. The vectors xi and yjare called the 


perpendicular component vectors of r. 
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The scalars x and y are called the components or resolved 
parts of r in the directions of X-axis and Y-axis, 
respectively and the ordered pair (x, y) is known as 
coordinates of point whose position vector is r. 


+X 


oh 3 


Also, the magnitude of r=./x? +’ and if @ is the 


inclination of r with the X-axis, then 6 = tan” (2) ; 


x 


In three Dimensional System 


Any vector r in three dimensional system can be 
expressed as 


r=xi+yjt+zk 


4 


Z 
The vectors xi, yj and zk are called the right angled 
components of r. 
The scalars x, y and z are called the components or 
resolved parts of r in the directions of X-axis, Y-axis and 
Z-axis, respectively and ordered triplet (x, y, z) is known 
as coordinates of P whose position vector is r. Also, the 
magnitude or modulus of 


r=|rl= x? +y? +27. 


Example 10. Let AB be a vector in two 
dimensional plane with the magnitude 4 units and 
making an angle of 30° with X-axis and lying in the 
first quadrant. 

Find the components of AB along the two axes of 
coordinates. Hence, represent AB in terms of unit 
vectors i and j. 
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Sol. Let us consider A as origin. From the diagram, it can be = AB cos 30° = 4 cos 30° 


seen that the component of AB along X-axis 3 
=4x = = 2v3 


and the component of AB along Y-axis 


‘ 1 
= ABsin 30° =4x—-=2 
2 


Hence, AB= 2v3i + 2j 


Exercise for Session 1 


1. Classify the following measures as scalars and vector : 
(i) 20 kg weight (ii) 45° 
(iii) 10 m south-east (iv) 50 m/sec? 


2. Represent the following graphically: 
(i) A displacement of 40 km, 30° west of south (ii) a displacement of 70 km, 40° north of west 


3. Inthe given figure, ABCDEF is a regular hexagon, which vectors are: 


(i) Collinear (ii) Equal 
(iii) Coinitial (iv) Collinear but not equal 


4. Answer the following as true or false 
(i) aand aare collinear. 
(ii) Two collinear vectors are always equal in magnitude. 
(iii) Zero vector is unique. 
(iv) Two vectors having same magnitude are collinear. 


Find the perimeter of a triangle with sides 3i +4j + 5k, 4i ~3j —5k and7i + j ‘ 
Find the angle of vector a = 6i £2] ~3k with X-axis. 


Write the direction ratios of the vector r= i— j +2k and hence calculate its direction cosines. 


Session 2 


Addition & Subtraction of Vectors, Multiplication 
of Vector by Scalar, Section Formula 


Addition of Vectors 
(Resultant of Vectors] 


1. Triangle Law of Addition 


If two vectors are represented by two consecutive sides of 
a triangle, then their sum is represented by the third side 
of the triangle, but in opposite direction. This is known as 
the triangle law of addition of vectors. Thus, if AB= a, 
BC= band AC=c, then AB+ BC= ACi.e.a+ b=c. 


c =atb 


2. Parallelogram Law of Addition 


If two vectors are represented by two adjacent sides of a 
parallelogram, then their sum is represented by the 
diagonal of the parallelogram whose initial point is the 
same as the initial point of the given vectors. This is 
known as parallelogram law of vector addition. 


Thus, ifOA= a,OB= b andOC=c 


Then, O0A+ OB= OC i.e.a+ b= c, where OC is a diagonal 
of the parallelogram OACB. 


B C 


Remarks 


. The magnitude of a + bis not equal to the sum of the 
magnitudes ofa and b. 

. From the figure, we have OA+ AC = OC (By triangle law of 
vector addition) 
or OA + OB = OC (:. AC = OB), which is the parallelogram 
law. Thus, we may say that the two laws of vector addition are 
equivalent to each other. 


= 


nN 


3. Polygon law of addition 


If the number of vectors are represented by the sides of a 
polygon taken in order, the resultant is represented by the 
closing side of the polygon taken in the reverse order. 


E D 


A B 
In the figure, AB+ BC+ CD+ DE+ EF= AF 


4. Addition in Component Form 

If the vectors are defined in terms of i, j and k, ie. if 
a= ayi + ay] + ask and b= bi + boj + bk, then their 
sum is defined as ; : 

a+ b=(a, +b,) i+ (a, +b,)j+ (a3 +b3)k. 


Properties of Vector Addition 


Vector addition has the following properties 
(i) Closure The sum of two vectors is always a vector. 

(ii) Commutativity For any two vectors a and b, 
> a+b=bt+a 

(iii) Associativity For any three vectors a, b and c, 
> a+(b+c)=(at+b)+c 

(iv) Identity Zero vector is the identity for addition. For 
any vector a. 
=> 0+a=a=a+0 


(v) Additive inverse For every vector a its negative 
vector —a exists such that a +(—a) =(—a) +a=0 
i.e. (—a) is the additive inverse of the vector a. 


Example 11. Find the unit vector parallel to the 
resultant vector of 2i+4j—5k and i+2j+3k. 


Sol. Resultant vector, r = (2i + 4j - 5k) + (i + 2j + 3k) 
=3i+6j—2k 
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; 1 
Unit vector parallel to r = ir 
r 
1 


= (3i+ 6j-2k) 
3° +.6° + (—2)° 


= “(3i +6j —2k) 


Example 12. If a,b andc are the vectors 
represented by the sides of a triangle, taken in 
order, then prove that a+ b+ c=0. 
Sol. Let ABC be a triangle such that 
BC= a, CA= band AB=c 
A 


B a C 


Then, a+ b+ c= BC+ CA+ AB 
= BA+ AB 
=— AB+ AB 
a+b+c=0 


(: BC+ CA= BA) 


Hence proved. 


Example 13. If S is the mid-point of side QR of a 
APQR, then prove that PQ+ PR=2PS. 
Sol. Clearly, by triangle law of addition, we have 


P 
oo. =< &B 
PQ+ QS = PS i) 
and PR+ RS= PS ... (ii) 


On adding Eqs. (i) and (ii), we get 
(PQ+ QS) +(PR+ RS) = 2PS 
=> (PQ+ PR) +(QS+ RS) = 2PS 
= PQ+ PR+0=2PS 
['.S is the mid-point of QR... QS = — RS] 


Hence, PQ+ PR=2PS Hence proved. 


Example 14. If ABCDEF is a regular hexagon, prove 
that AD+ EB+ FC =4AB. 


Sol. We have, 


AD+ EB+FC= (AB+ BC+ CD) 
+ (ED+ DC+ CB) + FC 


= AB +(BC+ CB) +(CD+ DC)+ ED+ FC 


= AB+ 0+ O+ AB+2AB = 4AB 
(*" ED= AB, FC=2AB) 
Hence proved. 


Subtraction of Vectors 


Ifa and b are two vectors, then their subtraction a— b is 
defined as a— b= a +(—b), where —b is the negative of b 
having magnitude equal to that of b and direction 
opposite to b. 


If a=a,it+a,jt+ajk 
b=b,it+b,j+bsk 
a-b=(a, —b,)i+(a, —b,)j+(a3 —b3) k 


and 


Then, 


Properties of Vector Subtraction 
(i)a—b#b-a 

(ii) (a— b) —-c# a —(b- ce) 

(iii) Since, any one side of a triangle is less than the sum 


and greater than the difference of the other two sides, 
so for any two vectors a and b, we have 


(a)|a+ b| S|a| +|b| (b) |a+ b| 2|a|—|b| 
(c)|a— b| S|a| +|b| (d)|a— b| 2 |a|—|b| 


Remark 
If Aand Bare two points in space having coordinates (x,, y;, Z;) 
and (Xo, Yo, Zo), then 
AB = Position Vector of B — Position Vector of A 
- (Xo + Vol + Zk) - (xi + yi + Z k) 


= (xg — 4b + Yo — W)E+ (Ze -— 71) 


Example 15. If A=(0, 1),B=(1, 0), C=(1, 2) and 
D=(2,1), prove that vector AB and CD are equal. 
Sol. Here, AB=(1—0)i+(0-1)j=i-j 
and = CD=(2-1)i+(1-2)j=i-j 
Clearly, AB= CD 
Example 16. If the position vectors of A and B 
respectively i+ 3j—7k and 5i 
Sol. Let O be the origin, then we have 
OA = i+3j-7k 
and OB=5i-2j+4k 
Now, AB = OB- OA =(5i— 2j+ 4k)- (i+ 3j —7k) 
= 4{-5j+11k 
Example 17. Vectors drawn from the origin O to 


the points A,B and C are respectively a,b and 
4a-—3b. Find AC and BC. 
Sol. We have, OA = a, OB= b and OC = 4a — 3b 
AC= OC- OA = (4a - 3b) —(a) 
=3a — 3b 
and BC = OC -— OB =(4a — 3b) — (b) = 4a — 4b 


Clearly, 


Example 18. Find the direction cosines of the 
vector joining the points A(1,2,—3) and B(-1, —2,1), 
directed from A to B. 


Sol. Clearly, : . m a 
AB = (-1-1)i + (—2-2)j+(1+3)k =-2i- 4j+ 4k 


Now, | AB] = (2)? + (-4)? + (4)? = ¥36 =6 
AB _ -2i-4j+4k 


. Unit vector along AB= 


| AB| 6 

I= 24 24 

ae | 
3 3 3 


Example 19. Let a, and y be distinct real 
numbers. The points with position vectors 
Oo i+Bj+ yk, Bit yjtak and yito j+Bk 
a) are collinear 

b) form an equilateral triangle 

c) form a scalene triangle 


( 
( 
( 
(d) form a right angled triangle 
Sol. (b) Let the given points be A, B and C with position vectors 
oi + Bj + vk, Bi+ vy +ok and Yi + oj+ Bk. 
As, &, B and y are distinct real numbers, therefore ABC 
form a triangle. 


Clearly, AB = OB- OA =(fi+ Yj + ak) — (ai + Bj + yk) 
=(B-a)i+(y-B)j+(a-y)k 


Hence proved. 


—2j+4k, then find AB. 
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A (ai + Bj + yk) 


B 6 
(Bi + yj + ork) (yi + oj + Bk) 


Now, |AB|=(B—a)’ +(y-By +a) 
Similarly, BC= CA = (8 — a)? +(y-B)’ +(a— y) 
.. AABC is an equilateral triangle. 


Example 20. If the position vectors of the vertices 
of a triangle be 2i+4j-—k, 4i+5j+k and 

31+6j- 3k, then the triangle is 

(b) isosceles 

(d) None of these 


(a) right angled 
(c) equilateral 
Sol. (a, b) Let A, B, C be the vertices of given triangle with 
position vectors, 2i + 4j - k, 4i + 5j + k and 35 + 6j - 3k 
respectively. 
Then, we have 
OA =2i+ 4j-k, OB=4i+5j+k 
and OC=3i+6j—3k 
AB= OB-OA =2i + j + 2k 
BC =- i+ j-4k 
and AC =i+2j-2k 
|AB| = 2° +12 +2? =3 
BC =|BC| = (-1)° + (1)° + (-4)? =3v2 
and =AC=|AC|= 1? +2? +(-2) =3 


AB = AC and BC? = AB’? + AC? 


Clearly, 


Now, AB= 


. The triangle is isosceles and right angled. 
Example 21. The two adjacent sides of a 
parallelogram are 2i+ 4 j—5k and i+2j+3k. Find the 
unit vectors along the diagonals of the parallelogram. 


Sol. Let OABC be the given parallelogram and let the adjacent 
sides OA and OB be represented by a = 2i+ 4j- 5k and 


b=it+ 2j +3k respectively. 


Now, the vectors along the two diagonals are 


atb 


d, =a+b=3i+6j—-2k 
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The required unit vectors are 


~ 4, 3i + 6j —2k 
n,= = 
| d,| aa +6° +(-2)? 
eh ak 
a oa 
saat Gua dy _ —i-2j+8k 
do] |(—1)? + (-2)? +8? 
| j- 2 fee 8 4 
J69 = 69° 69 


Example 22. If a and b are any two vectors, then 
give the geometrical interpretation of the relation 
|a+ b|=|a— bj. 
Sol. Let OA= a and AB= b. Completing the parallelogram 
OABC. 


Then, OC= band CB=a 
From AOAB, we have 

OA+ AB= OB => a+ b= OB _...(i) 
From AOCA, we have 

OC+ CA= OA 

=> b+ CA=a => CA=a-b 
|a+ b| =|a— b| > |OB|=|CA| 
Diagonals of parallelogram OABC are equal. 
OABC is a rectangle. 
=> OAL OC => alb 


(ii) 
Clearly, 


Example 23. If the sum of two unit vectors is a 
unit vector, prove that the magnitude of their 


difference is V3. 


Sol. Let 4 and b be two unit vectors represented by sides OA and 
AB of a AOAB. 


Then, OA= 4, AB=b 
OB= OA+ AB= a+b 


(using triangle law of vector addition) 


It is given that, |a|=|b|=|a+ bl =1 
> |OA| + |AB| = |OB|=1 
AOAB is equilateral triangle. 


Since, |OA| =|4] = 1 = |-b|= |AB’ 


Therefore, AOAB’ is an isosceles triangle. 
=> ZAB’ O = ZAOB’ = 30° 
=> Z BOB’ = Z BOA + Z AOB’ = 60° + 30° = 90° 
(since, ABOB’ is right angled) 
. In ABOB’, we have 
| BB’|? = |OB|? + |OB’ |’ 


Hence proved. 


Multiplication of a 
Vector by a Scalar 


Ifais a vector and m isa scalar (i.e. a real number), then 
ma is a vector whose magnitude is m times that of a and 
whose direction is the same as that of a, if m is positive 
and opposite to that of a, ifm is negative. 


.. Magnitude of ma =|ma| = m (magnitude of a) =m |a | 
Again, ifa= ayit ay] +a3k, 


then ma =(ma,)i+(may,)j+(ma3)k 


Properties of Multiplication 
of Vectors by a Scalar 


The following are properties of multiplication of vectors 
by scalars, for vectors a, b and scalars m, n 


(i) m (—a) =(—m) a =—(ma) 
(ii) (-m) (-a) =ma 
(iii) m(na) =(mn) a = n(ma) 
(iv) (m+n)a=ma+na 

(v) m(a+ b)=ma+mb 


Example 24. If a is a non-zero vector of modulus a 
and m, is a non-zero scalar, then ma is a unit vector, if 


(a)m=+1 (b) m= |a| 
ome (d)m=+2 
|a| 


Sol. (c) Since, ma is a unit vector, |ma| = 1 
> |m||a|=1 


1 if 
> |m|=— => m=+— 
|a| |a| 


Example 25. For a non-zero vector a, the set of 
real numbers, satisfying |(5— x)a|<|2a| consists of 
all x such that 
(alO<x<3 
b)3<x<7 
©€)-7<x<-3 
d)-7<x<3 
Sol. (b) We have, |(5 — x) al<| 2a| 


[5 — x||al< 2| al 


( 
( 
( 


=> I5— x|<2 
=> —2<5-x<2 
=> 3<x<7 


Example 26. Find a vector of magnitude (5/2) 
units which is parallel to the vector 3i + 4j. 


Sol. Here, a = 3i + 4j 


Then, ja|= 4/3? +4? =5 
. A unit vector parallel to 
nm il, pat x 
a=a=—.=_(3i+ 4)) (i) 
jal 5 


Hence, the required vector of magnitude (5/2) units and 
parallel toa 


5 « 5 1.4 a 
=—-a=—-—(3i+ 4j) 
2 25 


1 A A 
=-(3i+ 4j 
a j) 


Section Formula 


Let A and B be two points with position vectors a and b 
respectively. Let P be a point on AB dividing it is the ratio 
m:n. 


Internal Division 


If P divides AB internally in the ratio m:n. Then the 
position vector of P is given by 


At u > P< A >B 


t 
O 
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Proof 


Let O be the origin. Then OA =a and OB = b. Let r be the 
position vector of P which divides AB internally is the 
ratiom:n. Then 


a 
PB on 
or nAP =mPB 
or n(PV of P—PV of A)=m (PV of B— PV of P) 
or n(r— a)=m(b — r) 
or nr — na =mb —mr 
or r(n+m)=mb+na 
mb + na 
or r= 
m+n 
A opamp tna 
m+n 


External Division 


If P divides AB externally in the ratio m:n. Then, the 
position vector of P is given by 


Proof 


Let O be the origin. Then OA= a, OB= b. Let r be the 
position vector of point P dividing AB externally in the 
ratiom:n. 


Then, aes 

BP on 
or nAP =mBP 
or nAP=mBP 
or n(PV of P—PV of A)=m (PV of P— PV of B) 
or n(r —a) =m(r —b) 
or nr —na=mr —mb 
or r(m—n)=mb-na 

mb —na 
or r=————_ 
m-n 

” op =P =n 


m-n 
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Remarks 


1. Position vector of mid-point of AB is a2 


2. In AABC, having vertices A(a), B(b) and C(c) 
A (a) 


C (c) 


a+bic 


(i) Position vector of centroid is 


ion vector of incentre is 

BCa + ACb+ ABc 
AB+ BC+ AC ~ 

ion vector of orthocentre is 

tan Aa + tanBb + tan Ce 

tanA+tanB+tanc — 


(ii) Posi 


(ili) Posi 


ion vector of circumcentre is 
sin2Aa + sin2B8b + sin2Ce 
sin2A+ sin2B + sin2C 


(iv) Posi 


Example 27. If D,£ and F are the mid-points of the 
sides BC, CA and AB respectively of the AABC and O 
be any point, then prove that 
OA+ OB+OC=0D+ OE + OF 
Sol. Since, D is the mid-point of BC, therefore by section 
formula, we have 


A 
5 E 
@) 
B D C 
op = OBt0C 
2 
=> OB+0C = 20D ...(i) 
Similarly, | OC+ OA= 20E ...(ii) 
and OB+ OA=20F ...(iii) 


On adding Eqs. (i), (ii) and (iii), we get 
2OA+ OB+ OC)= 20D + OE+ OF) 
=> OA+ OB+ OC= OD+ OE+ OF 


Hence proved. 


Example 28. Find the position vectors of the 
points which divide the join of points A (2a — 3b) 
and B (3a — 2b) internally and externally in the ratio 
2256 

Sol. Let P be a point which divide AB internally in the ratio 2: 3. 


Then, by section formula, position vector of P is given by 
__ 2(3a — 2b) + 3(2a — 3b) 


OP 
2+3 
6a—4b+6a-—9b 12 13 
= =—a-—b 
5 5 5 


Similarly, the position vector of the point (P’) which 

divides AB externally in the ratio 2:3 is given by 

_ 23a — 2b) — 3(2a — 3b) 
2-3 

_ 6a—4b-—6a+9b _ 5b 
—1 —-1 


OP’ 


=-—5b 


Example 29. The position vectors of the vertices 
A,B and C of a triangle are i— j—3k, 2i+ j-2k and 
—5i+2j—6k, respectively. The length of the bisector 
AD of the ZBAC, where D is on the segment BC, is 


(a) 3/10 b) 4 
4 4 
(c) : (d) None of these 
B C 
(2i + j — 2k) (-5i + 2j - 6k) 


(a) | AB] = |(2i + j - 2k) —- (i — j- 3k)| 
=|i+2j+k| 
= 1742? 417 = V6 


|AC| =|(-5i + 2j - 6k) - (i—- j- 3k) 


=|-6i+3j—3k| 
= ,|(-6)? + 3? + (-3)? = ¥54 =3V6 
BD :DC= AB :Ac= <%=! 
3/6 3 
1(-5i + 2j -— 6k) + 3(2i+ j—2k) 


.. Position vector of D = 
1+3 


= 7 +5) 12k) 


AD = Position vector of D —Position vector of A 


AD =~ (i +5j- 12k) - (i jhe) == (31+ 99 
Bo a ae 
=~ (-1+3) 
re j) 


JAD | =~ y(-1)" +3" = 10 
Example 30. The median AD of the AABC is 
bisected at E.BE meets AC in F. Then, AF : AC is equal 
to 

(a) 3/4 (b) 1/3 
(c) 1/2 (d) 1/4 
Sol. (b) Let position vector of A w.r.t. Bisa and that of C w.r.t. B 
is c. 
A(a) 


B(0) OD C(c) 
(C/2) 
Position vector of D w.r.t. 
0+ 
fe 22" 
2 


Position vector of 


Rae ae 
2 2 4 
Let AF: FC = :1and BE: EF=u:1 
Ac+a 


14+AX 


Now, position vector of 
Acta 
m +1-0 
— \1+a 


uti 


i) 


Position vector of F = 


(ii) 


From Eqs. (i) and (ii), we get 
a,£s= H a+ fu c 
2 (1+A)(1+p) (1+A)(1+p) 
uw 
(1+ A). +p) 
AL 
(1+ A)(1+p) 


4 
1 
2 
il 
and 
4 


AF AF r 
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Magnitude of Resultant of Two Vectors 
Let R be the resultant of two vectors P and Q. Then, 
R=P+Q 

|R| =R=/P? +O? +2POcos0 


inO 
where, |P|=P,|Q|=Q, ie 
P+Qcos®@ 
Q oo oe wa 


Deduction When | P| =|Q|,i.e.P =Q 


Psin® 
tana = ——_——_ 
P+Pcos@ 
sin8 6 
= ——— = tan— 
1+cos® 2 
ie] 
a=— 
2 


Hence, the angular bisector of two unit vectors a and b is 
along the vector sum a+ b. 


Remarks 

1. The internal bisector of the angle between any two vectors is 
along the vector sum of the corresponding unit vectors. 

2. The external bisector of the angle between two vectors is along 
he vector difference of the corresponding unit vectors. 


B(b) 


(a — b) 


Internal 
bisector 
A(a) 


External 
bisector 


Example 31. The sum of two forces is 18 N and 
resultant whose direction is at right angles to the 
smaller force is 12 N. The magnitude of the two 
forces are 


(a) 13,5 (b) 12, 6 
(c) 14, 4 (d) 11, 7 
Sol. (a) We have, |P| + |Q| = 18N;|R| = |P+ Q|+12N 
a = 90° 
P+Qcos0=0 
> Qcos0=-— P 


Now. R® = P? + Q* + 2PQcos0 
=> R=P?+0'?+2P(-P)=0° -P? 
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Q 
P 
=> 12? =(P + Q)(Q- P)=18(Q- P) 
=> Q-P=8 and Q+P=18 
— O=13,P=5 


. Magnitude of two forces are 5 N and 13 N. 


Example 32. The length of longer diagonal of the 
parallelogram constructed on 5a+2b and a- 3b, 
when it is given that | a| = 2./2,|b|=3 and angle 


between a and b is ie is 


(a)15 (b) ¥113 
(c) V593 (d) ¥369 


Sol. (c) Length of the two diagonals will be 
d, =|(5a+ 2b) + (a—3b)| 
and = d, =|(5a+ 2b) —(a—3b)| 
=> d, =|6a — b|,d, =|4a+ 5b] 
Thus, 
d, = \|\6a|’ +|-b/? + 2|6a| |- b|cos( — 2/4) 


7 2 43123 \e 
= pocby? +9 «12.283, +5] 15 


TT 
d, = lear + |5b|? + 2|4a| |5b| cos— 
4 


1 
= isx8425%9:4 40x20 x3x— 


V2 
= v593 
.. Length of the longer diagonal = 593 


Example 33. The vector c, directed along the 
internal bisector of the angle between the vectors 
a=7i—4j—4k and b=-2i- j+2k with |c| = 546, is 


(a) 2-7) +2 (b) 2 Gi+5)+2 


(36+ 7} +2k) (d) 2 (-5i+5}+20 
Sol. (a) Let a= 7i- 4j— 4k 
and b =-2i- j+2k 


b 
Now, required vector c=A [= + 2 
lal |b 


a 7i-4j-4k | -2i-j+2k 
9 3 
= Xj - 75+ 2k) 


We 
|c/? = —— x 54 = 150 
81 


=> A=+15 


=> e= 42 (1-7) 42k) 
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Exercise for Session 2 


Oo NOAAR OND ZB 


‘© 


~ 
= SoS 


a2 a a a A 
oa a KR WwW ND 


17. 


lfa=2i- j+2k and b=— i+ j - k, then find a+ b. Also, find a unit vector along a+ b. 
Find a unit vector in the direction of the resultant of the vectors i+ 2] 23k = 14 2j + kand3i+ j. 


Find the direction cosines of the resultant of the vectors (i j k), ( i +j k),(i j k) and (i+ j—k). 


In a regular hexagon ABCDEF, show that AE is equal to AC+ AF—- AB 
Prove that 30D+ DA+ DB+ DCis equal to OA+ OB- OC. 

In a regular hexagon ABCDEF, prove that AB+ AC+ AD+ AE+ AF=3AD. 
ABCDE is a pentagon, prove that AB+ BC+ CD+ DE+ EA=0. 


The position vectors of A,B,C, D are a, b,2a+ 3b and a—2b, respectively. Show that DB = 3b —aand 
AC=a+ 3b. 


If P(—1, 2) and Q(3, —7) are two points, express the vector PQ in terms of unit vectors iand j. Also, find 
distance between point P and Q. What is the unit vector in the direction of PQ? 


lf OP =2i+ 3j —~kand 0Q=3i -4j +2k, find the modulus and direction cosines of PQ. 


Show that the points A,B and C with position vectors a = 3j —4j —4k, b=2i- j +kandc=i ~3j ~5k 
respectively, form the vertices of a right angled triangle. 


Ifa =2i1+2j—k and | xa|=1, then find x. 
If p= Ti —2j +3kand q= 3i+ j+ 5k, then find the magnitude of p—2q. 
Find a vector in the direction of 5i = 722k , which has magnitude 8 units. 


lfa=i+ 2j +2k and b=3i+ 6j + 2k, then find a vector in the direction of a and having magnitude as | b|. 


15 


Find the position vector of a point P which divides the line joining two points A and B whose position vectors are 


is 2j k and -i+ jt k respectively, in the ratio 2:1. 


(i) internally (ii) externally 


If the position vector of one end of the line segment AB be 2i+ 3j ~kand the position vector of its middle point 


be 3(i + j + k), then find the position vector of the other end 


Session 3 


Linear Combination of Vectors, Theorem on Coplanar 
& Non-coplanar Vectors, Linear Independence 


and Dependence of Vectors 


Linear Combination of Vectors 


A vector r is said to be a linear combination of vectors a, b 


and c... etc., if there exist scalars x, y and z etc., such that 
r=xat+ybt+zcr+... 


For examples Vectors r, =2a + b+3cand 
r, =a+3b + V2care linear combinations of the vectors 


a, bande. 


Collinearity and Coplanarity of 
Vectors 


Relation between Two Collinear Vectors 

(or Parallel Vectors) 

Let a and b be two collinear vectors and let x be the unit 
vector in the direction of a. Then, the unit vector in the 
direction of b is X or —X according as a and bare like or 
unlike parallel vectors. Now, a =|a| X and b=+|b| x. 


a-(l2!|iojzoa=e{ el) 
| b| |b| 


> a=Ab, where A = +— 


Thus, ifa and bare collinear vectors, thena =Ab or 
b=Aa for some scalar A i.e, there exist two non-zero 
scalar quantities x and y so that xa + yb =O 


An Important Theorem 


Theorem : Vectors a and b are two non-zero, 
non-collinear vectors and x,y are two scalars such that 


xa + yb =0 
Then, x=0,y=0 
Proof It is given that xa+yb=0 ..-(i) 


Suppose that x #0, then dividing both sides of (i) by the 
scalar x, we get 


a=-~b ii) 
x 


y 
Now, = is a scalar, because x and y are scalars. 
x 


Hence, Eq. (ii) expresses a as product of b by a scalar, so 
that a and b are collinear. Thus, we arrive at a 
contradiction because a and b are given to be 
non-collinear. 


Thus our supposition that x #0, is wrong. 
Hence, x =0. Similarly, y =0 
Remarks 
a =0,b=0 
or 
1. xa + yh=0 => 4x =0, y=0 
or 
a||b 
2. If a and b are two non-collinear (or non-parallel) vectors, then 
xXat yb=x.a+ yob 


> X;=Xo and y, = Yo 
Proof x,a + y,b=x.b+ yob 
> (X, — Xo)a + (Yj — Yo)b =0 
> X, — Xp =O and y; — yo =0 
[a and bare non-collinear] 

> X; =Xo and y; = Yo 
fa =ai+ajt+akandb=bi+ bj+ 0k, thena||b 
> GP a BS, 

db by by 


Test of Collinearity of Three Points 
(i) Three points A, B and C are collinear, if AB = ABC 


(ii) Three points with position vectors a, b and c are 
collinear iff there exist scalars x, y and z not all zero 
such that xa + yb + ze=0, where x +y +z =0 


Proof Let us suppose that points A, B and C are 
collinear and their position vectors are a, b andc 
respectively. Let C divide the join of a and b in the 
ratio y: x. Then, 


xa + yb 
¢ =——— 
x+y 
or xa + yb—-(x +y)c=0 


or xa + yb + zc =0, where z =—(x+y) 


Also, xty+z=x+y-(x+t+y)=0 
Conversely, let xa + yb + ze =0, where x + y +z =0. 
Therefore, 
xat+yb=-ze=(x+y)e (“xt+y=-z) 
+ yb 
be eo 
x+y 


This relation shows that ¢ divides the join of a and b 
in the ratio y : x. Hence, the three points A, B and C 
are collinear. 

(iii) Ifa =a,i+ ay j, b =b,i+ boj and e=c,i+ Co} then 


the points with position vector a, b and c will be 


a, a, 1 
collinear iff}b,; b, 1/=0. 
Cy} Cy 1 


Proof The points with position vector a, b and c will 
be collinear iff there exist scalars x, y and z not all 
zero such that, 


x(a,i + aj) +y(b,i + b> j) +2(cyi + C2) =0 and 
xt+ty+z=0 
= xa, + yb, +zc, =0 
XA, + yby + Zc, =0 
xt+ty+z=0 
Thus, the points will be collinear iff the above system 
of equation’s have non-trivial solution 


Hence, the points will be collinear 


a, b, Cy a, a, 1 
iff a2 by Co =O0or b, b, 1|/=0. 
1 1 1 Cy Cy 1 


Example 34. Show that the vectors 2i—3j+4k and 
—4i+6j—8k are collinear. 


Sol. Let a=2i-3j+4k and b=-4i+6j-8k 
Consider, b = —4i+ 6j—8k = —2(2i-3j+ 4k) =—2a 


.. The vectors a and b are collinear. 


Example 35. Show that the points A(1,2, 3),B(3,4,7) 


and C(—3, —2,—5) are collinear. Find the ratio in 
which point C divides AB. 


Sol. Clearly, AB =(3—1)i+(4—2)j+(7-3)k 
= 2i+2j+4k 

BC =(-3 —3)i+(-2—4)j+(-5-7)k 
= 6i—6j—12k 
= —32i+2j+4k)=—3AB 

BC = -—3AB 


and 
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.. A, Band C are collinear. 
Now, let C divide AB in the ratio k : 1, then 


oc = KOB+1.0A 
k+1 
- edo = eee 
k+1 
a -si-2j-sk = (= an 4k +2 je(E2 k 
k+1 k+1 k+1 
og Se se qlkt3 _ 5 
k+1 k+1 k+1 
—2 


From, all relations, we get k = — 
3 
Hence, C divides AB externally in the ratio 2 : 3. 


Example 36. If the position vectors of A,B,C and D 
are 2i+ i i- 3}, 3i+ 2j and i+ Aj, respectively and 
AB||CD, then 2 will be 
(a) -8 (b) -6 
(c)8 (d) 6 
Sol. (b) AB = (i — 3j) - (21+ j)=—i-4j; 
CD =(i+ Aj) — (3i + 2j) =—2i+ (A —2)j; 
AB ||CD > AB=xCD 
~i- 4j = x{-21+ (A —2)}} 
> -1=-2x,-4=(A -2)x 


1 
=> x=-andA =-6 
2 


Example 37. The points with position vectors 
60i+ 3j, 40i — 8j and ai—52j are collinear, if a is 


equal to 
(a) -40 (b) 40 
(c) 20 (d) None of these 
Sol (a) The three points are collinear if 
60 3 1 
40 -8 1/=0 
a —52 1 


> 60 (—8 + 52) — 3( 40 — a) + (—2080 + 8a) = 0 
> 2640 — 120+ 3a — 2080+ 8a = 0 

11a = —440 
> a=— 40 


Example 38. Leta, b andc be three non-zero vectors 
such that no two of these are collinear. If the vector 
a+ 2b is collinear with c and b+ 3c is collinear with a 
(X being some non-zero scalar), then a+2b+6c is 
equal to 

(a) 0 (b) Ab 

(c) Ac (d) Aa 
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Sol. (a) Asa+2b andc are collinear a + 2b = Ac ..-(i) 


Again, b + 3c is collinear with a. 

b+3c=pa ...(ii) 
Now, a+2b+6c=(a+ 2b)+6c=Ac+6c 

=(A + 6)e ...(iii) 
Also, a+2b+6c=a+2%b+3c)=a+2Qua 

=(2u + 1a ...(iv) 
From Eqs. (iii) and (iv), we get 

(A + 6)c = (2u + Ia 
Buta and Cc are non-zero, non-collinear vectors, 

A+6=0=M4+1 


Hence, a+2b+6c=0 


Theorem of Coplanar Vectors 


Let a and b be two non-zero, non-collinear vectors. Then 
any vector r coplanar with a and b can be uniquely 
expressed as a linear combination xa + yb; x and y being 
scalars. 


Proof Let a and b be any two non-zero, non-collinear 


vectors and r be any vector coplanar with a and b. 
We take any point O in the plane ofa and b 


O- Ma 
Let OA=a,OB=b and OP=r 
Clearly, OA, OB and OP are coplanar. 


Through P, we draw lines PM and PN, parallel to OB and 
OA respeetively meeting OA and OB at M and N 
respectively. 
We have, OP = OM + MP 

= OM +ON [-: MP =ON and MP||ON] ...(i) 
Now, OM and OA are collinear vectors 
OM =x OA=xa, where x is scalar. 
Similarly, ON = yOB = yb, where y is a scalar. 
Hence, from Eq. (i), OP = xa+ yborr=x‘a+y’b 
Uniqueness: If possible, let r= xa + yb andr=x’a+y’b 
be two different ways of representing r. 
Then, we have xat+yb=x’at+y’b 
> (x —x’)a+(y—y’)b=0 
But a and b are non-collinear vectors 

x-—x’=Oandy—y’=0 

=> x’=xandy’=y 


Thus, the uniqueness in established. 


Test of Coplanarity of Three Vectors 


(i) Three vectors a, b, c are coplanar iff any one of them 
is a linear combination of the remaining two, ie. iff 
a= xb + ye where x and y are scalars. 


(ii) If three points with position vectors 
a=da,ita,j+a3k, b=b,i+b.j+b3k 
andc= ci + Col + ck are coplanar, 
a, a2, az 
then b, by b, =0. 
Cy Cg C3 
If vectors a,b and c are coplanar, then there exist 
scalars x and y such that c = xa + yb. 


Hence, ci +c. jt+c3k = x(a,i1+a)j+a3k) 


+y(b, i+ by j+ bk) 
Now, i, j and k are non-coplanar and hence 
independent. 
Then, c,; = xa, + yby,cy = xa_ + yby 


and C3 =xa,+yb3 
The above system of equations in terms of x and y is 


consistent. Thus, 


a, by cy a, a, a3 
ag by Co =Oor b, by bs =0 
a, bz Cs Cy Cy C3 


Remark 


If vectors x,a + y,;b+ Z,¢, X9a + Yob+ 2 € and x3a + y3b+ z,¢ 
are coplanar(where a, bande are non-coplanar). 


HW 4 
Then, |Xo Yo Zo) =0 


X3 Y3 23 


Test of Coplanarity of Four Points 
(i) To prove that four points A(a), B(b), C(c) and D(d) 
are coplanar, it is just sufficient to prove that vectors 
AB, AC and AD and coplanar. 

(ii) Four points with position vectorsa, b,c andd are 
coplanar iff there exist scalars x, y, z and u not all 
zero such that xa+yb+ze+ud=0, where 
x+ty+z+u=0. 

(iii) Four points with position vectors 

a=da,ita,j+a3k, 
b=b, i+b,j+03k 
c=citc,j+ce3k 


and d=d,itd,j+d3k 


a, A, az 1 
ipe| 01 42 3 1 
will be coplanar, iff =0 
Cy Co C3 «1 
d, dy dz 1 
d,;—@, d,—a, d3,—4@, 
or b, -a, b,-a, b;-a,|=0 
Ci; —4, C2—a2 C3 — az 


Theorem on Non-coplanar 
Vectors 


Theorem 1 


If a, b,c, are three non-zero, non-coplanar vectors and 
x, y, z are three scalars such that 


xa + yb + ze =0. 
Then 
Proof It is given that xa + yb + zc =0 ..-(i) 
Suppose that x #0 


x=y=z=0. 


Then Eq. (i) can be written as 
xa =—yb — ze 


> eee ema (ii) 
x x 


y Zz 
Now, ~ and — are scalars because x, y and z are scalars. 
x x 


Thus, Eq. (ii) expresses a as a linear combination of b andc. 
Hence, a is coplanar with b and c which is contrary to our 
hypothesis because a,b and c are given to be non-coplanar. 
Thus, our supposition that x #0 is wrong. 

Hence, x =0 


Similarly, we can prove that y =0 and z =0 


Theorem 2 


If a,b and c are non-coplanar vectors, then any vector r 
can be uniquely expressed as a linear combination 
xa + yb + ze; x, y and z being scalars. 
or 

Any vector in space can be expressed as a linear 
combination of three non-coplanar vectors. 
Proof Take any point O. 
Let a, b,c be any three non-coplanar vectors and r be any 
vector in space. 
Let OA=a, OB = b, 

OC=c,OP=r 
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Here, the three lines OA, OB, OC are not coplanar. Hence, 
they determine three different planes BOC, COA and AOB 
when taken in pairs. 


Through P, draw planes parallel to these planes BOC, COA 
and AOB meeting OA, OB and OC in L, E and N 
respectively. Thus we obtain a parallelopiped with OP as 
diagonal and three coterminous edges OL, OF and ON 
along OA, OB and OC, respectively. 


C 


..OL is collinear with OA. 


.. OL = xOA = xa, where x is a scalar. 


Similarly, OE = y b and ON = ze, 

where y and z are scalars. 

Now, OP =OR + RP =(ON + NR) + RP 
=ON + OL + OE ['. NR= OL and RP = OE] 
=OL + OE + ON = xa + yb + ze 

Thus, r=xa+yb+ze 


Hence, r can be expressed as a linear combination of a, b 
ande. 
Uniqueness If possible let 
r=xa+yb+ze 
and r=x’at+y b+z’c 
be two different ways of representing r, then we have 
xat+yb+zce=x’at+y’ b+z’c 
=> (x -—x’)a+(y-y’)b+(z-z’ )ce=0 
Now a, b andc are non-coplanar vectors 
x-x’=0,y-y’=0 and z-z’=0 
a2" 


=> x=x,y=y and 


Hence, the uniqueness is established. 


Remark 
Ifa, b,c are any three non-coplanar vectors in space, then 
Xjat+ yj b+ 2,¢ =X.at yob+2Z,¢ 


> X= Xo Wi = Yo 21 = 20 

Proof x,a+ y,b+z,¢ =x,a+ yob+ Z.¢ 

= (% — Xo)a + (Y, — Yo)b + (2, —Zy)e = 0 

> X,—X9 =0,¥;-Yo=0 and z,-Z)=0 


= X= Xo V1 = Yo and 24 =20 
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Example 39. Check whether the given three 
vectors are coplanar or non-coplanar. 
—2i -—2j+4k,-2i+4j—2k, 4i-2j—2k 
Sol. Let a =-2i-2j+4k 
b =-2i+4j-2k and c=4i-2j-2k 
Now, consider 
—2 -2 4 
—2 4 -2|/=-2(-8—4)+2(4+8) + 4(4-16) 
4 -2 -2 
=24+24-48=0 


. The vectors are coplanar. 


Example 40. If the vectors 4i+11j+mk, 
7i+2j+6k and i+5j+4k are coplanar, then m is 
equal to 

(a) 38 (b) 0 

(c) 10 (d) -10 


Sol. (c) Since the three vectors are coplanar, one will be a linear 
combination of the other two. 


4i + 11j+ mk = x(7i + 2j + 6k) + yi + 5j + 4k) 


> 4=7x+y (i) 
11=2x +5y ...(ii) 
m=6x + 4y ... (iii) 
From Eqs. (i) and (ii), we get 
3 23 
x= a and y = = 
From Eq. (iii), we get 
m=6xX +4*x a 10 
11 11 


Trick Since, vectors 4i + j + mk, 7i + 2j + 6k and 
i+ 5j + 4k are coplanar. 


4 11 m 
7 2 6|=0 
1 5 4 


4(8 — 30) — 11(28 — 6) + m(35 — 2) =0 
—88 — 11 X 224+ 33m =0 
—8-—22+3m=0 

3m=30 => m=10 


Vu 


Example 41. If a,b andc are non-coplanar 
vectors, prove that 3a —7b—4c, 3a—2b+c and 
a+b+2c are coplanar. 


Sol. Let & = 3a —7b — 4c, B = 3a-2b+c 


and y=a+b+t+2c 
Also, let a=xBt+y-Y 
> 3a —7b— 4c = x(3a —-2b+c)+y(a+b+2c) 


=(3x+y)at(-2x+y)b+(x+2y)e 


Since, a, b and c are non-coplanar vectors. 
Therefore, 

3x + y=3,-2x +y=-7 
and x+2y=-4 


Solving first two, we find that x = 2 and y = — 3. These 
values of x and y satisfy the third equation as well. 


So, x +2 and y = — 3is the unique solution for the above 
system of equation. 
=> oO = 2B -3y 


Hence, the vectors o, B and y are coplanar, because © is 
uniquely written as linear combination of other two. 


Trick For the vectors a, 8, y to be coplanar, we must have 


3 -7 -4 
3-2 1 |=0, which is true 
L @ 2 


Hence, a, B, y are coplanar. 
Example 42. The value of 1 for which the four 
points 2i+ 3j- k, core 3k, 3i+4j- 2k and 
i- dj j+ 6k are coplanar 


(a) 8 (b) 0 
(c) -2 (d) 6 
Sol. (c) The given four points are coplanar 
2 1 3 #1 
3 24 2X 
=0 
-1 3 -2 6 
1 1 1 £0 
1 1 
0 0 0 ~-(A+2) 
=> =0 
=1 3 =2 6 
1 1 1 1 
Operating (R, > R, — R, — R,) 
2 1 3 
=> +“(A+2)-1 3 -2/=0 > A=-2 


1 1 1 


Example 43. Show that the points P(a+2b+c), 


Q(a—b—c), R(3a+b+2c) and S(5a+ 3b+ 5c) are 
coplanar given that a,b andc are non-coplanar. 


Sol. To show that P, Q, R, S are coplanar, we will show that 
PQ, PR, PS are coplanar. 
PQ=-—3b-—2c 
PR=2a-—b+c 
PS =4a+b+4c 
Let PQ = xPR+yPS 
—3b — 2c = x(2a-—b+c)+y(4a+b+ 4c) 
—3b —2c = (2x + 4y)at+(—x+y)b+(x+4y)e 


Y y 


As the vectors a, b,c are non-coplanar, we can equate their 


coefficients. 

=> 0=2x+4y 

=> -3=-xt+y 

=> —2=x+4y 

x = 2, y =— 1is the unique solution for the above system of 
equations. 

= PQ =2PR-PS 

PQ. PR, PS are coplanar because PQ is a linear combination 
of PR and PS 


=> The points P, Q, R,S are also coplanar. 
Trick For the vectors PQ, PR and PS to be coplanar, we 


0 -3 -2 
must have|2 -1 1 |=0 which is true 
4 1 4 


. The PQ, PR, PS are coplanar. 


Hence, the points P, Q, R, S are also coplanar. 


Linear Independence and 
Dependence of Vectors 


1. Linearly Independent Vectors 


A set of non-zero vectors a,,a2....,a, is said to be linearly 
independent, if 
Xa, +X2a. +...+x,a, =0 


=> X,=XQ=...=X, =0. 


2. Linearly Dependence Vectors 


A set of vector a,,a,....,a, is said to be linearly 
dependent, if there exist scalars x,, x ,...,X, not all zero 
such that x,a, +x a, +...+x,a, =0 


Properties of Linearly Independent 
and Dependent Vectors 


(i) A super set of a linearly dependent set of vectors is 
linearly dependent. 


(ii) A subset of a linearly independent set of vectors is 
linearly independent. 


(iii) Two non-zero, non-collinear vectors are linearly 
independent. 


(iv) Any two collinear vectors are linearly dependent. 


(v) Any three non-coplanar vectors are linearly 
independent. 


(vi) Any three coplanar vectors are linearly dependent. 
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(vii) Three vectors a = a,i+a,j+a3k, b=),i + bj +b3k 
and ec =c,i+c)j+c3k will be linearly dependent 
4, a, 43 
b; |=0. 


Cy, Cg C3 


vectors iff) b, by 


(viii) Any four vectors in 3-dimensional space are linearly 
dependent. 


Example 44. Show that the vectors 
i —3j+2k,2i-4j—k and 3i+2j—k and linearly 
independent. 


Sol. Let o =i-3j+2k 
B =2i-4j-k 
and y =3i+2j-k 


Also, let xx + yB + zy =0 
x(i-3j+2k)+ y(2i—-4j—k)+2(3i+2j-k) =0 
or(x + 2y+ 3z)i + (-3x —4Ay+ 2z)j+ (2x -y—z)k =0 
Equating the coefficient of i, j and k, we get 
x +2y+3z=0 
—3x — 4y +2z=0 
2x -y-z=0 
1 2 3 
Now, -3 -4 2 |=1(44+2)—2(3-4)+3(3+8)= 4140 
2 -1 -l 
. The above system of equations have only trivial solution. 
Thus, x =y=z=0 
Hence, the vectors o,B and y are linearly independent. 
Trick Consider the determinant of coefficients of i, j and k 
1-3 2 
ie. |2 -4 -1/=1(4 + 2)+3(-2+3) + 214412) 
3 2 -!1 
=6+3+32= 4140 


. The given vectors are non-coplanar. Hence, the vectors 
are linearly independent. 


Example 45. If a= i+ j+k, b=4i+3j+4k and 
c= i+oaj+ Bk are linearly dependent vectors and 


|c|= V3, then 
(aja=1B=-1 (b)a =1B =+1 
()a=-1B=+1 (d)a=+18 =1 


Sol. (d) The given vectors are linearly dependent, hence there 
exist scalars x, y and z not all zero, such that 


xa + yb + ze=0 
Le. x(it j+k) + y(4i+3j+ 4k) + 2(it aj+ Bk) =0 
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ie. (xt+4y+z)it+(x+3y+az)j+(x+4y+ Bz)k =0 Trick |c|=J1+a? +B? = V3 
=> x+4y+z=0,x+3y+az=0,.x+4y+Bz=0 = a? +B =2 

14 1 111 
For non-trivial solution|1 3 /=0=B=1 * a, band care linearly dependent, hence|4 3 4/=0 

148 ‘op 

2 2, p2 
jc|° =3514+0°+B°=3 =, B=1 

=> a? =2-B? =2-1=1 s w=1 > a=41 


a=+1 


Exercise for Session 3 


Show that the points A(1, 3, 2),B(-2, 0, 1) and C(4, 6, 3) are collinear. 
2. Ifthe position vectors of the points A, B and C be a, band 3a — 2brespectively, then prove that the points A, B 
and C are collinear. 


3. The position vectors of four points P, Q, R and S are 2a + 4c, 5a + 3V3b + 4c, —2V3b+ cand2a+c 
respectively, prove that PQ is parallel to RS. 


4. \f three points A, B and C have position vectors (1, x, 3), (3,4, 7) and (y, — 2, — 5), respectively and if they are 
collinear, then find (x, y). 


5. Find the condition that the three points whose position vectors, a = ai + bj +ck, b=i+ Cj and¢=-i -j are 
collinear. 


6. Vectors a and bare non-collinear. Find for what values of x vectors ¢ = (x -2)a+ band d=(2x + 1)a—bare 
collinear? 


7. Leta, b, c are three vectors of which every pair is non-collinear. If the vectors a+ band b+ c are collinear with c 
and a respectively, then find a+ b+ c. 


Show that the vectors i = —k, 21 + 3j +k and 7i + 3j —4k are coplanar. 
9. If the vectors 2i =| +k, i+ 2j —3k and 3i + aj +5k are coplanar, then prove that a =4. 


10. Show that the vectors a—2b+ 3c, —2a+ 3b—4c and —b+ 2c are coplanar vector, where a, b,c are non-coplanar 
vectors. 


11. If a, b and c are non-coplanar vectors, then prove that the four points 2a+ 3b—c, a—2b+ 3c, 3a+4b—2c and 
a—6b+ 6c are coplanar. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


Ex. 1 The non-zero vectors a,b andc are related by 


a = 8b andc=~—7b angle between a andc is 
T T 
= b) 
a ae 


(c)m (d) 0 

Sol. (c) a and b vectors are in the same direction, b and ¢ are in 
the opposite direction. 
= aand care in opposite directions. 


.. Angle between a and ¢ is 7. 


Tl 
Ex. 2 A unit vector a makes an angle 77 with Z-axis. If 


a+i+j is a unit vector, thena is equal to 


A A A A A A 


ij k ij k 
—+i+— b) —+=-—— 
@>5 42 > 2° a 
7? © 
(c) ee Ya (d) None of these 
a ae) 


Sol. (c) Leta =li+ mj+ nk, where 1? + m? + n? =1.a makes an 


™ 
angle i with Z-axis. 


nase 0 +m =) 
a=litmj+ aS 
J2 
Pec ee ee ee ee pas 
V2 
Its magnitude is 1, hence (I + 1)” + (m+ 1)? => ...(ii) 


From Eqs. (i) and (ii), we get 


1 

am=- => l=m=-- 

2 
Hence, peels 
2 2 2 


Ex. 3 If the resultant of two forces of magnitudes P andQ 
acting at a point at an angle of 60° is V7Q, then P/Q is 


3 
(a) 1 (b) 5 
(c)2 (d) 4 

Sol. (c) R? = P? + Q* + 2PO cos® 
=> (V70)" = P? + Q? + 2PO cos 60° 
=> 7Q° =P? + Q°+ PQ 


=> P*?+PQ-60? =0 


> P? + 3PQ -2PQ -6Q” =0 

> P(P + 3Q) —2Q(P + 3Q) =0 

> (P —2Q)(P + 3Q) =0 

> P-2Q=0 or P+3Q=0 
P 

F P-20=0 —=2 

rom Q => O 


Ex. 4 A vector a has the components 2p and 1 w.r.t. a 
rectangular cartesian system. This system is rotated through 
a certain angle about the origin in the counter clockwise 
sense. If with respect to a new system, a has components 
(p +1) and 1, then 


1 
(a) p=0 (b) p= tor p=-2 


— 


(c) p=—1lor p=— (d) p=1lorp=-1 


w 


Sol. (b) We have, a =2pi + j 


On rotation, let b be the vector with components (p + 1) and 


1 so that, 
b=(p+1)i+j 
Now, jal|=|b] = a? =? 
=> 4p’ +1=(p+1)+1 = 4p? =(p +1) 
> 2p=+(pt+l1) > 3p=-1 or p=1 


ae =i. 
P 3 P 


Ex. 5 ABC is an isosceles triangle right angled at A. 
Forces of magnitude 2/2,5 and 6 act along BC, CA and AB 
respectively. The magnitude of their resultant force is 


(a) 4 (b) 5 
(c) 11422 (d) 30 
Sol. (b) Rcos® =6cos0° + 2V2 cos(180° — B) + 5cos270° 
Rcos@ =6 —2V2 cosB ««(i) 
Rsin®@ =6sin0° + 2V2sin(180° — B) + 5sin270° 
Cc 
5y 2V2 
A 6 8B 
Rsin® =22sinB —5 ...di) 


From Eqs. (i) and (ii), we get 
R® =36 + 8cos’ B — 24/2 cosB + 8sin’ B + 25 — 20V2sinB 
=61 + 8(cos’ B + sin’ B) — 24/2 cosB — 20/2 sin B 
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: ABC is a right angled isosceles triangle. 
ie. ZB= ZC =45° 


1 1 
R? =61 + 8(1) —24V2 20/2 -—— = 25 
ar: 2 


R=5 


Ex. 6 A line segment has length 63 and direction ratios 
are 3,— 2 and 6. The components of line vector are 
(a) -27, 18, 54 (b) 27, — 18,54 
(c) 27, - 18, -—54 (d) -27, — 18, —54 


Sol. (b) Let the components of line segment on axes are x, y 


and z. 
So, x+y? +27 =63" 
Now, A ad og 
3 =2. 6 
(3k)? + (-2k)? + (6k)? = 637 
poe aa5 
7 


..Components are (27, — 18, 54) or (—27, 18, — 54). 


Ex. 7 If the vectors 6i —2j + 3k, 21+ 3j- 6k and 
3i +6j - 2k form a triangle, then it is 
(a) right angled (b) obtuse angled 
(d) isosceles 


Sol. (b) AB = Position vectors of B Position vector of A 
=(2i + 3j —6k) — (i —2} + 3k) = 
= | AB|= 


(c) equilateral 


i+5j-9k 


16 + 25 + 81 = 122 
BC =i+3j+ 4k 
= |BC|=./1+9+ 16 = 26 and AC = —3i + 8j -5k 
= | AC|= 98 
Therefore, AB” = 122, BC? =26 and AC” = 98 
=> AB’ + BC? =26 + 122 =148 
Since, AC? < AB’ + BC”, therefore AABC is an obtuse angled 


triangle. 


Ex. 8 The position vectors of the points A, B and C are 
(2i +j =k); Gis 2j +k) and(i +4j ~3k) respectively. These 
points. 

(a) form an isosceles triangle 
(b) form a right angled triangle 
(c) are collinear 


(d) form a scalene triangle 


Sol. (c) AB =(3 -2)i + (-2-1j+(1+ Ik 
={-3}+2k 
BC =(1—-3)i + (4+ 2)j + (-3-Dk 
=-21+6j- 4k 


4)j + (-1+3)k 


| AB| = ee V14 
| BC | =./4+ 36+ 16 = V56 =2V14 
|CA|=,1+944=14 

So, | AB| + | AC| =|BC| and angle between AB and BC is 180°. 


So, points A, B and C cannot form an isosceles triangle. 


Hence, A, B and C are collinear. 


Ex. 9 The position vector of a point Cc with respect to B is 
i +j and that of B with respect to A is i -j. The position 


vector of C with respect to A is 


(a) 2i (b) 2j 
(c) -2j (d) -2i 
Sol. (a) Since, position vectors of a point C with respect to B is 
BC =i+j (i) 
Similarly, AB=i-j ...(ii) 


Now, by Eqs. (i) and (ii), 
AC = AB+ BC =2i 


Ex. 10 Ina AABC, if 2AC =3CB, then 20A +30B is 


equal to 
(a) 50C (b) -OC 
(c)OC (d) None of these 


Sol. (a)20A+30B =2(0C + CA)+3(OC + CB) 
=50C + 2CA + 3CB =50C (-. 2CA =-3CB) 


Ex. 11 Ifa,b,c andd be the position vectors of the 
points A, B, C and D respectively, referred to same origin O 
such that no three of these points are collinear and 
a+c=b+d, then quadrilateral ABCD is a 

(b) rhombus 
(d) parallelogram 
atc=b+d 


(a) square 
(c) rectangle 
Sol. (d) Given, 


= j@te=s(b+ a) 


Here, mid-points of AC and BD coincide, where AC and BD 
are diagonals. In addition, we know that, diagonals of a 
parallelogram bisect each other. 


Hence, quadrilateral is parallelogram. 


Ex. 12 P is a point on the side BC of the AABC and Q is 
a point such that PQ is the resultant of AP, PB and PC. 
Then, ABQC is a 
(a) square 
(b) rectangle 
(c) parallelogram 


(d) trapezium 


Sol. (c) AP + PB+ PC = PQ or AP+ PB= PQ+ CP 
=> AB=CQ 


Hence, it is a parallelogram. 


Ex. 13 If ABCD is a parallelogram and the position 
vectors of A, BandC are i+3j+5k, i+j+k and7i+7j+7k, 
then the position vector of D will be 

(a) 7i+5j+3k (b) 7i+9j+11k 
(d) 8i+8j+8k 
Sol. (b) Let position vector of D is x4 + yj + zk, then AB = DC. 


(c) 91411} +13k 


(7-y)}+ (7 —z)k 
=> x=7,y =9andz =11 


=> 2j - 4k =(7 -x)i 


Hence, position vector of D will be 7i + 9j + 11k. 


Ex. 14 P is the point of intersection of the diagonals of 
the parallelogram ABCD. If O is any point, then 
OA +OB+OC+OD is equal to 
(a) OP (b) 20P 
(c)30P (d) 40P 
Sol. (d) We know that, P will be the mid-point of AC and BD. 


OA + OC =20P ..-(i) 
OB + OD =20P ...(ii) 
On adding Eqs. (i) and (ii), we get 

OA + OB + OC + OD = 40P 


and 


Ex. 15 IfC is the middle point of AB and P is any point 
outside AB, then 
(a) PA +PB = PC 
(b) PA+PB=2PC 
(c) PA+PB+PC =0 
(d) PA + PB + 2PC =0 
Sol. (b) PA + PB =(PA + AC) + (PB + BC) —(AC + BC) 


=PC + PC —(AC — CB) = 2PC — 0 


( AC =CB) 
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P B 
PA + PB =2PC 


Ex. 16 If O be the circumcentre and O’ be the 
orthocentre of the AABC, thenO’ A+O’B+O'C is equal to 
(a)00’ —_(b)20’0.—- (©) 200" (d)0 
Sol. (b) 0’A =0’0+0A 
O’B =OO’ + OB 
O’C =0’0 + OC 
= O’A+O’B + O’C =30’0 + OA + OB + OC 
A 


B ; Cc 


OA + OB + OC =OO’ =-O0’O 
O’A + 0’B+0’C =20’0 


Since, 


Ex. 17 Five points given by A, B, C, D andE are ina 
plane. Three forces AC, AD and AE act at A and three forces 
CB, DB andEB act B. Then, their resultant is 

(a) 2AC (b) 3AB 
(c)3DB (d) 2BC 
Sol. (b) Points A, B,C, D and E are in a plane. 
Resultant = (AC + AD+ AE) + CB + BD + EB) 
=(AC + CB) + (AD + DB) + (AE + EB) 
= AB + AB + AB=3AB 


Ex. 18 If the vectors represented by the sides AB and BC 
of the regular hexagon ABCDEF be a andb, then the vector 
represented by AE will be 


(a) 2b-a (b)b-—a 
(c)2a—b (d)a+b 
Sol. (a) As in figure, AB =a, BC = b, 
So, AD = 2b and ED=a 
E D 
LY, 
A B 
Now, AE+ED= AD 


=> AE = AD-ED =2b-a 
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Ex. 19 Ifa+b+c=0 and|a|=3,|b|=5,|c|=7, then the 


angle between a andb is 


Tv Tv 
= b) — 
(a) 7 OF 
(= (a) = 
Sol. (b) A 
7 5 
n-0A_9 
B 3 C > 


Let 6 be the angle betweena and b. Then, ZC = 1 — 8. 


95; BO. 28 
cos(m — 0) = aie cis 
2(3)(5) 
—cos8 = -_ 
2 
@=60°=— 
3 


Ex. 20 Ifa andb are the position vectors of A and B 
respectively, then the position vector of a point C on AB 
produced such that AC = 3AB is 

(a)3a—b (b)3b-—a 
(c) 3a—2b (d) 3b—2a 
Sol. (d) Since, given that AC =3AB. It means that point C divides 
AB externally. 
Thus, AC : BC =3:2 


Oo Cc 


_3-b-2-a 


Hence, OC = =3b-2a 
3-2 


Ex. 21 Let A and B be points with position vectors a and 
b with respect to the origin O. If the point C on OA is such 
that 2AC =CO, CD is parallel to OB and |CD|=3 OB , then 
AD is equal to 


(a) 3b—* (b) 3b+ 5 
(<)3b-> (d) 3b+— 


Sol. (c) Since, OA =a, OB = b and 2AC = CO 
2 
By section formula, OC = ae 


Therefore, |CD|=3|OB| 
> CD =3b 
= OD = OC + CD =" a+ 3b 
2 
Hence, aS Oe =e ee 


1 
=3b-—a 
3 


Ex. 22 If position vectors of a point A isa+2b anda 
divides AB in the ratio 2 : 3, then the position vector of B is 


(a) 2a—b (b) b— 2a 
(c)a — 3b (d)b 
Sol. (c) If x be the position vector of B, then a divides AB in the 
ratio 2: 3. 
a a xt Sa + 2b) 

24+3 
=> 5a — 3a —6b =2x 
=> x=a-—3b 


Ex. 23 IfD,E and F are respectively, the mid-points of 
AB, AC and BC in AABC, then BE + AF is equal to 


(a) DC (b) 5BF 
(c) 2BF (d) “BF 


Sol. (a) BE+ AF = OE—OB+ OF—OA 


A ; B 
OA+0C OB+0C 
a T OA 
2 
=60. 0" 26c-onene 


Ex. 24 Ina quadrilateral PQRS, PQ =a,QR=b, 
SP =a—b. IfM is the mid-point of QR and X is a point of 


SM such that, SX = = SM, then 


(a) PX =_!PR 
D 

(b) PX = =PR 
5 

() PX = =PR 


(d) None of the above 


Sol. (b) If we take point P as the origin, the position vectors of Q 
and S are a and b—a respectively. 


In APOQR, we have R 
7 
Sc ee 
Se / 
Ne Megs 7 
\ a 
s IX ~J M 
x > 
x 
cs |b 
/ My 
if. N 
/ N 
/ . 
/ \ 
rd Q 
> 
P a 


PR =PQ+QR => PR=a+b 


.. Position vector of R=a+b 


= pv of =2*@*0)_ (a4) 
4 
Now, SX = =SM 
4 1 
= XM = SM ~ SX =SM ~ SM =—SM 
SX :XM=4:1 
1 
i(a + +] + 1(b —a) 
= PVofx= = 
441 
3a +2b 3 
a= = PX =—a+b) 
3 
= PX =" PR 


Ex. 25 Orthocentre of an equilateral triangle ABC is the 
origin O. If 0A =a, OB =b, OC =c, then AB + 2BC + 3CA 


is equal to 
(a) 3c (b) 3a 
(c) 0 (d) 3b 
Sol. (b) For an equilateral triangle, centroid is the same as 
orthocentre 
OA +OB+OC _ 0 
3 
OA + OB+ OC =0 
Now, AB+2BC+3CA 
= OB-—OA + 20C —20B+ 30A —30C 
=—OB+20A —OC 


=—(OB+OA + OC) + 30A =30A = 3a 


Ex. 26 Ifa,b, andc are position vector of A, B and C 
respectively of AABC and if |a—b|=4,|b —¢|=2, 
|c — a| =3, then the distance between the centroid and 
incentre of AABC is 
1 


(a) 1 (b) a 
1 2 
(c) 3 (d) 3 
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Sol. (c) Let G be centroid and I be incenter. 


2a+3b+4 +b+ 
|GI| =|O1-OG| = |= ee c 
9 3 
_|-at+e; 3.1 
9 9 3 


Ex. 27 Let position vector of points A, B and C of trian- 
gle AABC respectively be i +j + 2k, i+ 2j +k and 
ai +j +k. Let L,,l, andl, be the lengths of perpendiculars 


drawn from the orthocenter ‘O’ on the sides AB, BC and CA, 
then(l, +1, +1;,) equals 


2 3 
aan b) — 
ee Og 
Je 6 
xe dy 
(c) ; (d) A 
Sol. (c) A (1, 1,2) 
B B 
B C 
(1, 2, 1) v2 (2, 1, 1) 


Clearly, triangle formed by the given points i + j + 2k, 
i+2j+ k and 2i + j+ kis equilateral as AB = BC = AC = V2. 


.. Distance of orthcentre ‘O’ from the sides is equal to inradius 
of the triangle. 


2 
Nes a A yo) 1 
-. L =1, =|, = inradius =r = — = A =a 
Ss  =W2) 8 
2 
3 V6 
> L+1,4+1;)= = 
(L 2 3) V6 2 


Ex. 28 ABCDEF is a regular hexagon in the XY -plane 
with vertices in the anticlockwise direction. If AB = 2i, then 
CD is 

(a) i+3j (b) i+ 2j 
(c) =i+ 3] (d) None of these 
Sol. 
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AB is along the X-axis and BD is along the Y-axis. 


AB=2i => AB=BC =CD2@............ 2 
From the figure, BM = BCsin60° = 2sin60° = 3 
BD =2y3j 


BC = BC cos60°i + BCsin60°j=i+ V3j 
CD = BD- BC =2¥3j-(i+ V3j) = i+ v3j 


Ex. 29 The vertices of triangle are A(1,1, 2), B(4, 3,1) and 
C(2, 3,5). A vector representing the internal bisector of the 
ZA Is 

(a)i+j+2k (b) 2i- 2) +k 
(d) None of these 
Sol. (c) From the figure, we have 
b= AC =i+ 23+3k 


(c) 2i+2j+k 


c= AB=3i+2j+k 
A (1, 1, 2) 


and 


> 


(4, 3, 1) (2, 3, 5) 


.. Unit vector along the bisector of ZA is given by 
_b+e_ (i +2j+3k)+(3i + 2j—k) 


2 V14 
_ %t+2jt+k 
V14 


.. Any vector along the angle bisector of 
ZA =2i+2j+k 


Ex. 30 Let a =(1,1,—1), b =(5, — 3, -—3) andc =(3, -1, 2). If 


+b 
r is collinear with c and has length i 5 | thenr equals 
3 
(a) +3c (b) +5° 
2 
(c) tc (d) ae 
Sol. (c) Let r =Ac 
Given |r| =|A]|¢| 
a+b 
+P salle 
2 
61 — 2] — 4k| = 2)A|[3i —j + 2k 
J |A|[31 — J + 2k 
56 =2|A|v14 
N=Ht1 
r=te 


Ex. 31 Ina trapezium, the vector BC =AAD. We will then 
find that p= AC+BD is collinear with AD. If p =u AD, then 
(a)W=A+1 (b) A= +1 
(c)A+U=1 (d)W=2+A 
Sol. (a) We have, p= AC + BD =AC+ BC+ CD 
=AC+AAD+ CD 
= AAD +(AC + CD)=2 AD+ AD =(A + 1)AD 


Therefore, p=vWAD > h=A+1 


Ex. 32 If the position vectors of the points A, B andC be 
i+ j: i- j andai + bj +ck respectively, then the points A, B 


and C are collinear, if 


(aja=b=c=1 
(b) a= 1,b and c are arbitrary scalars 
(c)a=b=c=0 


(d) c =0,a = 1and b is arbitrary scalars 
Sol. (d) Here, AB = —2}, BC =(a-1)i + (b +. 1)j + ck 
The points are collinear, then AB = k(BC) 
—2} =k{(a —1)i + (b + 1)j + dk} 
On comparing, k(a —1) = 0,k(b + 1) =—2,ke =0 


Hence, c = 0,4 = 1 and bis arbitrary scalar. 


Ex. 33 Let a,b andc be distinct non-negative numbers 
and the vectors ai + aj +ck,it+k,ci+ cj +bk lie ina plane, 
then the quadratic equation ax” + 2cx +b =0 has 


(a) real and equal roots 
(b) real and unequal roots 
(c) unreal roots 
(d) both roots real and positive 
Sol. (a) ai + aj + dk, i +k and ci + G+ Dk are coplanar 
aac 
1 0 1)/=0 => c’-ab=0 
cc b 
For, equation ax” + 2cx + b =0 
D = 4c’ — 4ab =0 


So, roots are real and equal. 


Ex. 34 The number of distinct real values of ) for which 
the vectors A? i +k, i — Mj andi +(2A — sinA)j— Ak are 
coplanar is 

(a) 0 (b) 1 
(c) 2 (d) 3 
Sol. (a) PutA=0 = A’+2>4+2A-sind =0 
Let f(A) =A’ + 02 + 2A —sind 
=> f(A) =(70° +34? +.2—cosd)>0,VER 
f(A) = 0 has only one real solution A = 0. 


Ex. 35 The points A(2 — x, 2,2), B(2, 2 —y,2), 
C(2, 2,2 —z) and D(1, 1, 1) are coplanar, then locus of 
P(x, y, Z) is 


(jtote toy (xtyer=4 
x y Zz 
1 1 1 
(c) + + = 1(d) None of these 
=x ley tz 


Sol. (a) Here, AB=xi-yj 
AC =x -zk; AD=(x-1)i-j-k 


As, these vectors are coplanar 


x -y 0 
1 1 
> x 0 zj=0 > —-+ t+ —=1 
x y Zz 
x-1 -1 =1 


» Ex. 36 p=2a-—3b, q=a-—2b+c andr=—3a+b + 2c, 
where a, b, c being non-zero non-coplanar vectors, then the 
vector —2a+3b-—c is equal to 


(2) p—4q wa 
(c) 2p—3q+tr (d) 4p—2r 
Sol. (b) Let —2a + 3b —c=xp + yq+ zr 
= —2a + 3b—c =(2x+ y —3z)at (-3x —2y + z)b 
+(y + 2z)e 
2x+ y —3z =-2,-3x-2y+z=3 
and ytaz=-l1 
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7 1 
On solving these, we get x = 0, y = 3 z= z 


(-7q + r) 
5 


Trick Check alternates one-by-one 


2a + 3b-—c= 


i.e. (a) p — 4q =—2a + 5b — 4c 
(b) ast = oe 


Ex. 37 Ifa, anda, are two values of a for which the unit 


A ~ 1A A A 
vector ai + bj + as is linearly dependent with i + 2j and 


nA 1 1 
j — 2k, then — + — is equal to 


a, ay 
1 -16 -11 
a)1 b) — c) —— d) — 
(a) (b) - (c) a (d) i 
Sol. (c) i+ B+ wk =H +29) 4 mG —2k) 
=> a=1,b=21 + mandm=—~ 
ai + H+ Ieis unit vector 
atb=> = 52? a ee eng 
4 16 


a, and a, are roots of above equation 


1 1 ata, 16 
> + = = 


a a, aA 11 


More than One Correct Option Type Questions 


Ex. 38 The vector i + xj+ 3k is rotated through an angle 
8 and is doubled in magnitude. It now becomes 
4i +(4x —2)j+ 2k. The values of x are 


(a) 1 (b) = 


(c) 2 


Sol. (b,c) Let w =i + 9 + 3k, 


4 
(d) = 


B = 4i + (4x —2)} + 2k 
Given, 2}a| =| B| 


= 210 + x? = [20+ 4(2x - 1)? 
=> 10+ x° =5 + (4x" —4x +1) 
> 3x" —4x-—4=0 
=> X=2,— > 


Ex. 39 a,b andc are three coplanar unit vectors such 
thata+b+c=0. /f three vectors p,q andr are parallel to 
a,b andc respectively, and have integral but different magni- 
tudes, then among the following options, |p + q+ r| can take 
a value equal to 

(a) 1 (b) 0 (c) V3 
Sol. (c,d) Let a,b and c lie in the XY-plane. 


(d) 2 


34 1; V3. 
jJandec=--1 

2 2 2 2 
Therefore, |p + q + r|=|Aa + pb + ve | 


r (-2 $3] (-4 a) 
A+ i+—jl+v i J 
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=a? t pe? tv? Ap Av —pv 


= V0 p+ —vP+(v—ay 
= pitt aavi 


= |p+q-+r|can take a value equal to V3 and 2. 


Ex. 40 A,B,C and D are four points such that 
AB = m(2i —6j + 2k), BC =(i — 2j) and 
CD =n(-6i +15j - 3k). If CD intersects AB at some point E, 
then 


(a) m2 (b)n2— (c)m=n  (d)m<n 
Sol. (a, b) Let EB = p AB and CE =qCD 
Then 0 < pandg <1 
B 
D 
E 
GC 
A 


Since, EB + BC + CE=0 
pm(2i — 6} + 2k) + (i—2]) + qn(-6i + 15j —3k) =0 


= (2pm + 1 —6qn)i + (-6pm — 2 + 15qn)j + (2pm — 6qn)k = 0 


=> 2pm —6qn+1=0, 
—6pm—2+ 15qn=0 
2pm —6qn = 0 
Solving these, we get 
1 1 
p= and = q=—— 
(2m) (3n) 
1 t 
0<—~—<1 and 0<—~<1 
(2m) (3n) 
=> m2— and n2— 
2 3 


Ex. 41 If non-zero vectors a andb are equally inclined to 


coplanar vector c, thence can be 
lal, bl 


(a) 
ja|+ 2b] [a|+|b| 
«PL gla 
ja|+|b|- |al+|b 
ij —lal_ ge lb 
ja|+2b| lal +2)b| 
@—lbl_ 44 lal 
Jja|+|b| a|+|b| 


be of the form t (= + & 


Sol. (b,d) Since, a and b are equally inclined to c, therefore c must 
lal ) 


‘ose sg, le p= a ae 
jaj+|[bl jal+|bj fal +lal\lal BI 
__lallbl (f+2) 
2jal +|b| (lal (BI 


a b 
Other two vectors cannot be written in the from {§ + a) 
al 


SO. |b | at la| 
Qal+ |b)” 2a|+(b| 


Ex. 42 The vectors xi +(x +1)j+(x+ 2)k, 
(x +3)i +(x +4)j +(x +5)k and 
(x +6)i+(x+ 7)j +(x +8)k are coplanar if x is equal to 
(a) 1 (b) -3 (c)4 (d) 0 
Sol. (a, b, c, d) 
xi t+ (x +1)j + (x + 2)k, (x + 3)i + (x + 4)j + (x + 5)k and 


(x + 6)t +(x +7)j+(x+ 8)k are coplanar. We have 
x xt+1l x+2 


determinant of their coefficients as}x+3 x+4 x+5 
7 x+8 


x+6 Xx 
Applying C, — C, — C, and C; > C3 — C,, we have 
x 1 2 
x+3 1 2/=0. Hence,x ER. 
x+6 1 2 


Ex. 43 Given three vectors a,b, andc are non-zero and 
non-coplanar vectors. Then which of the following are 
coplanar. 

(ajat+b,b+cecta (bha-—b,b+ecta 
(clat+tb,b-—ccta (dja+b,b+ec-—a 
Sol. (b,c,d) c+a=(b+c)+(a—b) 
a+ b=(b-—c)+(c+a) 
at+c=(a+b)+(c-—a) 
So, vectors in options (b), (c) and (d) are coplanar. 


Ex. 44 In a four-dimensional space where unit vectors 
along the axes are ijk and i and aj, a, a3, a4 are four 
non-zero vectors such that no vector can be expressed as a 
linear combination of others and(A —1)(a, —a,)+ 
Wa, +a;)+Y(a; +a, —2a,)+a; +6a, =0, then 


@A=1 b)M=-2 OY=>  WS=> 


3 3 
Sol. (a, b, d) 
(A —1)(a, — a2) + Wa, + a3) + Yag + a4 —2a2)+ az + ba, =0 
Le. (A —1)a, +(1-A+u-2y)a.+(ut+ ¥+1)az+ (y+5)a,=0 
Since, a), a2, a3 anda, are linearly independent, we have 


A-1=0,1-A+p-2y=0, 


u+y+1=0 and y¥+5=0 
ie. AN=1u=2y,u+y+1=0y+5=0 
2 1 
Hence, A =1,u=—--, y=—-,8 
ence u 5 Y ; F 


JEE Type Solved Examples : 
Statement | and II Type Questions 


Directions (Ex. Nos. 45-51) This section is based on 
Statement | and Statement II. Select the correct answer 
from the codes given below. 


(a) Both Statement I and Statement II are correct and 
Statement IT is the correct explanation of Statement I 


(b) Both Statement I and Statement II are correct but 
Statement IT is not the correct explanation of 
Statement I 


(c) Statement I is correct but Statement II is incorrect 
(d) Statement IT is correct but Statement I is incorrect 


Ex. 45 Statement I /f|a|=3,|b|=4 and|a + b|=5, 
then|a —b|=5. 
Statement II The length of the diagonals of a rectangle is 
the same. 
Sol. (a) We have, adjacent sides of triangle |a| = 3, |b] = 4 
The length of the diagonal is |ja + b| =5 
Since, it satisfies the Pythagoras theorem, a | b 
So, the parallelogram is a rectangle. 


Hence, the length of the other diagonal is | a — b| = 5. 


Ex. 46 Statement I /f|a+b|=|a—b|, thena andb 
are perpendicular to each other. 
Statement II /f the diagonals of a parallelogram are equal 
in magnitude, then the parallelogram is a rectangle. 
Sol. (a)a + b =a — bare the diagonals of a parallelogram whose 
sides are a and b. 


ja + b| =|a — b| 
Thus, diagonals of the parallelogram have the same length. 


So, the parallelogram is a rectangle, i.e.a Lb. 


Ex. 47 Statement I /f/ is the incentre of AABC, then 
|BC|IA +|CA |IB +| AB|IC =0 
Statement II The position vector of centroid of AABC is 
OA +OB +OC 
3 


Sol. (b) We know that, 
_|CB| OA +|CA|OB+|AB| OC 


OI 
|BC|+|CA|+]| AB| 
and og =S8=0eeee 


Ex. 48 Statement I /fu and v are unit vectors inclined 
at an angle & and x is a unit vector bisecting the angle 
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ut+v 


between them, then x = 
2 sin— 
2 


Statement II /f ABC is an isosceles triangles with 


AB = AC =1, then vectors representing bisector of angle A is 
AB + AC 


given by AB= 
Sol. (d) We know that the unit vector along bisector of unit 


_ utv . 
vectors u and v is ———, where 0 is the angle between 


2 cos— 
2 
vectors u and v. 
Also, in an isosceles AABC in which 


AB = AC, the median and bisector from A must be same line. 


Ex. 49 Statement 1 /fa=2i+ k, b = 3y+ 4k and 


c=Aa+uwb are coplanar, thenc = 4a —b. 

Statement II A set vectorsa,,a ,a3,...,a, is said to be 
linearly independent, if every relation of the form 
a,+la,+ha3+.....4l,a, =0 implies that 

l, =l, =l, =...=1, =0 (scalar). 

Sol. (b) a, b and c are coplanar c=Aa+ Ub >A=4andu=-1 


Ex. 50 Statement | Let A(a), B(b) and C(c) be three 
points such that a= 2i+ k, b=3i -j +3k and 
c=-i+ 7j —5k. Then, OABC is a tetrahedron. 


Statement II Let A(a), B(b) and C(c) be three points such 
that vectors a, b andc are non-coplanar. 

Then OABC is a tetrahedron. 

Sol. (a) Given vectors are non-coplanar. 


Hence, the answer is (a). 


Ex. 51 Statement | Let a,b,c anda be the position 
vectors of four points A, B,C and D and 
3a — 2b +5c — 6d =0. Then points A, B,C and D are 
coplanar. 
Statement II Three non-zero linearly dependent co-initial 
vectors (PQ,PR and PS) are coplanar. Then 
PQ =APR +uPS, where X and are scalars. 


Sol. (a) 
3a — 2b + 5c —6d = (2a — 2b) + (—5a + 5c) + (6a — 6d) 


=—2AB+5AC —-6AD =0 
Therefore, AB, AC and AD are linearly dependent. 


Hence, by Statement II, Statement I is true. 
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JEE Type Solved Examples : 
Passage Based Questions 


Passage I 
(Ex. Nos. 52 to 54) 
ABCD is a parallelogram. L is a point on BC which divides 
BC in the ratio 1:2. AL intersects BD at P.M is a point on 
DC which divides DC in the ratio 1:2 and AM intersects 
BD ino. 


» Ex. 52 Points P divides AL in the ratio 
(a) 1:2 (b) 1:3 
(c)3:1 (d) 2:1 


© Ex. 53 Point Q divides DB in the ratio 
(a) 1:2 (b) 1:3 
(c)3:1 (d) 2:1 


Ex. 54 PQ: DB is equal to 


2 1 
(a) 2 (b) 3 
1 3 
(c) 3 (d) a 
Sol. (Ex. Nos. 52-54) 
52. (c) . 2 é 


A > B 
a 
BL= i 
3 
1 
AL=a+-—b 
3 
Let AP = AAL and P divides DB in the ratio: 1 —p 
Then, AP =)a+t *y ...(i) 
Also, AP =pa + (1—p)b ii) 


From Eqs. (i) and (ii), 


hat Ab =a +(1-u)b 


and 


53. (b) Hence, P divides AL in the ratio 3 : 1and P divides DB in the 
ratio 1: 3 Similarly Q divides DB in the ratio 1: 3. 


Thus, DQ= 7 DB 
1 
and PB= rua 
1 
54. (b).. PQ= a 
ie. PQ: DB =1:2 
Passage II 


(Ex. Nos. 55 to 56) 


Let A, B, C, D, E represent vertices of a regular pentagon 
ABCDE. Given the position vector of these vertices be 
a,a+hb, b, Aa and Xb respectively. 


AD 
® Ex. 55 The ratio ra is equal to 


T 


3 20 
ines wos (b) 1+ 2cos —: cos— 
5 5 5 5 


(c)1+2 cos 4 2cos 7 (d) None of these 


® Ex. 56 AD divides EC in the ratio 


27 31 
(a) nOs 1 (b) ere 21 


(¢) 1: 2¢0s (d) 1:2 


Sol. (Ex. Nos. 55-56) Given ABCDE is a regular pentagon 
A B 


Let position vector point A and C bea and b, respectively. 
AD is parallel to BC and AB is parallel to EC. 

Therefore, 

AOCB is a parallelogram and position vector of B isa + b. 
The position vectors of E and D are Ab and Aa respectively. 
Also, OA = BC = AB = OC = 1 (let) 


Therefore, AOCB is rhombus. 
ZABC = ZAOC = a 


and ZOAB = ZBCO=T — = = 
Further, OA = AE =1andOC =CD=1 
Thus, AEAO and AOCD are isosceles. 

In AOCD, using sine rule we get. 


OC _ OD 
2n«ws«Sa 
sin—  sin— 
5. 5 
1 
=> OD = = OE 
2cos— 
> AD=OA + OD=1+ 
2cos— 
5 
TU 
14+ 2cos— 
55. () 2 =1++_=___5 
BC 2cos— 2cos— 
5 
56. (c) OE 1 
OC 2 
cos — 


Passage III 
(Ex. Nos. 57 to 58) 


In a parallelogram OABC vectors a, b, c respectively, the 
position vectors of vertices A, B, C with reference to O as 
origin. A point E is taken on the side BC which divides it in 


the ratio of 2:1. Also, the line segment AE intersects the 


line bisecting the angle ZAOC internally at point P. IfCP 


when extended meets AB in point F,, then 


Ex. 57 The position vector of point P is 


gy ale (2 +5] 
3\c|+ Jja|\Jal el 
(b) 3)a ||c | (* 2 =| 
3\c| + ja|\Jal_ [e| 


() Q\a | |c | (2+5) 
3\c|+ Ja|\Jal le 


(d) None of the above 


Ex. 58 The ratio in which F divides AB is 


) _2la »y fl 
© False] © Tae] 
5 lal 2c! 
OFT 3le | Seren 


Sol. 


57. 


58. 
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(Ex. Nos. 57-58) 


oO" Ala) 
Let the position vector of A and C bea and ¢ respectively. 
Therefore, 
Position vector of 
B=b=at+e ..-(i) 
Also, position vector of 
b+2c_ a+3c 
3 3 
Now, point P lies on angle bisector of ZAOC. Thus, 


E= 


Position vector of point 


ab i 
P= (e + =| ...(iii) 


Also, let P divides EA in ration ul : 1. Therefore, Position vector 
of P 


a+ 3c 
Ver Ou aja 4 3e Gv) 
utd 3(u + 1) ~ 


Comparing Eqs. (iii) and (iv), we get 
{i i c= esate 
lal el 3 + 1) 
A 3441 r i 


=> and — = 
lal 34+1) |e p+] 
ale | Lal _ 
3lal 
nr 1 3Jal| ¢| 
2g _ 
le] 3ieHal |, , 3| c| + 2Ial 
sla | 
- . 3fali[e| fa oc 
(b) So, position vector of P is : : 
3|c|+2a|\lal |e 


(d) Let F divides AB in ratio ¢:1, then position vector of F is 
tb+a 


t+1 
Now, points C, P, F are collinear, Then, CF = mCP 


t(a + c) 3la|[c] {aoc 
-—c=m c 
t+1 3c] + 2la|\lal |e 


Comparing coefficients, we get 
t 3\c | 
=m 
t+1 3c | + 2la | 


aa a|—3ice 
and Spe [sie 
t+1 3c | + 2la | 

3|c | 
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JEE Type Solved Examples : 
Matching Type Questions 


© Ex. 59 In the Cartesian plane, a man starts at origin and 
walks a distance of 3 units of the North-East direction and 
reaches a point P. From P, he walks a distance of 4 units in 
the North-West direction to reach a point Q. Construct the 
parallelogram OPQR with PO and PQ as adjacent sides. Let 
M be the mid-point of PQ. 


Column I Column II 
A. The position vector of P is (p) s és7) 
B. The position vector of R is (q) a +53) 
C. The position vector of M is (r) 2V2(-i + j) 
D. Ifthe line OM meets the diagonal PR (s) ~2_; 
—(i+ 5j) 


in the point T, then OT equals 


Sol. A> p,B>7,C>9,D>5 


(A) Let iand j be the unit vectors along OX and OY 
respectively. 
Now, OP =3 and ZXOP = 45° implies that 


5 3 ke *® 
OP = (3co0s45°)i + (3sin45°)j = (1+ j 
( ja + ( J Ta! J) 
(B) Again, ZXOR = 135° and OR = 4 implies that 
OR = me + 3) =2V2(-i + 9) 


V2 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


Ex. 60 P andQ have position vectors a andb relative to 
the origin O and X,Y divide PQ internally and externally 
respectively in the ratio 2:1. Vector XY is Xa +b, then the 
value of |A + is 


Sol. (0) Since, X and Y divide PQ internally and externally in the 


2b+ 
ratio 2:1, then X = a 


and y =2b-a 


.. XY = Position vector of y-Position vector of x 
2b+a_ 4b 4a 

3 3 3 
On comparing it with Aa + Ub, we get 


=2b 


4 4 
A =-—andy =— 
3 . 3 


-4 4 
A+) =|—+—/=0 
eat a 


(C) The position vector of Q is given by 
1 


Ob EEO- OP OR a5 iar) 
¥ 
A 
Q 
3 M 
4 
R pP 
: 
459 JZ a 
O 
ae 2 1 he 
(i + j) ( \ i+7)) 
a: ; v2 
se 
= oe 
(D) Now, PT : RT =1:2 
Therefore, oT = COR) +20P) 
4 a, 4, 5 lan 
(zh oe i) (Fe \i-- 9] 
3 
- 2G +5) 


® Ex. 67 If A(1,-1, — 3), B(2,1,— 2) and C(—5, 2,—6) are the 
position vectors of the vertices of AABC. The length of the 


10 
bisector of its internal angle at A is , then value of X is 


Sol. (3) We have, AB=i+2j+ k, AC =- 61+ 3j-3k 
=> |AB}J=V6 and |AC|=3V6 
Clearly, point D divides BC in the ratio AB: AC, ie. 1:3 
(-5i + 2] —6k) + 3(21 + j —2k) 
1+3 


.. Position vector of D = 


(i +5j—12k) 


1 
4 


AD = 76 +53 12k) -(i-j 3k) = "Ci +39) 
> |AD| = AD ==V10 


i =3 


Ex. 62 Let ABC be a triangle whose centroid is G, 
orthocentre is H and circumcentre is the origin ‘O’. If D is 
any point in the plane of the triangle such that no three of 
O, A, C and D are collinear satisfying the relation 
AD +BD+CH+3HG=AHD, then what is the value of the 
scalar ‘A’ 


Sol. LHS =d-a+d-—b+h-—c+3(g—h) 
=i @+b+o+327 979 op 


=2d —2h =2(d —h) =2HD >A =2 


Ex. 63 Let a,b andc be unit vectors such that 
at+b-c =0. If the area of triangle formed by vectors a and 
b is A, then what is the value of 16A” ? 
Sol. (3) Givena+b=c 


Now, vector c is along the diagonal of the parallelogram which 
has adjacent side vectors a and b. Since, c is also a unit vector, 
triangle formed by vectors a and b is an equilateral triangle. 

3 
10 


> 16A" =3 


3 
Then, Area of triangle “ > A’ 


Subjective Type Questions 


Ex. 66 A particle in equilibrium is subjected to four 
forces 


F, =—10k, 


te Wa 2a 
F, =v| -—i-—j+—k 
13. «13° —«13 


and F, =w(cos@ i +siné j) 

Find the values of u, v and w in terms of 0. 

Sol. Since, the particle is in equilibrium. 
R+F,+h+F, =0 


a 4, 12, 3% 4, 12, 34 
10k + uj] —i jt —k/+v 1 jit—k 
13 13 13 13 13 13 


+ w(cos@i + sin6j) = 0 


4u  4v nN —12 12 : A 
= | — -— + weos8 ji + | —u-——v-+ wsinO |j 
13. 13 13 13 


3 3 A 
+}—u+—v-10|k=0 
13 13 
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Ex. 64 Find the least positive integral value of x for 
which the angle between vectors a = xi —3j —k and 
b =2xi+ xj —k is acute. 
Sol. (2) Let a = 4 —3j-k and b = 21+ j-k be the adjacent 
sides of the parallelogram. 


Now angle betweena and bis acute, ie. |a + b| >|a — b| 
2 


5 Bxi + (x 3)j a’ > | xi —(x +3)j 


or 9x? + (x—3)? +4>x74+ (x +3) 
a-b 
b 

> 

a 
or 8x? —12x + 4>0 or 2x*-3x+1>0 

1 

or (2x -1)(x-1)>0 > ee Oreo 


Hence, the least positive integral value is 2. 


Ex. 65 If the points a(cosa + isin), b(cosB + i sinB) 
and c(cos y + isin) are collinear, then the value of|z| is... 


(where z =bc sin(B — y) +casin(y —) + ab sin(a +B) + 3i) 


acos® asina 1 
Sol. (3)|bcosB bsinB 1/=0 
ccosy csiny 10 


= besin(y —B) + asin(a — y) + absin(B — a) = 0 


=> |z|=3 
4 
> 2 oe yeast = (i) 
13 
12 12 
——u-—v+ wsinO = 0 ...(ii) 
13 13 
3 


...(iii) 
From Eq. (iii), we get 


From Eq. (ii), we get 


12 
——(u+t+ v) + wsin® = 0 
13 
12 (130 : 
> — —| — |+ wsin® = 0 
13\ 3 
40 
=> w =—— = 40 cosec 0 
sin8 


On substituting the value of w in Eqs. (i) and (ii), we get 
u—v = —130cot® 


130 


and ut+v=— 
| 
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On solving, we get 


65 
ut = —65cot0 


65 
vt rs +65cot® and w = 40 cosec 0 


Ex. 67 Find all values of ‘i’ such that x, y, z #(0,0,0) 
and(i+j+3k) x+(3i-3j +k) y +(-41+5j)z 
=A(xi + yjt+ zk), where ij andk are unit vectors along the 
coordinate axes. 
Sol. Here, 
(i+ 5+ 3k)x + 31-3) + k)y + (-4i + 5j)z =A(ad + yj + zk) 
On comparing the coefficients of i, j and k, we get 


x+3y —4z=)x 


> (1-A)x + 3y — 4z =0 (i) 
x-—3y +5z=Ay 
> x-(3+A)y +5z=0 (ii) 
38x+y=hz 
> 3x+y—-Az=0 (iti) 
The Eqs. (i), (ii) and (iii) will have a non-trivial solution, if 
1-A 3 -4 
1 -@3+A) 5/=0 
3 1 -r 


[. (x, y, z) #(0, 0, 0)..A = 0] 
AMAB + A) —5}—-3{-A — 15} — 4{1 + 3(A + 3)} =0 
(1 —A){A? + 3A —5} —3{-A —15} — 4{30 + 10} =0 
V+42V4+27=0 
Mix +20 +1) =0 
MA + 1)° =0 
X=0 or A=-1 


=>(1 


Yuu dy 


Ex. 68 IfG is the centroid of the AABC and if G’ is the 
centroid of another AA’ B’ C’, then prove that 
AA’ + BB’ + CC’ =3GC’. 


Sol. Here, 
Gis centroid of AABC and G is centroid of AA’ B’ C’, shown as 
in figure. 
Clearly, AA’= AG+ GG’+ G’A’ (polygon law) 


BB =BG+ GG’+ GB 
CC’ =CG+CG@+GC 


On adding these 
AA’ + BB’ + CC’ =3GG’ + (AG + BG + CG) 
+(G’ A’ + GB+GC) 
(AG + 2DG) + (G’ A’ + 2G’D’) 
(using AD and A’ D‘ as the medians of AABC and 
AA’ B’C’, respectively) 
GA)+GA’+A’G’ 


=3GG’ 


=3GG’ + (AG 
=3GG’+0+0 
.. AA’ + BB’ + CC’ =3GG’ 
Aliter 


We know by triangle law 
AA’ =OA’-OA 
BB’ = OB’ — OB 
CC’ = OC’ - OC 
= AA’ + BB + CC =(OA’ + OB + OC’) 
—(OA + OB + OC) 
=30G’ -30G’ =3GG@’ 


Ex. 69 IfD,E and F are the mid-points of the sides 


BC, CA and AB, respectively of a AABC and O is any point, 
show that 


(i) AD +BE+CF =0 
(ii) OF ++OF +DO =OA 


Bin. A 1 
(iii) AD + {BE +—CF =—AC 
a 


Sol. Consider the point O as origin, we have, 


D(d) 


C(c) 


(i) AD+ BE + CF = =(d—a) + (e—b) + (f -c) 
=(d+e+f)-(a+b+c)=0 
=> AD+ BE+ CF=0 
(ii) Here, OE + OF + OD=e+f-d 
_eta atb bte_. 
2 2 
OE+ OF+ OD=OA 


[using Eq. (i)] 


=OA 


2 1 Z 
(iii) Here, AD 4 “BE =cF=(d a)4 s(e 


bt+e >(==* “(#2 ) 
= a b] 4 c 
2 3 2 3 2 


1 
=—AC 
2 


AD+ 2 BE + lor=tac 
3 3 2 


Ex. 70 If A andB be two vectors and k be any scalar 
quantity greater than zero, then prove that 


4 
|A +B? <(1+k)/A/? [ aL |’ 
Sol. We know, (1+ k)|A/? + (1+ 7B P 


1 
=|Al’ + kAl’+ |B)? + 71BI’ (i) 
1 


Also, KAI? + = |B = {ial 21B =2)A}|B) _...(ii) 


(since, Arithmetic mean => Geometric mean) 


So, (1+ k)| AP? + (+7 )BF >| Al’ +|Bl? + 2| A] - |B) 


= (|A| + |B)’ 
And also, | Al + |B] >|A + B| 


{using Eggs. (i) and (ii)] 
Henee, + piara(t 4 +) BF >|A+B- 


Ex. 71 IfO is the circumcentre and O’ the orthocenter of 
AABC prove that 


(i) SA+SB+SC =38G, where S is any point in the plane 
of AABC. 


(ii) OA+OB+OC =00’ 
(iii) 0’ A+0’B+0’C =20’0 
(iv) AO’+0’B+0’C = AP 
where, AP is diameter of the circumcircle. 


Sol. Let G be the centroid of AABC, first we shall show that 
circumcentre O, orthocenter O’ and centroid G are collinear 


and O'G =20G. 


Let AL and BM be perpendiculars on the sides BC and CA, 
respectively. Let AD be the median and OD be the 
perpendicular from O on side BC. If R is the circumradius of 
circumcircle of AABC, then OB = OC = R. 


In AOBD, we have OD = RcosA ...(i) 
In AABM, AM = ABcosA =ccosA ...(ii) 
Form AAO’ M, AO’ = AMsec(90° — C) 
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=ccosA cosec C 


= -cos A=2RcosA 


~ sinC 
a g = b = e =2R 
sinA sinB sinC 


...(iii) 


AO =2(OD) 

Now, AAGO’ and AOGD are similar. 
OG _GD_OD 1 
O-G GA AQ 2 

> 20G=O0'G 

(i) We have, SA + SB + SC = SA + (SB + SC) 
=SA+2SD (." Dis the mid-point of BC) 
=(1 + 2)SG =3SG 

(ii) On replacing S by O in Eq. (i), we get 

OA + OB + OC =30G 

=20G + OG =GO' + OG 
= 0G + GO =00 

(iii) OA + O B+ OC=30°G 


[using Eq. (iii)] 


[from Eq. (i)] 


=20G+0OG 
=20'G +2GO (.. 20G = O'G) 
=20'0 

(iv) AO+ O'B+ O'C=2A0' +(O A+ O0'B+ O'C) 
=2A0'+20'0 [From Eq. (iii)] 


=2(AO’ + 0'0)=2A0 = AP 
(.. AO is the circumradius of AABC) 


Ex. 72 Ifc=3a+ 4b and 2c =a — 3b, show that, 


(i) c anda have the same direction and |c|>|al. 
(ii) c and b have opposite direction and|c | >|b|. 
Sol. We have, 
c=3a+ 4b and2c=a-—3b 
=> 23a+ 4b)=a-3b 
> 5a =—11b 


11 5 
> a=-—b and b=-—a 
5 11 


(i) c=3a + 4b=3a + {-Z2) 


using b=- =a) 


20 13 
=3a —-—a = — 
1 11 
which shows that ¢c anda have the same direction. 
13 
And c=—a 
13 
> err aa |c|>|a| 


11 
(ii) We have, c=3a + 4banda aes 


=f =| or eee ey 
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This shows c and b have opposite directions. 
13 13 
Also, jel=|-26|- 2p) = |c|>|b| 


Ex. 73 A transversal cuts the sides OL, OM and diagonal 
ON of a parallelogram at A, B and C respectively. 


OL OM ON 
Prove that — + —- = —. 
OA OB OC 
Sol. We have, 
ON = OL+LN =OL+0M ...(i) 


Let OL=x0A,OM = yOB 
and ON =zOC 
So, |OL|=x|OA|,|OM|=y|OB| and |ON|=z|OC | 
OL OM ON 
x=—,y= and z = 


OA OB Oc 


..From Eqs. (i) and (ii), we have 


M aN 
a 
we 
we 
N al 
\ of 
: 
— 

ples 

<> 
Ca r 


zOC = xOA + yOB 
=> xOA+yOB-zOC=0 


..Points A, B and C are collinear, the sum of the coefficients of 
their PVmust be zero. 

=> x+y-z=0 

: OL OM ON 
Le. — + — =— 
OA OB OC 


Ex. 74 IfD,E andF be three points on the sides BC,CA 


and AB, respectively of a AABC. such that the points D, E 


. BD CE AF 
and F are collinear then prove that —- -——~ .—~ = 
CD AE BF 


(Menelau’s theorem) 


Sol. Here, D, E and F be the points on the sides BC,CA and AB 
respectively of AABC. Such that points D, E and F are 
collinear, be Shawn as the adjoining figuece. 

Let B as the origin, BA =a and BC=c 
Then, BF = ka and BD = Ic 


where, k and / are scalars. 
BD _ 


Fae (i) 
BC BA 
Le. BC: BD=1:1 
BC 1 DC 1-l 
=> 1 1 
BD l BD 1 
BD 1 BA 1 
=> = a = 
DC 1-!l BF k 
BA 1 AF k-1 a 
> 1 = > ..(ii) 
BF k BF k 
Now, let E divide the line AC in the ratio of x: y 
BD BF 
xetya Np 
So, that BE = = ...(iii) 
x+y x+y 
= BE ~ Bp Y _BR=0 
x+y) K(x + y) 


Since, D, E and F are collinear. 
Sum of coefficients must be zero. 


x y 


Hence, 1 = 
x+y) kx+y) 
x y x y 
= + =0> +ys—42 
(x+y) ioe xtystt? 
= »(1-2) = (t-1} = ()- 1) 
if Wk 1 YW 
=> ee ee 
1-1 x k 
> Oar ae? [using Eqs. (i), (ii) and (iii)] 


Ex. 75 Let A(t) = fi(i)i + fo(t)j and 
B(t) = gi(t)i + g2(t)jte[0,1], where fy, f.gi and g, are 
continuous functions. Then show that A(t) and B(t) are 
parallel for some t. 
Sol. If A(t) and B(t) are non-zero vectors for all t 
and A(0) = 2i + 33, A(1) =6i + 2j, B(0) =3i + 2), 
and B(1) = 21 + 6j. 
In order to prove that A(t) and B(t) are parallel vectors for 
some values of t. It is sufficient to show that A(t) = AB(t) for 


some i. 
& {fi+ AOI}=Magoi + go(t)H 
S Ait) =Agit and f,(t) = Ag,(t) 
" flt) _ g(t 
folt) — ga(t) 
eS fAiglt) — fOgeit = 0 for some t € [0,1] 
Let Fit) = fiedgult) — fA gilt), t € [0,1] 


Since, fi, fo, g; and gy are continuous functions. 

.. F(t) is also a continuous function. 

Also, — f(0) = fi(0)g2(0) — g1(0) fa(0) 
=2X2-3xX3=4-9= —-5<0 

and = f(1) = fi) g2(1) — (1) fo) 


=6X6—-—2X2=32>0 


Thus, F(t) is a continuous function on [0, 1] such that 
F(0): F(1) < 0. 


.. By intermediate value theorem, there exists some t € (0, 1) 


such that 
f(t) =0 
= A@)glt) — folt)git = 0 
= A(t) = AB(t) for some A. 


Hence, A(t) and B(t) are parallel vectors. 


Ex. 76 Prove that ifcosa #1,cosB #1andcosy #1, then 
the vectors a = icos +j +k,b =i +jcosB +k, 
c=it j +kcos Y can never be coplanar. 


Sol. Suppose that, a, b and c are coplanar. 


cosa 1 1 
= 1 cosB 1 |=0 
1 1 cosy 


On applying R, > R, — R, and R; > R; — R 


cos O 1 1 
> 1—cosa@ cosB-1 0 =0 
1—cos & 0 cosy—1 


= cosa(cosB — 1) (cosy — 1) — (1 —cosa)(cosy —1) 


—(1—cosa)(cosB —1) = 0 


On dividing throughout by (1 —cosa)(1 — cosB)(1 — cosy), we 
get 
cosa 1 1 _ 
1—cosa 1-cosB 1—cosy 
~1—cosa)+1 1 am 1 _ 
1—cosa 1-cosB 1-cosy 
; 1 1 1 = 
(1—cosa) (1 —cos) (1—cosy) 
a a: 
1—cosa 1—cosB 1-cosy 
2B F Y 


a Rie F 
= cosec” - + cosec a cosec” + = 2, which is not possible. 


Qa 
As, cosec?— > 1, cosec” B P| 
2 


and cosec’ 21 


They cannot be coplanar. 


Ex. 77 If the vectors xit+j+k,ityj+kandi+j+zk 


are coplanar where,x #1, y #1 and z #1, then prove that 
1 1 1 
+ + 


=1 
1-x 1-y 1-2z 
Sol. The vectors are coplanar, if we can find two scalars i and u 
such that 


(d+ j+k)=AG+ yt k)+ud+ j+ zk) 
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> x=A+W1=Ay+u1=At+pz 
> ee ea ee ae a 
r ML 
> 1-x=1-A-wu1 = =iee 
nr 
i W—-1+A 
u 
ree ee ee: ee a a 
i=e f=) ie the hepsi Denes 
—1+A+u 
A+u-1 
1 al al 
t t =1 
l=x Ley Tz 
Aliter 
Thus, above problem could also be solved as 
x 1. J x-1 0 1-z 
1 y YV=H0>] 0 y-l 1-z/=0 
dS dk 1 1 z 
(using R, > R, — R; and R, > R» — R3) 
1 0 =] 
=>(x-1)(y -1)(z-1)} 0 1 -1/=0 
=1 -1 =z 
Ix: Tey. 12 
usin R- : R, Rp > : Ry, R3 > : 2| 
x-1 -1 z-1 
1 1 z 
= (1) + (-1) (1) =0 
(l-x)  -y) (1-2) 
(expanding along R3) 
-1 1 (1—z)-1 
=> | -0 
(’-—x) @-y) (-z) 
1 1 1 
=> + = 
l-% dy Tz 


Ex. 78 Ifa,b andc be any three non-coplanar vectors, 
then prove that the points l,a +m,b + n,c, l,a + m,b + nye, 
l,a+m3b + nc andl,a+m,b + n,c are coplanar, if 

4 om on 1 
l, my, ny 1 
=0 
l, m3, ny 1 
ly my ny 1 
Sol. We know that, four points having position vectors, a,b,c and 
d are coplanar, if there exists scalars x, y, z and t such that 
xa+yb+zce+td=0 where,x+y+z+t=0 


So, the given points will be coplanar, if there exists scalars 
x, y, z and t such that 


x(a + mb + nc) + y(la + mb + nyc) + 2(l,a + m3b + n3c) 


+ t(la + mb + nyc) =0 
where, x+y+z+t=0 
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= (x + Ly + bz + lyt)a + (mx + my + mz + m,t)b 
+ (mx + my + mz + nyt)c =0 


where, x+yt+z+t=0 
Lx+bLy+hz+lt=0 ...(i) 
mx + my + mz + mgt = 0 (ii) 
mx + my + nz + nyt = 0 . (iii) 
and x+y+z+t=0 ...(iv) 


Eliminating x, y, z and t from above equations, we get 
h kh kh k 
m Mm mM, Mm 


=0 
mM MN, Mz Mg 


Ex. 79 Ifr,,r. andr, are the position vectors of three 
collinear points and scalars | and m exists such that 
r,; =/r, +mr,, then show that! +m=1. 


Sol. Let A, B and C be the three points whose position vectors 
referred to O are fj, Yr, and r3, respectively. 


AB = OB -OA =r,- 4 
BC =OC — OB =r, — r, 


Now, if A, B and C are collinear points, then AB and AC are in 
the same line and BC = A (AC) 


>= (3 —%)) = A(t — 1) 

> r,=—-Ay, + (A +1) Kr, 
> r, =— Ar, + mr, 

where, l=-Xandm=A+1 

=> l+m=-A+(A41)=1 


Ex. 80 Show that points with position vectors 
a — 2b +3c,—2a + 3b —c and 4a —7b +7c are collinear. It is 
given that vectors a,b andc and non-coplanar. 
Sol. The three points are collinear, if we can find A,, A, and A3, 


such that 
A, (a —2b + 3c) + A, (-2a + 3b—c) +A; 
(4a —7b + 7c) =OwithA, +A, +A; =0 


On equating the coefficients a, b and c separately to zero, we 
get A, —2A, + 4A; =0, -2A, + 3A, —7A3 =O and 
3A, -A2+7A3 =0 


On solving we get A, =-2,A, =1,A,=1 
So that, A; +A, +A; =0 


Hence, the given vectors are collinear. 


Vector Algebra Exercise 1: 


~ Single Option Correct Type Questions 


. Ifa =3i-2j+k,b =2i—4j—3k and ec =-i+2j+2k, 
thena+b+cis 
(a) 3i — 4j 
(c) 41 — 4] 


(b) 31 + 4j 
(d) 41 + 43 


. What should be added in vector a =3i+ 4j -2k to get 
its resultant a unit vector i? ; 

(a) - 21 - 45 + 2k (b) 23 + 4j -2k 

(c) 21 + 4j- 2k (d) None of these 

. a= 2i+ j —8k and b=i+ 3j — 4k, then the magnitude 
of a+ b is equal to 


13 

(a) 13 (b) ms 
3 4 

(b) ia (d) a 


. a=2i+ 5j and b= 2i— j , then the unit vector along 
a+b will be 
i 4 


(a) Fz (b) i+ j 
a 3h i+j 
(c) V2 + j) ()~ 


. The unit vector parallel to the resultant vector of 
2i+ 4j—5k and i+ 2j+ 3k is 


we “(Gi + 6] -2k) 


i+jt+k 


F Ifa =i+2j+3k, b=—i+2j+k and c=3i+j, then the 


unit vector along its resultant is 


(a)3i +5) + 4k ei Naa 
50 
(c) a (d) None of these 
. Ifa =(2,5)and b =(1, 4), then the vector parallel to 
(a+ b)is 
(a) (3, 5) (b) (1, 1) 
(c) (1, 3) (d) (8, 5) 


. In the AABC, AB =a, AC =cand BC =b, then 
(a)a+ b+ c=0 (b)a+ b—c=0 
(c)a-—b+ec=0 (d)-a+ b+cec=0 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


. If Ois the origin and the position vector of A is 4i+ 5j ; 
then a unit vector parallel to OA is 
4 4 5 4 
4 b) 23 
ai 0) Tai 
1 nN a 1 nN 4 
414+ 5j d) ——(41 -5] 
ag Og) 


The position vectors of the points A, B and C are 

if 2j lett j +kand2i+ 3j +2k, respectively. If A is 
chosen as the origin, then the position vectors of B and 
C are SA 8 
(a)it+ 2k,1+ j+3k 
(c) -j + 2k, i -j + 3k 


(b) + 2k, i+ j+3k 
(d) -j+ 2k, i+ 543k 
The position vectors of P and Q are 5i + 4j + ak and 


= 2j — 2k, respectively. If the distance between them 
is 7, then the value of a will be 

(a) —5, 1 (b) 5,1 

(c) 0,5 (d) 1, 0 

If position vector of points A, Band C are respectively ij 


and k and AB = CX, then position vector of point X is 
(a)-i+j+k (b)i-j+k 


()it+j-k (d)i+jt+k 

The position vectors of A and Bare = 9j — 4k and 
6i- 3j +8k respectively, then the magnitude of AB is 
(a) 11 (b) 12 

(c) 13 (d) 14 


If the position vectors of P and Q are (i + 3j 7 7k) and 
(5i — 2) + 4k), then | PQ|is 

(a) V158 (b) ¥160 

(c) \161 (d) 162 

If the position vectors of P and Q are it 2j —7k and 


5i - 3j +4k respectively, the cosine of the angle between 
PQ and Z-axis is 


(a) = b oe 
V162 V162 

5 —5 

©) V162 (¢) v162 


If the position vectors of A and Bare i+ 3j —7k and 
5i — 2j + 4k, then the direction cosine of AB along Y-axis 


4 5 
(a) 162 (b) ~ 162 
(c)—5 (d) 11 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 
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The direction cosines of vector a = 3i + 4j + 5k in the 


direction of positive axis of X, is 


3 4 
+ ae 
(a) a ( YG 
3 4 
oes dj) 
(c) 50 (d) 50 
The direction cosines of the vector 3i — 4j +5k are 
3 41 -4 1 
Oop SP 
3-4 1 re oe 
a a’ 52" 5/2" V2 


The point having position vectors 2i+ 3j + 4k, 
3i+ 4j +2k and 4i + 2j +3k are the vertices of 
(a) right angled triangle 

(b) isosceles triangle 


(c) equilateral triangle 
(d) collinear 


If the position vectors of the vertices A, Band C of a 
AABC are 7j + 10k, — i+ 6j + 6k and — 41 + 9j + 6k, 
respectively. The triangle is 

(a) equilateral 

(b) isosceles 

(c) scalene 

(d) right angled and isosceles also 

If a, b and care the position vectors of the vertices A, B 
and C of the AABC, then the centroid of AABC is 


a+ bite 1 b+e 

gat bre a(a+ 
b+e at+bte 
(c)a+ 5 a 


If in the given figure, OA = a, OB = b and AP: PB= m:n, 


then OP is equal to 


A i B 
O 
ma + nb na + mb 
a) ————_ b) ——— 
(a) m+n (b) m+n 
(c) ma — nb (gj ae 
m-n 


If aand bare position vector of two points A, Band C 


divides AB in ratio 2:1, then position vector of C is 


a+2b 2a+b 
(a) = (b) 

at+2 at _ 
(c) ; (d) - 


24. 


25. 


26. 


27; 


28. 


29. 


30. 


31. 


32. 


33. 


The position vector of the points which divides 
internally in the ratio 2 : 3 the join of the points 2a — 3b 


and 3a — 2b, is 
12 13 12 13 
—a+—b b) —a-—b 
(a) z 5 (b) ; - 
3 2 
* =P (d) None of these 


If O is origin and C is the mid-point of A (2,—1) and 
B(-4, 3). Then, value of OC is 

(a)it+j (b)i—j_ 

()-a+J (d)-1-J 

If the position vectors of the points A and Bare 

i+ 3j- k and 3i — j- 3k, then what will be the position 
vector of the mid-point of AB 

(a)i+2j-k (b) 21 + j-2k 

(c)2i+j—-k (d)i+ j-2k 


The position vectors of A and Bare j = j +2k and 
i= j +3k. The position vector of the middle point of 


the line AB is 
1, 1, «# eae Sow 
eer b)2i-j+ 2k 
or af (b) 21 — J+ ; 
3, 1, 34 
c)-i--j+—k d) N of thes 
()5i-Si+e (d) None of these 
If the vector bis collinear with the vector a = (22, —1, 4) 
and | b| = 10, then 
(a)at b=0 (b)at+2b=0 
(c)2a+ b=0 (d) None of these 


If a=(1,—1) and b= 
then m is equal to 

(a) 4 (b) 3 
(c) 2 (d) 0 


The points with position vectors 10i + 3}, 12i— 5j and 


(—2, m) are two collinear vectors, 


ai+ 11j are collinear, if ais equal to 


(a) -8 (b) 4 
(c) 8 (d) 12 


The vectors i+ 2j +3k, Ai + 4j+7k as 2j —5k are 


collinear, if 1 is equal to 


(a) 3 (b) 4 

(c) 5 (d) 6 

If the points a + b,a — b anda + kb be collinear, then k is 
equal to 

(a) 0 (b) 2 

(c) -2 (d) Any real number 


If the position vectors of A, B,C and D are 


2i+ i i 3}, 3i+ 2j and i+ rj respectively and AB||CD, 
then A will be 
(a) -8 (b) -6 


(c)8 (d) 6 


34, 


35. 


36. 


37. 


38. 


39, 


40. 


41. 


42. 


If the vectors 3i + 2j — k and 6i- Axj + yk are parallel, 


then the value of x and y will be 
(a) -1, -2 (b) 1, -2 
(c) -1,2 (d) 1,2 


If aand b are two non-collinear vectors and xa + yb=0 


(a) x = 0, but y is not necessarily zero 
(b) y = 0, but x is not necessarily zero 
(c)x=0,y =0 

(d) None of the above 


Four non-zero vectors will always be 
(a) linearly dependent 

(b) linearly independent 

(c) either (a) or (b) 

(d) None of the above 

The vectors a, b anda+ b are 

(a) collinear (b) coplanar 


(c) non-coplanar (d) None of these 


If (x,y,z) # (0,0,0) and (i + j +3k)x + (3i —3j+ k)y 
+(- 4i+ 5j)z = A(xi+ yj +zk), then the value of A 
will be 
(a) — 2, 0 
(c)—1,0 


(b) 0, -2 
(d) 0,—1 

The number of integral values of p for which 

(p +1)i—3j + pi, pit (p + 1)j—3k and 

31+ pi +(pt Dk are linearly dependent vectors is 

(a) 0 (b)1 

(c) 2 (d) 3 

The vectors AB = 3i + 4k and AC =5i — 2 + 4k are the 
sides of a AABC. The length of the median through A is 


(a) V18 (b) 72 
(c) ¥33 (d) V288 


In the figure, a vectors x satisfies the equation x— w= v. 


Then, x is equal to 


A 
a c 
B—y Dv Cc 
(a)2a+b+e (b)a+2b+c 
(clat+b+2e (dja+bt+e 


Vectors a =i+2j+3k, b =2i- j+kande=3i+ j+4k 
are so placed that the end point of one vector is the 
starting point of the next vector. Then the vectors are 
(a) not coplanar 

(b) coplanar but cannot form a triangle 

(c) coplanar and form a triangle 

(d) coplanar and can form a right angled triangle 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 
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If OP = 8 and OP makes angles 45° and 60° with OX-axis 
and OY-axis respectively, then OP is equal to 
(a) (V2i+ j +k) (b) 4(V2i+ j +k) 


(c) “(i ess () 2 472) 


Let a, b and c be three units vectors such that 

3a + 4b +5ce = 0. Then which of the following statements 
is true? 

(a) a is parallel to b 

(b) a is perpendicular to b 

(c) a is neither parallel nor perpendicular to b 

(d) None of the above 


A, B,C, D and E are five coplanar points, then 


DA+ DB+ DC+ AE+ BE+CE is equal to 
(a) DE (b) 3DE 
(c) 2DE (d) 4ED 


If the vectors a and b are linearly independent satisfying 
(V3 tan@+1)a +(V3 sec —2) b =0, then the most 


general value of 0 are 


(a)nn—* nez (0) ante ne z 


ul 
(c) nt neZ (d)ann+—* ne Z 


The unit vector bisecting OY and OZ is 


itjt+k j-k 
a ee 
jt+k -j+k 
(c) da (d) EB 


A line passes through the points whose position vectors 
are i+ j— 2k and i—3j+k. The position vector of a 


point on it at unit distance from the first point is 


(a) : (i+ j—7k) (b) : (4i +9} -15k) 


(c) (i — 4j + 3k) (d) (i — 4} + 3k) 


If D, E and F are the middle points of the sides BC,CA 
and AB of the AABC, then AD+ BE+ CF is 

(a) a zero vector 
(c) 0 

If P and Qare the middle points of the sides BC and CD 
of the parallelogram ABCD, then AP + AQ is equal to 


(b) a unit vector 
(d) None of these 


(a) AC (b) 5ac 
2 3 
(b) or (d) oe 


The figure formed by the four points i+ j ~k, 2i¢ 3j F 
3i +5j—2k and k — jis 
(a) rectangle (b) parallelogram 


(c) trapezium (d) None of these 
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52. A and Bare two points. The position vector of A is 


53. 


54. 


95. 


56. 


97. 


58. 


59. 


60. 


6b-— 2a. A point P divides the line AB in the ratio 1 : 2. If 
a — bis the position vector of P, then the position vector 
of Bis given by 

(a)7a —15b 

(b) 7a +15b 

(c) 15a —7b 

(d) 15a +7b 

If three points A, Band C are collinear, whose position 
vectors are i — 2j — 8k, 5i— 2k and 111+ 3j +7k 
respectively, then the ratio in which B divides AC is 

(a) 1:2 (b) 2:3 

(c) 2:1 (d)1:1 

If in a triangle, AB =a, AC= b and D, E are the 


mid-points of AB and AC respectively, then DEis equal 
to 


met mes 
bia bia 
a OFF 


If ABCD is parallelogram, AB = 2i+ 4j —5k and 
AD=i+ 2j + 3k, then the unit vectors in the direction of 
BDis 


1» 4 ~ 1s x “ 
cael a Lee a 
i oe ek Dis en ey andl 
i i ak) 


If A, Band C are the vertices of a triangle whose position 


vectors are a, b and cand Gis the centroid of the AABC, 
then GA + GB + GCis 


(a) 0 (b) A+ B+C 
at b+e a+ b-—c 
pee EU qj 
(c) 5 (d) : 
If ABCDEF is regular hexagon, then AD + EB + FCis 
equal to 
(a) 0 (b) 2AB 
(c) 3AB (d) 4 AB 


ABCDE is a pentagon. Forces AB, AE, DC and ED act at 
a point. Which force should be added to this system to 
make the resultant 2AC? 

(a) AC (b) AD 

(c) BC (d) BD 

If ABCDEF is a regular hexagon and 

AB+AC+AD+ AE+ AF =AAD, then A is equal to 

(a) 2 (b) 3 

(c) 4 (d) 6 

Let us define the length of a vector ait bj + ck as 
|a|+|b|+|c|. This definition coincides with the usual 


definition of length of a vector ai + bj + ck if and only if 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


(a)a=b=c=0 

(b) any two of a,b and c are zero 
(c) any one of a,b and c is zero 
(dja+b+c=0 


If aand b are two non-zero and non-collinear vectors, 
then a+ b anda-— b are 

(a) linearly dependent vectors 

(b) linearly independent vectors 

(c) linearly dependent and independent vectors 

(d) None of the above 


If|a +b |<|a—b|, then the angle between a and b can 


lie in the interval. 
(a) (—1/2, 1/2) 
(c) (1/2, 3/2) 


(b) (0, m) 
(d) (0, 2%) 
The magnitudes of mutually perpendicular forces a, b 


and care 2, 10 and 11 respectively. Then the magnitude 
of its resultant is 
(a) 12 

(c)9 


Ifi- 3j + k bisects the angle between a and — i+ 2j +2k, 


(b) 15 
(d) None of these 


where a is a unit vector, then 


1 ie ra A 
a)a = —_(41i + 88) — 40k 
Sarr J ) 


1 a Pe a 
b) a = —(411 + 88j+ 40k 
(b) On: J ) 

1 x ‘ re 
c)a = —-(-41i + 887) — 40k 
(c) ar J ) 

1 ee K A 
d)a = —(41i — 88] — 40k 
(d) HE J ) 


Let a = ibe a vector which makes an angle of 120° with a 


unit vector b. Then, the unit vector (a+ b) is 


@ i+ 9; 83 3 
i. 3 V35 1, 
(c) oS (d) ra 


Given three vectors a = 6i — 3j, b=2i- 6j and 
c=-2i+ 21j such that a =a+b+c. Then, the resolution 


of the vector & into components with respect to a and b 


is given by 
(a) 3a —2b (b) 3b —2a 
(c) 2a —3b (d)a—2b 


‘I’ is the incentre of AABC whose corresponding sides 
are a, b,c respectively. aI[A + bIB+c IC is always equal to 
(a) 0 (b) (a+b +c)BC 

(c)(a+b+c)AC (d) (a+ b+c)AB 


If x and y are two non-collinear vectors and ABC is a 
triangle with side lengths a,b and c satisfying (20a— 15b)x 
+(15b- 12c)y +(12c — 20a)(x x y) = 0, then AABC is 

(a) an acute angled triangle (b) an obtuse angled triangle 


(c) a right angled triangle 


(d) a scalene triangle 


69. 


70. 


‘1, 


72. 


73. 


74, 


75. 


If x and y are two non-collinear vectors and a,b and c 


represent the sides of a AABC satisfying 
(a—b)x+(b-—c)y+(c—a)(x X y) =0, then AABC is 
(where x x y is perpendicular to the plane of x and y) 
(a) an acute angled triangle 

(b) an obtuse angled triangle 

(c) a right angled triangle 

(d) a scalene triangle 


If the resultant of two forces is of magnitude P and equal 
to one of them and perpendicular to it, then the other 

force is 
(a) P/2 
(c) PV3 


(b) P 
(d) None of these 


If b is a vector whose initial point divides the join of 5i 
and 5j in the ratio k: 1 and whose terminal point in the 
origin and | b |< V37, then k lies in the interval 

(a) [-6, -1/6] (b) [-c9, —6] U[-1/6, -] 

(c) [0, 6] (d) None of these 

If 4j+7j+8k, 2i+ 3j + 4k and 2i + 5j+7k are the 
position vectors of the vertices A, Band C respectively 
of AABC. The position vector of the point where the 
bisector of ZA meets BC is 


(a) (6 + 13} + 18k) (b) “(6 +12} - 8k) 


(c) sce — 8} —9k) (d) (oi — 12} + 8k) 

Ifa and b are two unit vectors and 0 is the angle 
between them, then the unit vector along the angular 
bisector ofa and b will be given by 


(a) a-—b a+b 
2cos (0/2) 2cos (8 / 2) 
a—b 


c) ————_ (d) None of these 
cos (8/2) 


A, B,C and D have position vectors a, b,c and d, 
respectively, such that a — b = 2d —c). Then, 
(a) AB and CD bisect each other 

(b) BD and AC bisect each other 

(c) AB and CD trisect each other 

(d) BD and AC trisect each other 


On the xy plane where O is the origin, given points, 
A(1, 0), B(0, 1) and C(1, 1). Let P,Q and R be moving point 
on the line OA, OB, OC respectively such that 

OP = 45t(OA), OQ = 60t(OB), OR = (1—t)(OC) with 

t >0.If the three points P,Q and Rare collinear, then the 
value of t is equal to 


1 7 
a) — b) — 
O06 3 

il 

— d) None of th 
etre (d) None ese 


76. 


77. 


78. 


79. 


80. 


81. 


82. 
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If a, b and care three non-coplanar vectors such that 
a+ b+c=adand b+ c+d=fa, then a+ b+c+dis 


equal to 
(a) 0 (b) oa 
(c) Bb (d) (a +B)e 


The position vectors of the points P and Q with respect 
to the origin O area =i +3j— 2k and b =3i— j—2k, 
respectively. If M is a point on PQ, such that OM is the 
bisector of POQ, then OM is 

(a) 2 -j+k) (b) 21 + j-2k 

(c) 2(-1 + j-k) (b) 21+ } + k) 

ABCD is a quadrilateral. E is the point of intersection of 


the line joining the mid-points of the opposite sides. If O 
is any point and OA + OB+ OC+ OD = xOE, then x is 


equal to 
(a) 3 (b) 9 
(c) 7 (d) 4 


In the AOAB, M is the mid-point of AB, C is a point on 
OM, such that 20C = CM. X is a point on the side OB 
such that OX = 2XB. The line XC is produced to meet 


OA in Y. Then, Of is equal to 
YA 


2 

(a) > (b) ; 
3 2 
on Se 


Points X and Y are taken on the sides OR and RS, 
respectively of a parallelogram PORS, so that QX = 4XR 
and RY = 4YS. The line XY cuts the line PR at Z. 

Then, PZ is 


21 16 
a) —PR b) —PR 
( Nae ( Yee 
17 
(c) seo (d) None of these 


Find the value of A so that the points P, Q, Rand S on the 


sides OA, OB, OC and AB, respectively, of a regular 
tetrahedron OABC are coplanar. It is given that 


OP ey ee td = 4, 

OA 3 OB 2 0C 3 AB 

(@) 4 => (b) 4 =-1 

(c)A =0 (d) for no value of A 


OABCDE is a regular hexagon of side 2 units in the 
XY-plane. O being the origin and OA taken along the 
X-axis. A point P is taken on a line parallel to Z-axis 
through the centre of the hexagon at a distance of 

3 units from O. Then, the vector AP is 
(a)-i+3j+~5k (b) i- V3 j+5k 

()-1 +43 f+ 45k (d) i+ V3 j+ 5k 
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a| Vector Algebra Exercise 2 : 


~ More than One Option Correct Type Questions 


If the vectors i— WW +kanda forma triangle, then a 


may be 
(a)-i-k (b)i-2j-k 
(c)2]+j+k (d)i+k 


. the resultant of three forces 

= pit3j- k, F, =6i—kandF, =-5i+j+2k 
foie on a particle has a magnitude equal to 5 units, 
then the value of p is 
as (b) -4 
(c) 2 (d) 4 
Let ABC be a triangle, the position vectors of whose 
vertices are 7j £10k i +6j +6k and — 4i+ 9j + 6k. 
Then, AABC is 
(a) isosceles 


(c) right angled 


(b) equilateral 
(d) None of these 


The sides of a parallelogram are 2i + 4j —5k and 
ie 2j +3k. The unit vector parallel to one of the 


diagonals is 


Vector Algebra Exercise 3 : 
Statement | and II Type Questions 


= Directions (Q. Nos. 90-92) This section is based on 
Statement | and Statement II. Select the correct answer 
from the codes given below. 


90. 


(a) Both Statement I and Statement II are correct and 
Statement II is the correct explanation of Statement I 

(b) Both Statement I and Statement II are correct but 
Statement II is not the correct explanation of Statement I 

(c) Statement I is correct but Statement II is incorrect 


(d) Statement II is correct but Statement I is incorrect 


Statement I In AABC, AB+ BC+ CA =0 
Statement II If OA =a,OB = b, then AB=a+b 


87. 


88. 


89. 


91. 


92. 


(a) “(i +6} —2k) (b) “(i —6j —2k) 


se 2} + 8k) 2 2} + 8k) 


ie Ye 
If A(—4, 0,3) and B(14, 2,—5), then which one of the 


following points lie on the bisector of the angle between 
OA and OB (O is the origin of reference)? 


(c) (d) 


(a) (2, 2, 4) (b) (2, 11, 5) 

(c) (-3, =; —6) (d) (1, 1, 2) 

If point it ji - j and pi + qj +rk are collinear, then 
(a) p= (b)r=0 

()qeR (d)q#1 


Ifa, b and care non-coplanar vectors and A is a real 
number, then the vectors a + 2b + 3c, Ab +c and (2A —1)e 
are coplanar when 
(a)weR 


(c)A =0 (d) no value of A 


Statement I a = i+ pi +2k and b=2i+ 3j + qk are 


parallel vectors, if p = ; and q = 4. 


Statement II a= aita,j+a3k and b= bit by jtbsk 


are parallel Ar oe 85 

by by bs 
Statement I If three points P, Q and R have position 
vectors a, b and c respectively, and 2a + 3b —5c = 0, then 
the points P,Q and R must be collinear. 
Statement II If for three points A, Band C, AB =A AC, 
then points A, Band C must be collinear. 


Vector Algebra Exercise 4: 
~ Passage based Type Questions 


Passage I 
(Q. Nos. 93 and 94) 
= Let OABCD be a pentagon in which the sides OA and CB 


are parallel and the sides OD and AB are parallel. 
Also, OA:CB =2:1and OD: AB=1:3. 


Cc B 
D 
O A 
93. The ratio a is 
XC 
(a) 3/4 (b) 1/3 
(c) 2/5 (d) 1/2 
94. The ratio ae is 
XD 
(a) 5/2 (b) 6 
(c) 7/3 (d) 4 
Passage II 


(Q. Nos. 95 and 96) 
= Consider the regular hexagon ABCDEF with centre at O 
(origin). 

95. AD+ EB + FC is equal to 
(a) 2AB (b) 3AB 
(c) 4AB (d) None of these 

96. Five forces AB, AC, AD, AE, AF act at the vertex A of a 
regular hexagon ABCDEF. Then, their resultant is 


(a)3AO0 (b)2A0 
(c) 4A0 (d)6AO 
Passage III 


(Q. Nos. 97 to 99) 


= Three points A,B and C have position vectors 
—2a+ 3b +5c,a+2b + 3c and 7a —c with reference to an 
origin O. Answer the following questions. 


97. Which of the following is true? 
(a) AC =2AB (b) AC =-3AB 
(c) AC =3AB (d) None of these 


98. Which of the following is true? 
(a) 20A -30B + OC =0 
(b) 20A + 70B+90C =0 
(c) OA + OB+ OC =0 
(d) None of the above 
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99. B divided AC in ratio 


(a) 2:1 (b) 2:3 
(c) 2:-3 (d) 1:2 
Passage IV 


(Q. Nos. 100 and 101) 


= If two vectors OA and OB are there, then their resultant 
OA + OB can be found by completing the parallelogram 
OACB and OC =OA + OB. Also, If |OA|=|OB}, then the 
resultant will bisect the angle between them. 


100. A vector C directed along internal bisector of angle 
between vectors A =7i — 4j— 4k and B= — 2i — j+ 2k 
with |C| = 5V6 is 


(a) °G-3+ ) (0) 24-7} + 2k) 


() 26 +5] + 2k) (a) 2Csi +5j+ 2k) 


101. If internal and external bisectors of ZA of AABC meet 
the base BC at D and E respectively, then (D and E lie on 
same side of B) 


@)sc-277 = (b) BC? = BD x DE 
(c) ae = 5 + a2 (d) None of these 
BC BD BE 


Passage V 
(Q. Nos. 102 and 103) 


A 
° 


= Let C:r(t)=x(thi+y(t)j +z()k be a differentiable 
ee gee TEP Hr) 

curve, i.e. lim ——W—— 

x70 h 

r’(t)=x’(t)ity’(t)j+z’ (Ok 

If r’(t) , is tangent to the curve C at the point 

P[ x(t), y(t), z(t)] and r’(t) points in the direction of 

increasing ft. 


exist for all ¢ 


102. The point P on the curve r(t) =(1- 2t)i + ty + 2¢2Die 
at which the tangent vector r’(t) is parallel to the radius 
vector r (ft) is 


(a) (- 1, 1, 2) (b) (1, — 1, 2) 
(c) (— 1, 1, — 2) (d) (4, 1, 2) 
103. The tangent vector to r (t) =2t ae: (1- t)j + (3t? + 2)k 
at (2, 0,5) is 
(a) 4i + j -6k (b) 4i —} + 60k 
(c) 2i —j + 6k (d) 2i + j -6k 
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Vector Algebra Exercise 5: 
~ Matching Type Question 


104. a and b form the consecutive sides of a regular hexagon ABCDEF. 


Column I Column II 
a. IfCD=xa-+ yb, then p. x=-2 
b. IfCE=xa-+ yb, then q. x=-l 
c. IfAE=xa+ yb, then r y=l 
d. If AD =—xb, then Ss. y=2 


Vector Algebra Exercise 6: 
~ Single Integer Answer Type Questions 


105. If the resultant of three forces F, = pi + 3j =r 109. 


F, = -si+ j + 2k and F, = 6i-k acting on a particle has 

a magnitude equal to 5 units. Then, what is difference in 

the values of p? 110 
106. Vectors along the adjacent sides of parallelogram are 

a=i+2j+kandb=2i+ 4j+k. Find the length of the 


longer diagonal of the parallelogram. 111. 


107. If vectors a = i+ 2j)-k,b =2i- j+kandc=Ai+j+2k 
are coplanar, then find the value of (A — 4). 

108. If a+ bis along the angle bisector of a and b, where 
|a|= | b|, then the number of digits in value of A is 


Vector Algebra Exercise 7 : 
Subjective Type Questions 


112. A vector a has components a, a) and a; in a right 114. 
handed rectangular cartesian system OXYZ. The 
coordinate system is rotated about Z-axis through angle 


} ar : 
—. Find components ofa in the new system. 
2 


115. 


113. Find the magnitude and direction of r, — r, when|r,|=5 


and points North-East while |r.|=5 but points 
North-West. 


Let p be the position vector of orthocentre and g is the 


position vector of the centroid of AABC, where 
circumcentre is the origin. If p= kg, then the value of k is 


. Ina AABC, a line is drawn passing through centroid 


dividing AB internally in ratio 2:1 and AC ind :1 
(internally). The value of A is 


A vector a has component 2p and 1 with respect to a 


rectangular cartesian system. The system is rotated 
through a certain angle about the origin in the counter 
clockwise sense. If with to the new system, a has 
components (p+1) and 1, where p take the values p, and 
P»- Then, the value of 3| p; + p»|is 


Let OACB be a parallelogram with O at the origin and 
OC a diagonal. Let D be the mid-point of OA. Using 
vector methods prove that BD and CO intersects in the 
same ratio. Determine this ratio. 


AABC is a triangle with the point P on side BC such that 
3BP = 2PC, the point Q is on the line CA such that 

4CO = QA. Find the ratio in which the line joining the 
common point R of AP and BQ and the point S divides 
AB. 


116. 


117. 


Vector Algebra Exercise 8: 


In a AABC internal angle bisectors AI, BI and CI are 


produced to meet opposite sides in A’, B’ and C’, 
respectively. Prove that the maximum value of 
AI-BI-CI . 8 


is —. 
AA’: BB’-CC’ 27 


Let ry, ry, 13,....., t be the position vectors of points 

PP os Pa yscnss , P, relative to an origin O. Show that if the 
vectors equation ar, + a,r, +...+a,¥r, =Oholds, then a 
similar equation will also hold good with respect to any 
other origin O’, ifa, +a, +a; +....+a, =0. 


118. 


119. 
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Let OABCD be a pentagon in which the sides OA and CB 
are parallel and the sides OD and AB are parallel as 
shown in figure. Also, OA : CB=2:1and OD: AB=1:3. 
If the diagonals OC and AD meet at x, find OX : OC. 


Ifu, v and wis a linearly independent system of vectors, 


examine the system p,q andr, where 

p =(cos a)ju + (cos b)v + (cos c)w 

q = (sin a)u + (sin b)v + (sin c)w 

r=sin(x + a)ju+ sin(x + b)v + sin(x + c)w for linearly 
dependent. 


~ Questions Asked in Previous Years Exam 


120. 


121. 


122. 


123. 


124. 


If the vectors AB = 31+ 4 kand AC =5i— 2j + 4kare 
the sides of a AABC, then the length of the median 


through A is DJEE Main 2013, 2003] 
(a) 18 (b) 72 
(c) ¥33 (d) J45 


Let a, b and c be three non-zero vectors which are 
pairwise non-collinear. Ifa + 3b is collinear with c and 

b + 2c is collinear with a, then a + 3b + 6c is [AIEEE 2011] 
(ajate (b)a 

(c)e (d) 0 


The non-zero vectors a, b and ¢c are related by a = 8b and 


c= —7b. Then, the angle between a and c is 
[AIEEE 2008] 
(a) (b) 0 
1 T 
ae d) 
(c) A (d) ; 


If C is the mid-point of AB and P is any point outside AB, 
then [AIEEE 2005] 
(a)PA+PB+PC=0  (b)PA+ PB+2PC=0 

(c) PA + PB=PC (d) PA + PB=2PC 


Ifa, b and c are three non-zero vectors such that no two 
of these are collinear. If the vector a + 2b is collinear 
with cand b +3c is collinear with a (A being some 
non-zero scalar), then a + 2b + 6c is equal to 
(a) Aa (b) Ab 

(c) Ae (d) 0 


[AIEEE 2004] 


125. 


126. 


12Zi, 


128. 


Ifa, b, care non-coplanar vectors and A is a real number, 
then the vectors a + 2b +3c¢, Ab + 4c and (2A —1)c are 
non-coplanar for [AIEEE 2004] 
(a) all values of A 

(b) all except one value of A 


(c) all except two values of A 


(d) no value of A 

Consider points A, B, C and D with position vectors 
7i—4j+7k, i-6j+10k, -i-3j+ 4k and 5i— j+5k, 
respectively. Then, ABCD is a [AIEEE 2003] 


(b) rhombus 
(d) None of these 


(a) square 
(c) rectangle 


aa’ 1+a? 
If|b b? 1+6? |=Oand vectors (1, a, a ) (1, B, b? )and 

2 3 

c Cc 1l+c 


(1, c,c 2 ) are non-coplanar, then the product abc equal to 


[AIEEE 2003] 


(a) 2 (b) -1 
(c) 1 (d) 0 
The vector i+ 4 +3k is rotated through an angle 6 and 


doubled in magnitude, then it becomes 
4i+(4x—2)j+2k. The value of x are 


2 
ols} 


[AIEEE 2002] 


(d) {2, 7} 
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Answers 


Exercise for Session 1 
1. (1) vector (ii) scalar (iii) vector 
2. AN 


(iv) scalar 


>E 


3. (i)a,d; bx, acy 
(ili) a, y,z 


(ii) b,x; a, d; ¢,y 
(iv) b, z; x, z 


4. (i) True (ii) False 
(ili) False (iv) False 
5./450 6. cos! e 
7. Direction ratios are 1, — 1, 2 and Direction cosines are = ; = j 
Exercise for Session 2 
1.i+k; _Li+Le a ae 
V2 V2 5/2 5J2°  5V2 
: (+ a =) 
V3 V3 V3 
A 4 A 9 A 
9. 4i — 9j,/97, i j 
97 97 
1-3 qT % or 3s 1 
10. /59; i + k 12,4 = 
i539 59" 55 3 
8 a a a 
13. /66 14, -_ (5i — j+ 2k) 
20° 
15. 7/3, (i+ 2)+2k) 
~ Ie. 48 18 7 . nx 
16. (i) i+—j+—k  (ii)-3i+ 3k 
3 3 ; 3 


17. 41 + 37+ 7k 


Exercise for Session 3 
6.x= Z 7.0 
3 


Chapter Exercises 


1. (c) 2. (a) 3. (a) 
7. (c) 8. (b) 9. (c) 
13.(d) 14. (d) 15. (b) 
19.(c) 20. (d) 21. (a) 
25.(c) 26. (b) 27. (b) 
31. (a) 32. (d) 33. (b) 
37.(b) 38. (d) 39. (b) 
43.(b) 44. (d) 45. (b) 
49. (a) 50. (d) 51. (c) 
55.(c) 56. (a) 57. (d) 
61.(b) 62. (c) 63. (b) 
67.(a) 68. (c) 69. (a) 
73. (b) 74. (d) 75. (b) 
79.(b) 80. (a) 81. (b) 
85. (a,c) 86.(a,d) 87. (a,c,d) 
91.(a) 92. (a) 93. (c) 
97.(c) 98. (a) 99. (d) 
103. (b) 
105. (2, — 4) 106. (7) 
108. (1) 109. (3) 
112. (a), — a), a3) 
114. 2:1 115.6: 1 
120.(c) 121. (d) 122. (a) 
126.(d) 127.(b) 128. (a) 


5.a—2b=1 


4. (d) 
10. (d) 
16. (b) 
22. (b) 
28. (c) 
34. (a) 
40. (c) 
46. (d) 
52. (a) 
58. (c) 
64. (d) 
70. (a) 
76. (a) 
82. (c) 


94. (b) 
100. (b) 


104.a>q,r;b—>p,r 


123. (d) 


5. (a) 
11. (a) 
17. (c) 
23. (a) 
29. (c) 
35. (c) 
41. (b) 
47. (c) 
53. (b) 
59. (b) 
65. (c) 
71. (b) 
77. (b) 


6. (c) 
12. (a) 
18. (b) 
24. (b) 
30. (c) 
36. (a) 
42. (b) 
48. (a) 
54. (d) 
60. (b) 
66. (c) 
72. (a) 
78. (d) 


83. (a,b,d) 84. (b,c) 
88. (a,b,d) 89. (a,b,c) 90. (c) 


95. (c) 
101. (c) 


107. (2) 
110. (2) 


113. 5/5, West to East 
118.2:5 


124. (d) 


96. (d) 
102. (a) 


111. (2) 


125. (c) 


Solutions 


7, at b=31+ 9j=3(1 


. at b+ ce =(342—-1)i+(-2-442)j+(1-3+2)k 


= 41-43 


. Let bshould be added, then a + b=i 


=> b=i-a=i-(3i+ 4j—2k) 
=-2) - 4j+ 2k 


. |at+ bl=[3i + 4j — 12k 


=|./3? + 4? + (12)?|=13 


. at b=4i+ 47, 


Therefore, unit vector = — 


. Resultant vector = (21 + 4j - 5k) +(i+ 2j + 3k) 


=3i+6j—2k 
31+6j-2k 1 
J9+36+4 7 


Unit vector = (i+ 6j 2k) 
R=314+5j+ 4k 


31+5j+ 4k 
5/2 


> = 


33). Hence, it is parallel to (1, 3). 


8 AB+BC+CA=0 


=> a+b-c=0 
4i+5j 1. 


9. Unit vector parallel to OA = 6 =a Tae + 5j) 
10. OA =i+2j)-kOB=i+j+k 
and OC =2i + 3} + 2k 
Position vector of B w.r.t origin at A at 
AB = OB- OA =- j+ 2k 
Position vector of C w.r.t. origin at A is 
AC = OC-OA =i+j+3k 
11. 7 = (6+ 1)? + (4-2)? +(a+2)7 
> a+2=+3 >a=-5,1 
12. AB=CX = j-1 = position vector of point X — k 
Position vector of point X=—i + j + k 
13. AB=(6 -2)i +(-3+9)j+ (+ 4)k 
=4i+6j+12k 
|AB| = V16 + 25 + 144 =14 
14. PQ =(5-1)i + (-2-3)j + (44+ 7)k 


=4i-5j+11k 
|PQ| = V16+ 254121 = 162 


16. 


1. 


18. 


19. 


20. 


24. 


25. 


26. 


27. 
28. 
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. PQ = 0Q-OP = 4i-5j + 11k 


PQ_ 4 5 54, We 
|PQ| Vio2 iea? ica 
cosy = = where ¥ is the angle of PQ with Z-axis. 


162’ 
AB = 41-5} + 11k 


-5 _ =5 
V16+25+121 4/162 


Direction cosine along Y-axis = 
3 


3 


Vector A =31 — 4j + 5k. We know that, direction cosines of 


3 —4 5 


51 


A= 
ee ae ee ee eee ee 


ee 
5J/2°5¥2’ 2 
OA =2i +3) + 4k 
OB =3i + 4j + 2k 
and OC = 4i + 234 3k 
So, AB=i+ j—2k, BC =i-2j+ kCA=2i-j-k 
Clearly, | AB| =| BC| =|CA| = V6 


Here, 


So, these points are vertices of an equilateral triangle. 
Given, position vectors of A,B and C are 7j + 10k, 
1+6j+ 6kand 
| AB| =|- i -j- 4k |= 18 
| BC| =|-3 1 +39 [=18 
| AC| =|-47 +2} - 4k |= 36 
Clearly, AB = BC and(AC)* =(AB)’ + (BC)? 


Hence, triangle is right angled isosceles. 


4i4+9j+ 6k, respectively. 


Position vectors of the points which divides internally is 
3(2a 3b) + 23a—2b) 12a —13b 
5 5 
Coordinate of C is ox ae *) =(-1, 1) 
2 2 
OC =-i+j 
3i-j—3K+ J +3j—-k _,. .j-2k 
2 
at Poi 542k 
2 2 
It is given that b is collinear with the vector a. 
b=)a 
=2/2Ai — Aj + 40K 
Also, | b|=10 
= (220)? + (-2)? + (4A)? =10 
=> 250” = 100 
= X=+2 


From Eqs. (i) and (ii), we have 
b=t2a > 2a+ b=0 


...(i) 
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29. 


30. 


31. 


32. 


33, 


34, 


35. 


36. 


37. 
38, 


39. 
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Condition for collinearity, b= a 
=> (-2i + mj) =A (i —j) 
Comparison of coefficient, we get 
> X=-2and-A =m 
So, m=2 
If given points be A, B and C, then AB = k(BC) or 
2i — 8) = k[(a—12)i + 169] 
=> k= = 
2 
Also, 2=k(a-12) 
> a=8 
1 2 3 
rn 4 7/=0 
2 
=> XN =3 
(a — b) —(a+ b) =[(a + kb) —(a — b)] 
> —2b=(k+1)b 
Hence, k € R 
AB=—i- 4j,CD=~— 21 +(A—2)j 
AB||CD 
So, See ee ee 
—2 A-2 
=> i =-6 
Obviously, 2 et 
6 —4x y 
> x =-landy =-2 


If a and bare two non-zero, non-collinear vectors and x and y 


are two scalars such that xa + yb = 0 then x = 0 andy =0 
because one will be a scalar multiple of the other and hence 
collinear which is a contradiction. 


Four or more than four non-zero vectors are always linearly 
dependent. 


These are coplanar because 1 (a) +1(b)=a+b 
Comparing the coefficients of i, j and k, and the corresponding 
equations are 
x+3y-—4z=Ax or (1-A)x+3y—4z =0 (i) 
x-—(A+3)y +5z =0 ... (ii) 
3xty-Az=0 ... (ili) 
These Egg. (i), (ii) and (iii) have a non-trivial solution, if 
(1-A) 3 —4 
1 -(X+3) 5 |=052=0-1 
3 1 -X 
The vectors are linearly dependent 
pel =3 Pp 
=> p pti —-3}=0 
—3 p pti 
1 =-3 Pp 
> (2p—2)1 pt+1 -3]/=0 
1 p Pri 


40. 


41. 


42. 
43. 
44, 


45. 


46. 


1 -3 Pp 
> Ap-1)}0 p+4 -3-p\=0 
0 pt3 1 
= Ap—1)\(p+4+(p+3)’) =0 
> (p—1)(p’ + 7p + 13) =0 


Roots of p’ + 7p +13 = 0 are (imaginary) 


p=l 
Only integral value of p is 1. 


(3+5)i + (0-2)j + (44+ 4k 


PV of AD = 
2 
=4i-j+ 4k 
|AD| = V16+16+1 = ¥33 
A 
B D (@ 
v=bic 
w=bta 
We have, X=v+w=ai2bic 
Note that a+b=c 


Here is the only vector 4(V2i + j+ k), whose length is 8. 


3a + 4b+5c=0 
Hence, a, b and ¢ are coplanar. 
No other conclusion can be derived from it. 
A, B,C, Dand E are five coplanar points. 
DA + DB+ AE+ BE+ CE 
=(DA+ AE) + (DB+ BE) + (DC + CE) 
= DE+ DE+ DE=3DE 


V3 tan +1 = 0and V3sec@ —2 = 0 
117 
> 6 = — 
6 
117 
=> eSemyy — tee 


, jand k are unit vectors along Y and Z-axes, then unit vector 


jtk 
a 


bisecting OY and OZ is 


O 


We have, Ali + j - 2k) and Bi - 3y + k) 


On line AB points C and C’ are at distance 1 unit from A. 
OC = OA + AC, where AC is unit vector in direction of AB 


OC = OA + eu 
| AB| 
Similarly, OC’=OA- cud 
| AB| 
49, AD =OD-OA 
_bte aa bte-2a 
2 2 
[where, O is the origin for reference] 
Similarly, © BE=OE-OB=<*~" — p 
_¢+a—2b 
2 
and gpe2 
2 
A (a) 
F E 


b+ c-—2a 
2 


Now, AD + BE+ CF = 


c+ta-2b a+ b-2c 
+ } = 


0 
2 2 
50. AP = AB+ BP = AB+ {BC =AB+ AD Ai) 
AQ= AD + DQ=AD+—DC=AD+—AB a i) 
DQ C 
P 
A B 


By Eggs. (i) and (ii), we get 


AP + AQ= 7 (AB + AD) 


= 7 (AB + BC) = SAC 


51. Let A =(1, 1, -1), B =(2,3, 0), C=(3,5, —2) and D =(0, -1, 1). 
So, AB =(1, 2, 1), BC =(1, 2, — 2),CD = (— 3, —6, 3) 
and DA = (1, 2, — 2). 
Clearly, BC || DA but AB in not parallel to CD. 
So, it is a trapezium. 
52. op= 1 (OB) + 2 (6b -—2a) 
1+2 
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A (6b-2a) 


oO 


> 3(a — b) =OB+ 12b- 4a 
=> OB =7a -—15b 
53. Let the B divide AC in ratio 4 :1, then 


5j of — MM + 35 + 7k) +1 2j-8k 
+1 
=> 3A -2=0 
> h = “ite. ratio = 2:3 


54, We know by fundamental theorem of proportionality that, 
DE= BC 
2 


A 
D E 
B Cc 
Intrianglee BC=b-—a 
Hence, DE= s(b —a) 
55. Since, AB+ BD=AD 
BD = AD- AB 

> =(i + 2} + 3k)-(2i + 4j -5k) 

=-{-2}4+8k 


Hence, unit vector in the direction of BD is 
{-2j+8k _-i-2j+8k 
|-i —2} + 8k 69 
56. Position vectors of vertices A, B and C of the AABC = a, band 


c We know that, position vector of centroid of the triangle, 
Gu? +bte 


3 
Therefore, GA + GB + GC 


( anes ( aoees [ road 
=la tl b +} ¢ 
3 3 3 


1 
= ue b—c+2b—a-—c+2ce-—a 


57. A regular hexagon ABCDEF. 
E D 


54 


58. 


59. 


60. 


61. 


62. 


63. 
64. 


65. 
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We know from the hexagon that AD is parallel to BC or 


AD = 2BC is parallel to FA or EB = 2FA and FC is parallel to 


AB or FC = 2AB. 
Thus, AD + EB + FC =2BC + 2FA + 2AB 
=2(FA + AB + BC) = 2(FC) = 2(2AB) = 4AB 
AE+ ED+ DC + AB 

=AD+ DC+ AB=AC+ AB 
Obviously, if BC is added to this system, then it will be 
AC + AB+ BC = AC + AC =2AC. 


By triangle law, AB = AD — BD, AC = AD-CD 


E D 


Therefore, 
AB+ AC+ AD+ AE+ AF 
=3AD + (AE - BD) + (AF —CD) =3AD 
Hence, i =3 (. AE = BD, AF =CD) 


|a|+|b |+]c|=Va? +b? +c? 


© 2\ab|+2|be|+2|ca|=0 
& ab=bc=ca 


0 = any two of a,b andc are zero 


Since, a and bare non-collinear, soa + b anda — b will also 


be non-collinear. 


Hence, a + band a — bare linearly independent vectors. 


la + b|<|a —b| 
=> bal <0 Pils 
2 2 
R=J/4+100+4121 =15 
We must have A(i — 3) + 5k) =at Ber 24 
Therefore, 3a =3A(i —3j4 5k) —(2k 2j—-i) 
= i(30 +1) — j(2+ 9A) + k(15A —2) 
or 3] a |= +1)? + (24+ 9A)? +(15A —2)" 
or 9 =(3A +1)? +(24+ 9A)" + (154 —2)° 
or sis sis So SSG. 
35 
If A = 0,a =i —2j—2k (not acceptable) 
on paz ti 88 40 ¢ 
35° 105. «105° 105 
b=cos120°1 + sin120°j 
o pee 
2 2 
thie boas eee 
20 2° 2° 28 


66. o =at+b+e=614 12) 


67. 


68. 


69. 


70. 
fi. 


72. 


Let Q=xatyb>6x+2y =6 
and —3x—6y =12 

x=2,y=-3 

Q =2a —3b 
Let the incentre be at the origin and be 


A(p), B(q) and C(r) . Then, 
IA = p, IB=qandIC=r 
ap+bq+cr 
at+b+t+c 


Incentre I is , where p = BC, q = AC andr = AB 


Incentre is at the origin. Therefore, 
apt+bqtcr _ ‘i 


5) 


at+b+t+c 
or ab+bq+cr=0 
> alIA + bIB+cIC=0 
Since x, y and x xy are linearly independent, we have 
20a —15b = 15b —12c = 12c —20a = 0 
> e225 cf =a’ +b? 


Hence, AABC is right angled. 
As x, y and x Xy are non-collinear vectors, vectors are 
linearly independent. 
Hence, 
a-—b=0=b-c=c~—a 
ora=b=c 


Therefore, the triangle is equilateral. 


| AB| =|Q| = VP? + P? = Pv2 
The point the divides 51 and 5j in th ratio of 
k:1is ODE OM" 
k+1 
b- 51 +5kj 
k+1 
Also |b|< V37 
+ + 
oT 
=> —* 054. 25k? < 37 
k+1 
or 5V1+k? < 37(k +1) 


On Squaring both sides, we get 
25(1 +k?) <37 (k? +2k +1) 
or 6k°+37k+6 > 0or(6k+1)(k+6) >0 


1 
k € (0, -6) u[-% ~| 


Let the bisector of ZA meets BC at D, then AD divides BC in 
the ratio AB: AC. 


.. Position vectors of D 
_ |AB|(2i + 59 + 7k)+|AC|(2i + 35 + 4k) 
|AB|+|AC| 
| AB|=|-2i — 4j — 4k|=6 


Here, 


and =—- | AC|=|-21 — 2] — k|=3 


.. Position vector of D 


_ 6(2i + 5j + 7k) + 3(2i + 3j + 4k) 
64+3 
_ 181 + 399+ 54k 
9 
1, ay os 
= Pus + 13j + 18k) 
73. Vector in the direction of angular bisector of a and b is ad Ld 
: io ie gh Abie e, AD 
Unit vector in this direction is 
|a +b 
D C 
b 
io, 
Aen B 
(0) a 


us _atb 
From the figure, position vector of E is : 


) 
Now in triangle AEB, AE = AB eS 


a+ "| 6 
=> = cos— 
+b 
Hence, unit vector along the bisector is = 
2cos (8/2) 
74, a—b=2(d—c) 
at2ce_ b+2d 
2+1 2+1 


Hence, AC and BD trisect each other as LHS is the position 
vector of a point trisecting A an C, and RHS that of B and D. 


75. Again, it is given that the point P, Q and R are collinear. 


> PQ=AQR 
=> 15(4j-31)=A[(1—t) (i + J) -— 609] 
=> =A[(1—t)i + (1 — 6183] 
45t 60t 
—t (= 
t-1 1-61t 
3t 4t 
> ——-= 
t-1 1-61t 
=> 3(1—61t) = 4(t-1) 
= 3-183t = 4t-—4 => 187t=7 
7 
t=— 
187 
76. We have, a+ b+ c=ad 
and b+c+d=fa 
Be b+e+d=(a+1)d 
and a+ b+ec+d=(B+1)a 
> (a+1)d=(B+1)a 


Ifa #—1, then (& + 1)d =(6 + 1)a 


77. 


78. 


79. 
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> gel hy 
at+1 
> a+ b+ c=ad 
ca 
=> a+ b+e =a |—— Ja 
atl 
> eee ee 
atl 


a, band care coplanar which is contradiction to the given 
condition. 


ae a=-1 

andsoat+ b+e+d=0 

Since | OP |=|OQ|= V14, AOPQ is an isosceles. 

Hence, the internal bisector OM is perpendicular to PQ and M 
is the mid-point of P and Q. Therefore, 


OM = (OP + 0Q) =2i + j-2k 


O 
P M Q 
A P B 
Let OA =a,OB=b, OC=c 
and OD=d 
Therefore, OA+OB+0OC+0OD 
=a+bt+c+d 
; i _atb 
P, the mid-point of AB, is : 
Q, the mid-point of CD, is : ; ea 
Therefore, the mid-point of PQ is abe e rd. 
Similarly, the mid-point of RS is arbrerd 
ie opt thterad 
4 
=> x=4 
O 
¥, 
C Xx 
A(a) M B(b) 


OA =a, OB=b 
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om =2t+ b 
2 
geo52 b 
6 
OX =—b 
Let OF ny 
YA 
= a 
A+1 
Now points Y, C and X are collinear. 
YC =mCX 
a+b A 2b a+b 
a=m m 
6 A+1 3 6 
Comparing coefficients ofa and b 
1 A _ om 
6 +1 6 
and see 
6 3 6 
1 
m=-—and i =- 


5a +4b a+5b 
; . 2a+b) 21 
2 ee oR 
4+1 25 25 


80. 


S(b) oy R(a + b) 


P(o) Q(a) 


4a+b)+a _5a+4b 
5 
4b+a+b_a+t5b 
5 i} 
Now, PZ = mPR 
PZ = m(a+b) 
Let Z divided YX in the ratio A :1 
XOX + OY 
A+1 


(=*). 
Pz= 5 5 


A+1 
Comparing coefficients of a and b 


5A+1 


PV of X is 


PV of Y is 


PV of Z = 


= ma +b) 


and m= 


(#+*) a+5b 
+ 

5 5 
441 


_21(a +b) 221 pg 
25) 25 
81. Let OA =a,OB = band OC =c, 


then AB = b —a and OP = A 


1 1 
OQ = a OR = a° 
Since P, Q, Rand S are coplanar, then 
PS =aPQ+BPR 
(PS can be written as a linear combination of PQ and PR) 
=0(0Q — OP)+ 8 (OR - OP) 
ie. OS OP = 4 Bo + ob ae 


3 
a a, 8B : 
OS =(1-a -B)—+—b+=— ae 
> (1—a Pe ae a (i) 
Given OS = AB = A(b—a) ...(ii) 


From Eq, (i) and Eq, (ii), B = 0, — ; =-A and . =), 


> 2X. =14+3A or A=-1 
82. 


Here, coordinate of Q are (2cos60°, 2sin60°) 


> O (1, V3, 0) 
P(1, V3, z) 
OP =3 
=> 143427 =3 or 27=5 
z=v5 


P(t, V3, V5) > OP =i + V3j + V5k 
Now, AP = OP -OA =i + V3j+ V5k —2i 
=-i + 3j+ 5k 


=+(i+k),+(@-2j-k) 
84. Let R be the resultant. Then 
R=E+E+5 =(p+lit 4j 
Given, |R|=5. Therefore, (p+ 1)’ +16 =25 


or pt+1=3 or p=2,-4 
85. Wehave, AB=-i-j- 4k, BC = -3i + 3y 
and CA = 41-2) + 4k. 


Therefore, | AB|=|BC|=3V2 and |CA|=6 


86. 


87. 


88. 


89. 


90. 


91. 
92. 


Clearly, | AB|’+| BC|’?=|AC/’ 


Hence, the triangle is right angled isosceles triangle. 

Leta =2i + 4j-5k and b =i + 2} + 3k. 

Then, the diagonals of the parallelogram are 
p=at+b 

and q =b-a, 

ie. p =3i+6j—2k, q =-i —2}+8k 

So, unit vectors along the diagonals are 


1 
69 


2}+ 8k) 


“(i + 6j—2k) and 


OA =—4i + 3k; OB = 14i + 2} —5k 
_74i+3k , _14i+2j—5k 
5 15 


r = ai +97 +141 + 2) -5k] 


| ee ane ~ 20 
= 21+ 2j+ 4k]= i+ 2k 
ee J ] a jt 2k] 


Points A(i + j ), BG’ — j) and C(pi + qj + rk) are collinear 
Now, AB =~-2j 
and BC =(p-1)i+ (q+ 1)j+ rk 


Vectors AB and BC must be collinear 


= p=1,r=0andq#-1 
1 2 3 
For coplanar vectors,|(0 A wu |=0 
0 0 2A-1 
1 
or es 


In AABC,AB+ BC = AC =—-CA 


or AB+BC+CA=0 
OA + AB = OBis the triangle law of addition. 


Hence, Statement 1 is true and Statement 2 is is false. 


; ; : > p and 4 
2a +3b—5ce=0 
3(b —a) = 5(c—a) 
=> AB =>AC 


Hence, AB and AC must be parallel since there is a common 
point A. The points A, B and C must be collinear. 


Solutions (Q.Nos. 93-94) 


Let the position vectors of A, B,C and Dbea,b,c and d, 
respectively. Then, 


OA :CB =2:1 
> OA =2CB => a=2b-c) sue () 
and OD: AB =1:3 
30D = AB 
> 3d =(b-—a) = b —2(b —-c) [using Eq. (i)] 
=-b+2c ... (ii) 


Let OX : XC =: 1and AX: XD=:1 
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Now, X divides OC in the ratio A : 1. Therefore, 


57 


PV of X= (iii) 
A+1 
X also divided AD in the ratio pt : 1. Therefore, 
pverxy elit Gv) 
w+ 
From Eqs. (iii) and (iv), we get 
Ae _Ud+a 
A+1 wtl 
or ud c= ml ateste 
A+1 u+1 ut+1 
or A e=|— \F}( : 20 c) 
+1 u+1 3 u+1 
{using Eqs. (i) and (ii) ] 
or ‘ c= ou b a c 
A+1 3(u + 1) 3(u+1) wt+1 
or A c= =e b zai c 
A+1 3(u + 1) 3(u + 1) 
6-L _( 2-6 r =4 
3u+1)) \3sq4¢1) A+1 
or oe =0 
3(u + 1) 
and ae? se 
3l+1) A+1 
(as b and c are non-collinear) 
2 
=6,rA=-— 
or uw : 


Hence, OX 2X0 = 2S and AX DS =” 
1 1 


93. (c) 94. (b) 


Solutions (Q.Nos. 95-96) 
Consider the regular hexagon ABCDEF with centre at O 


(origin). 
E D 
F Cc 
A B 
AD + EB + FC =2AO0 + 20B + 20C 
= 2(AO + OB) + 20C 
=2AB+2AB 
= 4AB 


R=AB+AC+AD+ AE + AF 
=ED+ AC+AD+ AE+CD 


[-.: OC = AB] 


[- AB = ED and AF = CD] 


=(AC + CD)+(AE+ED)+ AD 
=AD+AD+AD=3AD=6A0O 
96. (d) 


95. (c) 
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Solutions (Q.Nos. 97-99) = dee ig = b 
97. AB = OB- OA =3a—b-2c 2 
AC = OC_OA =9a —3b —6c =3AB The only value of t which satisfies all three equations is t = 1. 


So, r(1) is the required point (—1, 1, 2). 


98. 20A -30B + OC 2. ee 
103. (2, 0, 5) corresponding to r(1) and r’(t) = 44a —j + 6tk 


= 2(—2a + 3b + 5c) —3(a + 2b+3c)+(7a—c) =0 
99. -- 20A -30B+ OC =0 


So, the required tangent vector is r’(1) = 41 — j + 6k. 


4 104, Z . 
(1) ! 
8 F Cc 
(2) i 
as A a B 
C 
op = 204 +. 0€ AB =a, BC =b 
= > = a AC = AB+BC =a+b (i) 
= B Divides AC in 1: 2. AD = 2BC = 2b - Ci) 
(because AD is parallel to BC and 
Solutions (Q.Nos. 100-101) twice is length) 
100. die EKA =e 7i —4j -—4k : (—2i — j+ 2k CD = AD- AC =2b-(a+b)=b-a _ 
9 3 FA =-CD=a-b ... (iii) 
a 7) 42k DE =—-AB=-a ... (iv) 
i 
=> -( : ) EF =—BC =-b . (v) 
AE = AD+ DE =2b-a ... (vi) 
Also, |ce|=5V6 = t ita 4=56 CE = CD+ DE = b-a-a=b-2a .. (vii) 
: 18 105. Let R be the resultant. Then, 
t=15 => eet 7j + 2k) R=E+E+E =(p+l)it 4j 
r Given, |R|=5, Therefore R? = 25 
or =o Eee) (pt)? +16=25 or p+1=43 or p=2,-4 
101. Here, AB _ BD d AB _ BE 106. Vectors along to sides area =i + 23+ k and b=2i+ 4j+ k 


= an 
a DE AC CE Clearly the vector along the longer diagonal is 


A a+b=3i+6j+2k 
Hence, length of the longer diagonal is 
|a+ bl=|3i +6) + 2k|=7 


107. Vector a=i+2j-k, b=2i-j+k, c=Ai+j+2k are 


coplanar. 
t 2. St 
B D C E => (2 -1 1/=0 or A-3+2(-5)=0 or A =13 
., BD_BE . BD __ BE A 1 2 
DC CE BC-BD BE-BC Number of digits in value of A is 2. 
= BD BE-BD- BC = BC- BE- BD: BE 108. Since, angle bisector of a and b 
= 2BD- BE =(BD + BE)- BC a . * 
2 1 1 > h(a + w=n( 2+) ee (i) 
7 Fig Dy Mt lal |b| 
BC BD BE . a i 
ae tor. 
Solutions (Q.Nos. 102-103) Benne ae ne _ oe 
eo n a 
102. r(t) =-21 + 24 + 4c" -K > ul fac =atb 


Since, r’(t) is parallel to r(£), 
so r(t) =ar’(t) 
1—2t = —20,t7 = at, 2e"-) 


only, when|a|=|b|=u 
|a|=|b| > A=1 


109. 


qh 


112. 


B E 


Here, O is circum centre = 0, G is centroid = g 
H is orthocentre = p 


; OG 1 
Since, —_ = — 
GH 2 
g 1 
> —~— = = 28=p-¢ 
p-g 2 
or p=3g 
: k=3 
XG = kGY 
b+e =P =H Pes) ad 
3 3 140 3 
A(O) 
x ¥ 
Bib) C(c) 
3 1+A 
Xn 2 
=> ————-=-— 
1+A 3 
> A =2 
We have, a =2pi + j 


Let bbe the vector obtained from a by rotating the axes. Then, 
the components of bare p+1 and 1. Therefore, 


b=(pt+1)a+B 
where & and B are unit vectors along the new axes. 


But | b| = al 


> 4p°+1=(pt+1)?+1 

> 3p°-2p-1=0 > poh. 
1 

=> as aaa 


1 
sIp+pl=ahi—|=2 


Here, a is rotated about Z-axis, the Z-component of a will 
remain unchanged namely a3 


yx) 


113. 


114. 


115. 


Chap 01 Vector Algebra 59 


Now, if it is turned through an angle * As shown in adjoining 
figure. 

*, Now components are (a2, — a), a3). 

Here, r, = OA pointing North-East and r, = OB pointing 
North-West. Where | OA| =| OB| =5. 

As shown in figure, 


tN 
Ben--~---f----~ 7A 
rts bs Ary 
Neb’ 
Ww O E 
1S 
ZBOA = 90° 
> 1-1 =BA (using triangle law) 


Clearly, ZBOA is right angled at O. 

a BA’ = OA’ + OB’ =5 +5” =50 

=> | BA| =5V5 

or |r, — | =5/5 

i.e. 1; — r) has magnitude 5V5 and points from West to East. 


Let OACB be a parallelogram shown as 


B(b) C(c) 
a oe 
oy 
O D A(a) 
1 
Here, OD = - 
1 
> OP + PD = or +PC) [using A law] 
=> 20P + 2PD = BP+ PC 
—2P0+2PD = -—-PB+ PC 
=> PB+2PD =PC+2P0 
e PB+2PD PC +2PO 
1+2 14+2 


The common point P of BD and CO divides each in the ratio 
2:1. 
Let S be the point of intersection of AB and CR. Let A be the 


origin and the position vectors of the points B, C, P, Q, Rand S 
be b,c, p,q,r and s respectively. 


_ 3b+2e 
a: 
and q a78 (i) 
5 
= Poot 4 tip eb Sh q 
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10 5q+6b iti i 
he 10p =5q +6b = p_o”q s% Let the position vectors of PF, P,, Ps, nate ,P, with respect to O' as 
11 11 the origin be Ry,R>....., R, respectively. Then, R; = O 
P=r,-—O,i =1, 2,.....,.0 [using Eq. (i)] 
Now, @,R, + a,R,+..... +a,R, =0 
> yiaR, =0 > yi a(t, — a) =0 
i=4 i=1 
n n 
=> yan - ya a= 
i=1 i=1 
11 3b+2 
= —*=p-= . [using Eq. (ii)] n [ a 
10 5 > 0-a ya =0 i ay, = 0 iia 
1ir =6b+ 4c i=l i=l 
lir — 4c =6b n 
lir—4c 6 ad ya = 
ac ae = a =s, thus s divides AB in the ratio 6 : 1. i=l 
116. Since, angle bisectors divides opposite side in the ratio of sides Thus, ¥ aR; = 0 will hold good, if 2» a; = 0. 
containing the angle. i=l i=l 
=> BA’ =" and CA’ = a 118. Let O be the origin of reference. 
b+c atc 


Let the position vectors of A, B, C and D bea, b, c and d, 
Now, BI is also angle bisector of 7B for AABA’. 


respectively. 
= AI _bte _, Al __bte Then, OA:CB=2:1 
Al’ a ANY a+b+t+c OA 2 
=> — =- => OA+2CB 
CB 1 
D 
Similarly, Pa OEE 
BB’ at+b+t+ce 
and os 2, ; u 2 
a+bd+c 
AI-BI-CI (b + c)(a + c)(a +b) = ren 
oer = (i) = a =2(b-—c) wild) 
AA’-BB-CC’ (a+b+c)at+b+c)(a+b+c) 
and OD: AB =1:3 
As we know AM 2 GM, we get OD 1 
b+c cta at+b 1 > =— => 30D=AB 
+ s AB 3 
at+b+c at+b+c Lies, ea hieeec et) = 30D - AB 
3 7 +b+c) _ 
" = 3d =(b—a) = b —2(b—c) [using Eq. (i)] 
on %a+b+c) > [(a+ b)(b+c)(c+a)] = 3d=—b+2c ii) 
3(a + b +c) at+b+e Let OX: XC =4:1and AX: XD=:1 
(a+ b)(b+c)(c+a) < 8 ii) Now, X divides OC in the ratio A : 1. Therefore, 
(a+b+c) 27 PV of X = Ae (ii) 
From Eqs. (i) and (ii), we get A+1 
AI: BI-CI < 8 X also divides AD in the ratio: 1 
AA’: BB’.CC’ 27 
pve =S" 2 
117. Let the position vector of O' with reference to O as the origin w+1 
be a. From Eqs. (iii) and (iv), we get 
Then, 00’ =a Ac pdt+a 
Now, O’ P, = Position vector A+1 pti 


or P, — Position vector of O’ =r, — ( x ) ( u ) ( 1 ) 
Pat Becuccgit = c= d+ a 
ane: A+1 +1 uti 


Z jw a 
w+ 


[using Eqs. (i) and (iv)] 


=> a c= H b 
A+1 W+1 3(u+1) 
2 2). 
3q.+1) wt 
=> is c= oe p+ (2 c 
A+1 3(u + 1) 3(u + 1) 
> oe b+ = A c=0 
3(u + 1) 3U+1) A+1 
= 6-L 2u — 6 A 
3(u + 1) 3(u+1) A+I1 
(since, b and C are non-collinear) 
> W=6and A == 
Hence, OX : XC =2:5 


119. let 1, mandnbe scalars such that 
lp + mq + nr =0 
= {l(cosa)u + (cosb)v + (cosc)w} + m{(sina)u 
+ (sinb)v + (sinc)w} 
+ n{sin(x + a)u + sin(x + b)v + sin(x + c)w}=0 
a)}u + {lsinb + msin(x + b)}v 
+ {lcosc + msinc + nsin (x + c)}w = 0 


=> {lcosa + msina + nsin(x 


= Icosa+msina + nsin(x + a) =0 ...(i) 
lcosb + msinb + nsin(x + b) =0 (ii) 
lcosc + msinc + nsin(x + c) =0 (iii) 


This is a homogeneous system of linear equations in /, mand n. 
The determinant of the coefficient matrix is 


cosa sina sin(x+a)| |cosa sina 0 
A=|cosb sinb sin(x+b))/=|cosb sinb 0/=0 
cose sine sin(x+c) cose sinc 0 


(using C; > C3 — sinx C, — cos x C)) 
= So, the above system of equations has non-trivial solutions 
also. This means that /, m and n may attain non-zero values 
also. 


Hence, the given system of vectors is a linearly dependent 
system of vectors. 


120. We know that, the sum of three vectors of a triangle is zero. 


A 
B M Cc 
2 AB+BC+CA =0 
=> BC =AC - AB [- AC = —CA] 
AC — AB 
=> AB = ————_ [ Mis a mid-point of BC] 


2 


121. 


122. 


123. 


124. 
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Also, AB+ BM + MA =0 
[by properties of a triangle] 
> ap+AS—“' _ am [. AM =— MA] 
= AM = AB + AC 
2 
344 4k+51-2j+4k 
2 
=4i1-j+4k 
=> |AM|=./4? +1? + 4? = ¥33 
As,a + 3b is collinear with c. 
a+ 3b=Ac ..{i) 
Also, b + 2c is collinear with a. 
> b+ 2c =a (ii) 
From Eq. (ii), we get 
a+3b+6c=(A+6)c ...(iii) 
From Eq. (ii), we get 
at+3b+6c =(1+3u)a ...{iv) 


From Eqs. (iii) and (iv), we get 
(A+6)c=(1 + 3p)a 
Since, a is not collinear with c. 
> A+6=1+3n =0 
From Eq. (iv), we get 
a+3b+6c=0 
Since,a =8b andc = —7b 
So, a is parallel to b and c is anti-parallel to b. 
=> aand care anti-parallel. 
So, the angle between a and c is 7. 


Let P be the origin outside of AB and C is mid-point of AB, 
then 


Cc 


P 
pc =TAtFB _, pc =PA+ PB 
Ifa + 2b is collinear with c, thena + 2b = tc (i) 
Also, b + 3c is collinear with a, then 
b+3c=Aa 
> b=)a-3c ...(ii) 


From Eqs. (i) and (ii), we get 
a+ (Aa —3c)=te 


> (a — 6c) =te—2Aa 
On comparing the coefficients of a and c, we get 
1 


1=-2A => A= -- 
2 


and -6=t > t=-6 


62 


125. 


126. 


Textbook of Vector & 3D Geometry 


From Eq. (i), we get 
a+2b=-6c 
> a+2b+6c=0 


The three vectors (a + 2b + 3c), (Ab + 4c) and (2A —1)c are 
non-coplanar, if 


1 2 3 
0rA 4 |#0 
0 0 2A-1 
=> (24-1) (A) #0 
> en 
2 


So, these three vectors are non-coplanar for all except two 
values of i. 


Given that, OA =71-45+7k 
OB = i-6j+10k 
OC =-i-3}+ 4k 
OD =5i-j+5k 
Now, AB= (7-1) +(-4+6)?+(7-10) 
= 364449 
=/49 =7 
BC = (+1)? + (6+ 3)? + (10-4)? 
= /44+9+36 
= /49 =7 
CD = y(-1-5)? +(-3 +1)? + (4-5) 
= /36+44+1 
=J41 
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and = DA= (5-7) +(-1+ 4° +6 


Hence, option (d 


a a’ 
Since,|b b? 


2 
c uC 


=> (1+abc) 


=> 
> 


= V4+9+4 
= 17 
) is 


correct. 


1+a° aa 1 a 
1+b°|=|b b? 1/4\b 
140° c co c 
aa 1 aa 1 
b b? 1;=abe|b b® 1/= 
c cl cc 1 
aa 1 
b b’ 1/=0 
cc 1 

1+abc =0 

abc =-1 


7) 


———- 357 
> 
> 
tw 


. 
| 


Since, the vector i+ xy +3k is doubled in magnitude, then it 


becomes 


YuuUTU oY 


43 +(4x—2)j) + 2k 


2\i+ G+3k |= 4i+(4x-2)j}+2k| 


214x249 = 16+ (4x2)? +4 


40+ 4x” = 20+ (4x —2) 


3x’ —4x-4=0 
(x-2) (8x+2)=0 


x=2,- 


2 
3 
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Session 1 


Product of Two Vectors, Components of a Vector 
Along and Perpendicular to Another Vector, 
Application of Dot Product in Mechanics 


Product of Two Vectors 


Product of two vectors is processed by two methods. 
When the product of two vectors results in a scalar 
quantity, then it is called scalar product. It is also known 
as dot product because we denote it by putting a dot (.) 


between two vectors. O 
When the product of two vectors results in a vector From triangles OBL and OAM, we have OL = OB cos 
quantity, then this product is called vector product. It is and OM =OA cosh Here Of and OA are know as 


also known as cross product because we denote it by 


projection of b ona anda on b respectively. 
putting a cross (x) between two vectors. 


Now, a: b=|a||b|cos® 

=|a| (OB cos®@) =|a| (OL) 
Scalar or Dot Prod uct of Two Vectors = (Magnitude of a) (Projection of b on a) ...(i) 
Ifa and b are two non-zero vectors and 6 be the angle 


between them, then their scalar product (or dot product) is 
denoted by a - b and is defined as the scalar |a|| b| cos 9, 


Again, a: b=|a||b|cos® 
=|bJ|(|a| cos) =| b| (OA cos®) =| b| (OM) 


where |a| and | b| are modulii of a and b respectively and a- b= (Magnitude of b) 
0<O<7. (Projection of a on b) ...(ii) 
B Thus, geometrically interpreted, the scalar product 


of two vectors is the product of modulus of 
either vector and the projection of the other in 


b 
its direction. 
8 
O a A Remarks 
1. Projection ofa on b=5 > =a-b 
Remarks | " 
1.a-beR 2. Projection ofbona=2 =a-b 
2. a-b<|al|b| al _ 
3. a-b> 0 = Angle between a and bis acute. 3. Angle between two vectors ita and b be two vectors inclined at 
an angle 6, then a, b =|a|-|b| cos @ 
4. a-b<0 =Angle betweena and bis obtuse. ab 
5. The dot product of a zero and non-zero vector is a scalar zero. = 8= ja] -|bi 
: : : - -b 
Geometrical interpretation of scalar product = @=cos" (4) 


Let a and b be two vectors represented by OA and OB 
respectively. Let 0 be the angle between OA and OB. Draw 
BL | OAand AM 1 OB. ences" | arb; + apbo+ agbs | 


art ast aeyfbr + be+ bs 


Ifa = ai + aol + agk andb = bi + boj + bak 


Properties of Scalar Product 
(i) Commutativity The scalar product of two vector is 
commutative ie.,a-b=b-a. 


(ii) Distributivity of scalar product over vector 
addition The scalar product of vectors is distributive 
over vector addition i.e., 


(a)a-(b+c)=a-b+a-c (Left distributivity) 
(b) (b+c)-a=b-a+c-a (right distributivity) 

(iii) Let a and b be two non-zero vectorsa:b=0 aL b. 
As ij and k are mutually perpendicular unit vectors 
along the coordinate axes, therefore 
i-j=j-i=0,j-k=k-j=0;k-i=i-k=0 


(iv) For any vector a,a-a=|a|’. 


As ij and k are unit vectors along the coordinate 


axes, therefore i-i=|il’ =1,j-j=|j|’ =1and 
hits 
(v) Ifmis a scalar and a and b be any two vectors then 

(ma): b=m(a-b) =a-(mb). 

(vi) Ifm and nare scalars and a and b be two vectors, then 
(ma) -nb =mn(a-: b) =(mna)-b =a-(mnb) 

(vii) For any vectors a and b, we have 
(a)a-(—b) =—(a-b) =(~a)-b 
(b)(-a)-(—b)=a-b 

(viii) For any two vectors a and b, we have 
(a) |a +b)’ =|a|? +|b|? +2a-b 
(b) |a — b|=|al’ +|b)? —2a-b 
(c) (a +b) -(a—b) =|al’ — |b)? 
(4) |a+b|=|al+|b| = al|b 
(e)|a+b|’ =|a|’? +|bl’ > alb 
(f)|a+bl=|a—bl>aLb 


Scalar Product in Terms of Components 
Ifa=ayi +ayj +a3k and b=b,it+ boj +b,k, then 
a-b=a,b, + ayb, +a3b3. 
Thus, scalar product of two vectors is equal to the 
sum of the products of their corresponding 

: _jaj2_,2,,2, 2 
components. In particular, a-a=|a|“ =aj +a, +43. 


Example 1. If 6 is the angle between the vectors 
a =2i+2j—k and b =6i —3j+ 2k, then 


(a) cos® = = (b) cos® = es 
21 19 


(c) cos® = = 


(d) cos® = a 
19 21 
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Sol. (a) Angle between a and b is given by 
a-b 
sO= 
|a| |b] 
(2i + 2] — k)-(6i — 3] + 2k) 
ae +2? +(-1)- Je + (-3)? +2? 


= 12-—6-2 = 4 
3-7 21 
Example 2. (a-i)i+(a-j) j+ (a-k)k is equal to 
(a)a (b) 2a 
(c) 3a (d) 0 
Sol. (a)Let a=ai+t aj + a;k 
a-i=(ai + aj + a,k)i=a, 


1 
a-j=a,,a-k=a, 
So, (a-i)it (a-j) j+(a-k)k 


=aitajtak=a 


Example 3. If | aj = 3,|b|=4, then a value of A for 
which a+ Ab is perpendicular to a — Ab. 
(a)9/16 (b) 3/4 
(c) 3/2 (d) 4/3 
Sol. (b) a + Ab is perpendicular to a — Ab. 
. (a + Ab)-(a — Ab) =0 
=>  |a?|-A(a-b)+2(b-a)—A?|b|? =0 
=> lal? — A?|b|? =0 
> K=t lal =+ 2 
|b} 4 
Example 4. The projection of a=2i+3j—2k on 
b=i+ 2j+ 3k is 


1 2 
2 b) 
aa hia 
Aa a2 
o 14 


Sol. (b) Projection of a on b 
_b _ (2i+3j-2k)-(i +2) +3k) 


|b| |i +2] +3k| 
246-6 2 
vi4 14 


Example 5. If a =5i— j+7k and b=i— j+ Ak, then 
find A such that a+b and a—b are orthogonal. 
Sol. Clearly,a +b =(5i — +. 7k) + (i— j + Ak) 
=61-27+(7+ A)k 
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and a-—b=(5i—j+7k)-(i-j+ Ak) 
=41+(7-A)k 
Since, a + b anda — b are orthogonal 
(a+b)-(a—b)=0 
[oi — 23 +(7 + A) k] (41+ (7-2) k)=0 


> 
=> 6X 4-2x04+(7+A)(7—-A)=0 
=> 24+ 49-A* =0 

=> V2 =73 

> N= +73 


Example 6. If a,b andc are unit vectors such that 
a+b+c=0, then find the value of a-b+b-c+c-a. 
Sol. Consider,a +b+c=0 
On squaring both sides, we get 
(a+b+c)? =0° 
(a+b+c)-:(a+b+c)=0-0 
jal? +|b|? +|c|? + 2a-b+ 2b-c+ 2c-a =0 
14+1+1+2(a-b+b-c+c-a)=0 


Y uur 


3 
a-b+b-c+e-a=—-= 
2 


Example 7. If a,b andc are mutually perpendicular 
vectors of equal magnitudes, then find the angle 
between the vectors a and a+b+c. 
Sol. Let 6 be the angle between the vectors a anda+b+ce. 
Then, cos0 = axe bs) 
lajja+b+e 
_a-:ata-b+a-c 
ja||a+b+e| 


___ial 
lja|ja+b+ce| 
[..a-b =a-c=0asa,b,c are mutually 
perpendicular vectors] 
on li) 
jla+b+e| 
Now consider, 
la+b+ce|? =(at+b+c)-(at+b+ce) 
=|a|? +|bl’ +|c? +2(a-b+b-c+ c-a) 
= 3lal’ + 2(0) =3/ al 
['. |a| =|b| =|clanda-b=b-c=c-a=0] 


= V3 lal 


From Eq. (i), we get 


ja+b+e| 


1 
cos§ = — 
3 
— @=cos” 


Example 8. If the vectors a = (clog, x) i-6j+3k 
and b 


angle for any x € (0, 
which c belongs. 


= (log > x)i+2j+ (2c log» x)k make an obtuse 
co), Then, determine the interval to 


Sol. For the vectors a and b to be inclined at an obtuse angle, we 
must have 


a-b<0,V x € (0,0) 
> c(log, x)” — 12+ 6clog, x <0,V x € (0, ~) 
cy? + 6cy — 12<0,V ye R, where y = 


Y 


log, x 
=s c<Oand 36c* + 48¢ < 0, 
(using ax’ + bx +c <0, 


V xe Riffa<0and D< 0) 


4 
> c<Oandc (3c + 4)<0 see{-S0] 
3 


Example 9. If a+2b+ 3c =4, then find the least 
value of a? +b?+c?. 
Sol. Consider vectors p = ai + bj + ck and q= i+ 2j+ 3k 
a+ 2b+ 3c 
fae ae Tee ee. 
(a+ 2b + 3c)* 
14(a? +b? +c”) 
25, (a+ 2b+3c) _ 16 8 
14 14 7 


Now, cos§ = 


> cos’0 = <1 [ cos’O< 1] 


=> @+bh?t+ 


8 
Hence, least value of a? +b? +c’ is —. 
7 


Example 10. Find the unit vector which makes an 
angle of 45° with the vector 2i4+ 3j= k and an angle 


of 60° with the vector i- k. 
Sol. Let the unit vector be c = ci + Coj + c3k so that; it makes 


an angle of 45° with 2i + 2j =I 
2C, + 2cy — C3 


> —— a = cos 45° @ |¢| = 1) 
=> 2c, + 2 = = (i) 
c Co — C3 = sil 

' : : 2 


Also, it makes an angle of 60° with ic k. 


Cog —C3 7 o ~ a 

> =cos60° (“|j-k| = V2 and |é|=1) 
G |j-k| [c| 

v2 “ 

> C2 — C3 = — ..-(ii) 

2 
> cp +c%+c5 =1 ...(iii) 
(using |c| = lei + Coj + c3k| =1) 
1 —c 1 
From Eq. (ii), cy = —— + cz and from Eq. (i), c; = —2 + —- 
q 2 J2 3 q 1 2/2 


On substituting in Eq. (iii), we get 


2 
cz 1 cz. 1 C3 2 
= +c3 +¢c3 =1 
a ae ae ae ee 
9, 3c, 5 1 1 
=> =—€3 > —— + == > C3 SSS 
4 2J2 8 3/2 


Hence, the required vectors are (=. 0, - 


(5 =. ) 

3/2’ 3/2’ 3/2) 

Example 11. Show that the median to the base of an 
isosceles triangle is perpendicular to base. 


Sol. Let ABC be an isosceles triangle in which AB= AC . 


Let A be the origin of reference and let 


AB =b,AC=c - 
Let D be the middle point of BC. 
Then, ane? : : 
Now, BC=c-b ‘5 a 
ap-pe=(P*£).(c—b) = 


V2 pay td a 2 
Sat Se ee IAB 


1 
=5(=0 


Hence, median to the base of an isosceles triangle is 
perpendicular to base. 


Example 12. Using vector method, prove that in a 
triangle, a? =b* +c’ —2bccos A (cosine law). 


Sol. Ina AABC, 
Let AB=c,BC=a,CA=b 
a a+b+c=0 
> 
We have, a=-(b+c) 
|a|=|-(b + c)| = |al? =|b +e)” 
> la? =|b|* + |e|? +2b-c 
=> |a*| =|bl? +]? + 2|b| [el] cos(m — A) 


Since, angle between b andc = The angle between CA 
produced and AB 


a’ =b* +c*—2becosA 
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Example 13. Using vector method, prove that in a 
triangle, a=bcos C+ ccosB (projection formula). 


Sol. Ina A ABC, 


Let AB =c,BC=a,CA=b 
atb+c=0 
A 
c b 
B a C 


We have, |a|=|—(b+c)| 

a:‘a=-(b+c)-a 
=-b-a-c-a 
= -|b||a| cos (ma —C)-—|e||a| cos (a — B) 
Since, the angle between b anda = (zm — C) and angle 
between c anda = (m— B) 


or la 


a” = abcosC + accosB 


> a=bcosC + ccosB 


Components of a Vector Along and 
Perpendicular to Another Vector 


Let a and b be two vectors represented by OA and OB and 
let 6 be the angle between a and b. Draw MBLOA, 
shown as 


2 b=OM + MB 
=> OM =(OM)a =(OB cos 8) a =(|b|cos@) a 


-(iw's->)a 


B 


5-7) a-ba a-b 
— a= = 2 a 
lal) fallal (Jal 
b=OM + MB 
b 
MB =b-—-OM=b-| —— |a 
i 
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Thus, the components of b along and perpendicular toa 


> |@ respectively. 
la| 


-b 
are _— aanda-— 
|a| 


Example 14. If a =4i+6j and b = 3j+4k, then find 


the component of a along b. 


(a-b) 


Sol. The component of vector a along b is Be 


18 A A 
=— (3j+4k 
a ) 


Example 15. Express the vector a = 5i - 2j+ 5k as 
sum of two vectors such that one is parallel to the 
vector b = 3i+k and the other is perpendicular to b. 


Sol. Required vectors are 


a ade ty 

|bl’ [bl ° 

a-b Se ee ae 
Clearly, + b = 2(31+ k) = 61+ 2k and so, 

b 

a—b neta ees 

b 


= —j-2j+3k 
Note that (6i + 2k) + (-i — 2j + 3k) 
=5i-2j+5k =a 


Application of Dot Product in 
Mechanics (Work done) 


A force acting on a particle is said to do work, if the 
particle is displaced in a direction which is not 
perpendicular to force. 


Let a particle be placed at O and a force f represented by 
OB be acting on the particle at O. Due to the application of 
force f, the particle is displaced in the direction of OA. Let 
OA be the displacement. 


Then, the component of OA in the the direction of force f 
is, |OA|cos 8 


Work done =|f||OA|cos@ =f-OA 
=f-d,whered =OA 


.. Work done = (Force) : (Displacement) 


Remarks 
1. The work done by the resultant of a number of forces 
ff, f;, ...f, in a displacement dof a particle is equal to the 
sum of work done by the forces separately 
i.e. Work done=f,-d+ f.-d+ ....+f,-d 
=(f, + f +..44,)-d 
=R-d_ where,R=f,+ f+ ...4 f, 
. The work done by a force f when its point of application 
experiences a number of consecutive displacements 
d,, do, d3...,d,,, is equal to the work done by the forces in single 
displacement from the beginning to end. 
i.e, Work done = f-(d, + dy, + ....4 d,) 
= The work done by the force f in the single displacement from 
the beginning to end 


nN 


Example 16. Two forces f, = 3i—2j+k and 
f, =i+ 3j ~5k acting on a particle at A move it to B. 


Find the work done if the position vector of A and B 
are —2i+ 5k and 3i —7j+2k. 


Sol. Let R be the resultant of two forces f, and f, andd be the 


displacement. 

Then, R = (31 — 2j + k) + (i + 3j — 5k) 
=4i+j-4k 

and d =(3i—7j+ 2k) — (-2i+ 5k) =5i-7] —3k 


. The total work done = The work done by resultant 
=R-d =(4i+ j—4k)-(5i-7j —3k) 
= 20—7+12= 25 units 


Example 17. Forces of magnitudes 5 and 3 units _ 

acting in the directions 61+ 2j+ 3k and 3i — 2j+ 6k, 
respectively act on a particle which is displaced from 
the point (2,2,—1) and (4, 3,1). Find the work done by 
the forces. 


Sol. Let R be the resultant of two forces and d be the 
displacement. 


Then, 
R a5 it 25 + 3k) 4 3Giz2j + 6k) 
36+ 4+9 9 + 4+ 36 


== (3914 4j +33k) 
and d=(41+3j+ k)-(2i+2j-k)=2i+ jt 2k 


“. Total work done = R-d = “(78 + 4+ 66) 


148; 
= — units 
7 
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Exercise for Session 1 


oe MP NO A KR WHS 


a ee Ca 
ov’ > SS 


Find the angle between the vectors i= 2j + 3k and 3i — 2j +k. 

Find and angle between two vectors a and b with magnitudes /3 and 2 respectively such that a-b = /6 
Show that the vectors 2i — j+ k and i- 3j —5kare at right angles. 

lfr-i=r- j =r-kand |r| =3, then find vector r. 

Find the angle between the vectors a+ band a—b, ifa= 21- j + 3k and b=3i+ j = 9k. 

Find the projection of the vector i + 3j + 7k on the vector 7i — j + 8k. 


If the projection of vector xi- j + kon vector 2i — j + 5kis eee , then find the value of x. 


30 


If|a|+|b|=|c|and a+ b=c, then find the angle between a and b. 
If three unit vectors a, band c satisfy a+ b+ c =O, then find the angle between a and b. 
Ifa=xi+ (x — 1) j +kand b= (x + 1) i + j + ak make an acute angle, V x €R, then find the values of a. 


Find the component of iin the direction of the vector i + j + 2k. 
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Find the vector components of a vector 2i+ 3j +6k along and perpendicular to the non-zero vector 2i + j + 2k. 


A particle is acted upon by constant forces 4i+ j ~3k and 3i+ j — k which displace it from a point i + 2j + 3k to 


the point 5i + 4j + k. Find the work done by the forces in standard units. 


Session 2 


Vector or Cross Product of Two Vectors, Area of 
Parallelogram and Triangle, Moment of a Force 
and Couple, Rotation About an Axis 


Vector or Cross Product 
of Two Vectors 


Let a and b be two non-zero, non- parallel vectors. Then 
the vector product a x b, in that order, 
is defined as a vector whose magnitude 
is 

|a||b|sin® b 
where @ is the angle between a and b, 
whose direction is perpendicular to the 
plane of a and b in such a way that a, b a 
and this direction constitute a right 
handed system. 


In other words, a X b=|a||b|sin® n, where 0 is the angle 
between a and b, ni is a unit vector perpendicular to the 
plane ofa and b such that a, b and n form a right handed 
system. 


Properties of Vector Product 


(i) Vector product is not commutative ie., ifa and b are 
any two vectors, thena x b # b Xa, however 
ax b=-(b Xa). 
(ii) Vector product is not associative, 
ie.a X(bXc) #(a Xb) Xe 
(iii) Ifa and b are two vectors and m is a scalar, then 
ma X b=m(a Xb) =a Xmb 


(iv) Ifa and b are two vectors and m and nare scalars, 
then ma x nb =mn (a X b) =m (a X b) =n (ma Xx b) 

(v) Distributivity of vector product over vector addition. 
Let a, b andc be any three vectors. Then, 


(a)a X(b+c) (left distributivity) 
(b)(b+c)Xa=bxXa+t+exa (right distributivity) 


=axXbt+axc 


(vi) For any three vectors a, b and c, we have 
a X(b-—c)=axXb-axce. 
(vii) The vector product of any vector (zero or non-zero) 
with zero vector is a zero vector i.e. 
ax0=0xa=0 


(viii) The vector product of two non-zero vectors is zero 
vector iff they are parallel (collinear) ie.a x b=0 
&a||b,a and b are non-zero vectors. 

It follows from the above property that a xa = 0 for 
every non-zero vector a, which in turn implies that 
ixi= j x j= kxk=0. 


(ix) Vector product of orthonormal triad of unit vectors 
i, j and k using the definition of the vector product 


obtain 


(x) Lagrange’s identity Ifa, b are any two vectors, then 
|jaxb/ =|al’ |b{’ —(a-b)” 
or |axb|? +(a-b)’ =|a[’ | b/? 


Vector Product in Terms 


of Components 
If a=a, ita, j+a;kand b=b, rear jt; k 


Then, a Xb =(a,b3 —ayb,)i—(a,b, —ab,)j 
i j &l 

+ (a,b, — a,b, )k =|, a2 a3 

|b: bz bs 


Example 18. If a =2i+ 3j—5k and b = mi + nj+ 12k 
and a xb=0. Then, find the values of m and n. 


li j kl 
Sol. Clearly, a x b = 2 3 5 


= i (36 +5n) — j(24 + 5m) + k (2n — 3m) 
Since, ax b=0 
“(36+ 5m) i (24 + 5m) j + (2n — 3m) k= 01+ 0j+0k 


On comparing the coefficients of i, j and k, we get 


36+ 5n =0,-(24+5m)=0 and 2n-3m=0 


24 


36 
> n=- and m=-— 


Example 19. Show that (a —b) x (a+b)=2(a xb) 
Sol. Consider, (a — b) x (a + b)=(a-—b)xa+(a-—b)xb 


[By distributivity of vector product over vector addition] 
=axa-—bxXat+axb-—bxb 


[Again, by distributivity of vector product over vector 
addition] 


=0+axbt+axb-0 
=2(a xb) 


[a x b=—-(b Xa)] 
Hence Proved 


Example 20. If a is any vector, then 
(ax i)? +(ax j)?+(axk)? is equal to 


@ lal? (b) 0 
(c) 3} al? (d) 2] al? 
Sol. (d) Leta = ait ayj+ ask 
:, aX i=(aitajtask)xi=—a,k + a,j 


(a x i)’ =(a x i)-(a x i) 
=(- ak + aj) (= ak + aj) = a; + a; 
Similarly, (a x j)? = a3 + a? 
and (a Xx k)? =a +a; 
(a xi)? +(a xj +(ax ky 


=2 (a) + a3 +a;)=2\al’ 


Example 21. If a-b=0 and a xb =0, prove that 
a=Oorb=0. 
Sol. Given,a -b =0anda xX b=0 

Now, a-b=0>a=0or b=0oralb 

and axb=0>a=0orb=0ora||b 

Since, a L b anda || b can never hold simultaneously. 

a-b=0and axb=0 
> a=0orb=0 


Example 22. If a, b andc are vectors such that 
a-b=a-c,axb=a xc anda¢O, then show that 
b=c 

Sol.a-b=a-canda#0 


=> a-b-—a-c=0Oanda #0 

> a-(b—c)=0Oanda #0 

> a l(b-c) or b=c ...(i) 
Again, axb=axXcanda #0 

> a X(b-—c)=Oanda #0 

=> a||(b-—c)=Oandb=c ..-(ii) 
. From Eggs. (i) and (ii), we have 

b=c 


[as a cannot be both parallel and 
perpendicular to (b — c)] 
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Example 23. If a,b and c are three non-zero vectors 
such that a-(b x c)=0 and b and are not parallel 


vectors, prove that a= Ab+wuc where A and u are 
scalar. 


Sol. We have, a-(b x c)=0 


> a =0orb X c=0ora L (b Xx c) 
=> a=0orb||cora (bx c) 
But a#0andb#c 

a l(bxc) 
=> a lies in the plane of b and c. 
=> a,b and care coplanar. 


> a=Xb+uc 


Example 24. If axb=axc,a #0, show that 
b=c+ta for some scalar t. 


Sol. We have, axb=axc 
=> axb-axc=0 
> a X(b-—c)=0 
> a =0or(b-—c)=0ora||(b-—c) 
=> a||(b—c) (a #0and b #0) 
> b-c=ta (for some scalar t) 
=> b=c+ta 


Example 25. For any two vector u and v, prove that 
(i) (U-v)? +Juxv|? =|ul? |v]? 
(ii) (1+ Jul?) (1+ |v|?)=(-u-v)?+/u+v+(uxv)|? 
Sol. (i) To show (u- v)*? +|ux v*|=|ul?|v/? 


Let 8 be the angle between u and v. 


> u-v=uvcos@ 

and |u xX v|=uvsinO 

=> (u-vy+|uxv|? =u’v? cos* 04+ u?v? sin?@ 
=> (u-v)? +/uxv[?=u'v? 

=> (u-v) +|uxv/?=|ul?|v/? 


(ii) Taking RHS (1— u- v)* +|u+v+(ux v)|? 
=> 1+(u-v) —2u-v+|[u+v+(ux v)] 
-(ut+v+(uxv)]| 
=> 1+]ul?|v|? cos?0-2|u||v|cos@+u-u 
+u-vt+u(uxv) 
+v-ut+v-vtv-(uxv)+(uxv)+(uUXxv)-U 
+(uxXv)-v+(uxv)-(u xv) 
=> 1+]ul’? |v? cos?6-2]u]|v|cos8+|ul?+|ul| 
v | cos6 +0 
+|u|v|cos0+|v? +0+0+0+|u+v/? 
=> 1+]ul’?|v|* cos?6+|ul?+|v|?+/ul?|v|? sin’0 
=>1+l/uf |v? +lul?+|v/? 
=(1+|ul’)(1+|v|?)=LHS 
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Angle between Two Vectors 


b 
If @ is the angle between a and b, then sin@ = Bola) 


|a||b| 


Expression for sin 8 

Ifa =a, ita, jt+a; k, b=b,. it+b, j+b, k and 0 be 

angle between a and b, then 

(a,b —a3b,)° +(a,b3 —a3b,)” + (a,b, — ayb,)° 
(aj +a; +3) (bi + bs +3) 


2 2 
sin’ 0 = 


Example 26. The sine of the angle between the 


vector a = 31+ j+k andb= 2i - 2j+k is 
aes (b) | 
99 99 
37 5 
(Cc) .J— ) — 
99 Vai 
li j x 
Sol. (a) axb=)3 1 1] =31~ j~ 8k 
2-2 y 
argc laxbl. wie. 4 
ja|[b| 11-9 V99 


Example 27. If|a|=2,|b|=5 and|axb|=8, then 
find the value of a -b. 
Sol. We have, |a|=2,|b|=5 


and jaxb|=8 
Let 8 be the angle between a and b. 
Then, ane Mee BI Bes 


jaj[b] 2x5 5 


+./1-—sin’?0 
=r jee od 
25 


Now, cos0= 


3 

5 

3 
a-b=|a/b|cos0= (2-5-2) =6 


Vector Normal to the Plane 
of Two Given Vectors 


Ifa and b are two non-zero, non-parallel vectors and let 8 
be the angle between them. a x b =|a|| b|sin® n, where n 
is a unit vector perpendicular to the plane ofa and b such 
that a, b, n form a right handed system. 
=> (axb)=|axb|n 
axb 
jax b| 


=> n= 


Thus, n= nad 
jaxb| 


plane of a and b. Note that — 


is a unit vector perpendicular to the 


ax 
——— is also a unit vector 
jax b| 
perpendicular to the plane ofa and b. Vectors of 
magnitude ‘A’ normal to the plane ofa and bare given by 
+ A (a xb) 
|b xb| 


Example 28. The unit vector perpendicular to the 
vectors 6i+2j+ 3k and 3i 36) 2 dk, is 


9] = 3) + 6k a - 3) + 6k 
ce (b) “= 7) 7 OK 
7 7 
2i + 3) — 6k 2i + 3] + 6k 
oj -I-’ ges 
7 7 
Sol. (c) Leta = 6i + 2j + 3k and b = 3i — 6j — 2k 
li j kil 
axb=|6 2 | 
| 


= 14i+21j— 42k =7 (2i + 3j - 6k) 
lax b|=7|2i+3j-6k|=7-7 
axb 
la xb| 


which is a unit vector perpendicular to a and b. 


= 7 (21 +35 — 6k) 


Example 29. Find unit vectors perpendicular to the 
plane determined by the points 
P (1, —1, 2), Q (2,0, —1) and R (0, 2, 1) 


Sol. Clearly, required unit vector is a unit vector perpendicular 
to the plane of PQ and PR. 


Now, 
PQ =(2i— k)-(i- j + 2k) 
=i+j-3k 
PR= (23+ k) -(i- j + 2k) 
=-i+3j-k 
li j kl 
and PQ x PR =| 1 1 ~3)=8i+ 4j+ 4k 
| 


| =1 3 =1 
*, Required unit vectors 
, PQXxPR _, (8i+4j+ 4k) 
~|PQxPR| — 46 


ee eee 


v6 


Example 30. Let A,B andC be unit vectors. 
Suppose A-B= A-C =O and the angle between B 


2H 
and C is i: Then, 


(b) A= + V2 (Bx C) 
(d) A= + V3 (Bx C) 


(a) A= +2 (Bx C) 
(c) A=+3(B+C) 
Sol. (b) Since, A: B =0 


> ALB and A-C=0 
=> ALC 
= BxC 
|BxC| 


[A is a unit vector perpendicular 
to both B and C] 


Here, |BxC|=|B||C|sin~ 


4 
ie ot 
V2 42 
So, a=+BXO_+ piaxo) 
ap 


Right Handed System and Left 
Handed System of Vectors 


(i) Right handed system of vectors Three mutually 
perpendicular vectors a, b and c from a right handed 
system of vector iffa x b=c,b Xc =a,c Xa=b. 


b 


c 


For example, the unit vectors i, j and k form a right 
handed system, ix j=k, jx k=i,kxi=j 


(ii) Left handed system of vectors The vectors a, b and 
c mutually perpendicular to one another form a left 
handed system of vectors iff 


cx b=a,axc=b,bxXa=c. 
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low 


c 


Example 31. The vectors c,a = xi+y j+zk and 
b = j are such that a,c and b form a right handed 
system, then c is 


(a) zi — xk (b) 0 
(Oyj (d) — zi+xk 
Sol. (a) a,c and b form a right handed system. 
Hence, bxa=c 
=> c= jx (xityj+zk) 


=-xk+zi=zi-xk 


Example 32. If a,b and c are three non-zero vectors 

such that axb=c and bxc =a, prove that a,b andc 

are mutually at right angles and |b|=1and|c|=| a. 
Sol.axb=canda=bxc 


=> cla,clbandalbale S>alb,btleandcla 


=> a,b and care mutually perpendicular vectors. 


Againaxb=c and bxc=a 


> Jaxb|=|cl|and|bxc|=|a| 
me! , 
=> el bs = c and |b||¢|sin =a | 
= la||bl=l¢ 
and |b ||c|=|a| (.a L bandb L c) 
= |b|?|cl=|e 
= |b? =1 => |bl=1 


= |al=|el 


I 
to) 


On putting in |a||b 


Geometrical Interpretation 
of Vector Product 


If a and b are two non-zero, non-parallel vectors 
represented by OA and OB respectively and let 0 be the 
angle between them. Complete the parallelogram OACB. 
Draw BL L OA. 
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In AOBL, sin® = ea 
OB 
=> BL = OB sin® =| b|sin® 
Now, aXb=|a||b|sinOn 
=(OA) (BA) n 


= (Base x Height) n = (Area of parallelogram OACB) n 
= Vector area of the parallelogram OACB 


Thus, a x b is a vector whose magnitude is equal to the 
area of the parallelogram having a and bas its adjacent 
sides and whose direction n is perpendicular to the plane 
ofa and b such that a, b and n form a right handed system. 
Hence, a X b represents the vector area of the 
parallelogram having adjacent sides along a and b. 


Area of Parallelogram 
and Triangle 


(i) The area of a parallelogram with adjacent sides a and 
is|axb|. 
(ii) The area of a parallelogram with diagonals d, and d, 
is : 1d, xy | 
(iii) The area of a plane quadrilateral ABCD is 
: | AC x BD|, where AC and BD are its diagonals. 


(iv) The area of a triangle with adjacent sides a and b is 


1 
=|axbl. 
2 


1 
(v) The area of a AABC is > | AB x AC 


1 
or 5 pen Ba| 


1 
or jee Ce 


(vi) Ifa, b and c are position vectors of a AABC, then its 
1 
So xb) +(b xc) +(c Xa) | 
Remark 


Three points with position vectors a, band c are collinear, if 
(a xb) + (bxc) + (¢c xa) =0 


Example 33. If a,b andc are position vectors of the 
vertices A,B and C of AABC, show that the area of 


_ 1 
AABC is 5laxb+bxc+exal, 


Deduce the condition for points a,b and c to be 
collinear. 


Sol. Area of AABC = ; | AB x AC| 


Now, AB = Position vector of B — Position vector of A 
AB=b-a 


AC = Position vector of C — Position vector of A 
AC=c-a 
AB x AC = (b~-a) X (ca) 
=bxc-—bxa-axXct+axXa 
=axb+bxc+cxa 


(a Xa =0) 


Hence, area of AABC = ; | AB x AC | 


1 
= Reh er Camo 


If the points A, B and C are collinear, then area of AABC =0 


1 
=> —|axb+bxc+cexa|=0 
2 
=> jaxb+bxct+exa|=0 
=> axb+bxct+ecxa=0 
Thus, axb+bxc+cxa=0 
is the required condition of collinearity of three points a,b 
and ¢. 


Example 34. Show that the perpendicular distance of 
the point c from to the joining a and b is 
|bxc+cxa+axb| 


|b—a| 


Sol. Let ABC be a triangle and let a,b and c be the position of 


its vertices A, Band C respectively. Let CM be the 
perpendicular from C on AB. 


Then, area of AABC = (4B): (CM) = : | AB|| CM| 


1 
Also, area of BAECS 2 SEE RST EKG | 


C(c) 


A(a) M Bib) 
e | AB||CM|=_ |axb+bxetexa| 


|bxc+exa+axb| 
|b—a| 


=> CM = 


Example 35. 
(i) Find the area of the quadrilateral whose diagonals 
are given by 
31+j—2k,i-3j+4k 

(ii) A;, Az,...,An are the vertices of a regular plane 
polygon with n sides. O is the centre. Show that 
n-1 
y! A; x OA; ,;)=(1—n) OA, xOA,) 


i=] 


Sol. (i) Area of the quadrilateral = ; | d, X dy | 


b 


| A A 


ij kl 


etl a = =1)_ af -145-10k | 
2| 2 


[4 —3 =| 


=) 96706 = NS = 55 


(ii) Ay, Ag,..., A, are the vertices of a regular plane polygon 
of n sides and centre O. 


Let |OA;|=k,Vi=1<2,3,....,0 
Let é; be the unit vector along OA; 
OA; = ke; 
OA; x OA; ,, = ke; x ke; ,, = kX; 
where xX; is a unit vector in the direction perpendicular to 
the plane of the polygon and x; = x; ,; for 


n-1 n-1 
LHS= )° (OA; x OA; ,,)=k? YX, 
i=1 r=1 
=k® (n—1) x; =(n—1)(OA, x OA.) 
=(1—n)(OA, x OA,) 


Moment of a Force and Couple 
Moment of a Force 


(i) About a point Let a force F be applied at a point P of 
a rigid body then, the moment of F about a point O 
measures the tendency of F to turn the body about 
point O. If this tendency of rotation about O is in 
anti-clockwise direction, the moment is positive, 
otherwise it is negative. 


Let r be the position vector of P relative to O. Then, 
the moment or torque of F about the point O is 
defined as the vector M=r XF. 
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If several forces are acting through the same point P 
then the vector sum of the moment of the separate 
forces about O is equal to the moment of their 
resultant force about O. 


Remark 


Moment of a force F about a point A= AB xF, where B is any 
point on F. 


(ii) About a line The moment of a force F acting at a 
point P about a line L is a scalar given by (r x F) -a, 
where a is a unit vector in the direction of the line 
and OP =r, where O is any point on the line. 


Thus, the moment of a force F about a line is the 
resolved part (component) along this line, of the 
moment of F about any point on the line. 


Remark 


The moment of a force about a point is a vector while the moment 
about a straight line is a scalar quantity. 


Example 36. Find the moment about (1,—1,—1) of the 

force 31+ Aj ~5k acting at (1,0, — 2). 
Sol. Let 
and F=3i+4j—5k 


A=ti,=1= 1), BS(1,.6=2) 


A F 


Then, moment of force F about A is given by AB x F. 


Here, AB =(i- 2k) -(i- j-k)=j-k 
li j kl 
AB x F =| 0 1 -y 
| 3 4 | 

=i(-5+ 4)-j(0+3)+k (0-3) 


=-i-3j-3k 
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Example 37. Three forces i + 2j — 3k, 21+ 3j+4k 
and i—j+k acting on a particle at the point (0, 1, 2). 
The magnitude of the moment of the forces about the 


point (1, — 2, 0) is 
a) 235 (b) 6V10 
(c) 4V7 (d) None of these 


Sol. (b) Total force F = (i + 2j — 3k) + (21+ 3j + 4k) 


+(i-j+k)=4i+ 4j+2k 


Moment of the forces about 
P=rxF=PAxF 
PA =(0-1)i+(1+2) j+(2—-0)k 
=-i+3j+2k 
*, Moment about P =(—i+3j+2k) x(4i+ 4j+2k) 


li j kl 
-|-3 3 2) =— 2i + 10) ~ 16k 

)4 4 2] 

F 
(0, 1,2) 
A 
IE 

(1,-2.0) 


Magnitude of the moment 
=|-2i+10j—16k| 


= 2/17 +5? +87 = 2/90 = 6/10 


Example 38. Find the moment about a line through 
the origin having the direction of 2i-2j+k due to 
30 kg force acting at a point (— 4, 2, 5) in the direction 
of 12i —4j — 3k. 


Sol. Let F be the force. Then, 
_ 30(12i- 4j-3k) _ 30 


(12i - 4j- 3k) 
[144+ 16+9 


Suppose the force F acts at point P (— 4, 2, 5) the moment of 
F acting at P about a line in the direction 2i — 2j jt kis 


equal to the resolve part along the line of moment of F 
about a point on the line. 


r= OP =(- 41 +2j + 5k) —(0) 
=- 41+2j+5k 
Let M be the moment F about O. Then, 


30,4 ar. 
= — (4i + 48j — 8k) 
13 
a-2+k Mm 
121 - 4j - 3k 


(0, 0, 0) 
O 4 P 


Let a be unit vector in the direction of 2i — 2j +k. Then, 


_2i-2j+k _ 


V4+44+1 


Thus, the moment of F about the given line 


7 (21-25 + fe) 


30,2 5 oa 
=M-a = —(14i + 48j— 8k) 
13 


760 
“01=—9)4 kj 
=( j+k) 7 


Moment of a Couple 


A system consisting of a pair of equal unlike parallel 


forces is called a couple. The vector sum to two forces of a 
couple is always zero vector. 


O\A 
< 
F 0 


2 


Be 


The moment of a couple is a vector perpendicular to the 
plane of couple and its magnitude is the product of the 
magnitude of either force with perpendicular distance 
between the lines of the forces. 


M=r XF, where r=BA 
|M|=|BA x F|=| F|| BA|sin® 
where 0 is the angle between BA and F 
=|F|(BN) =| Flo 
where, & = BN is the arm of the couple and + ve or — ve 


sign is to be taken accordingly as the forces indicate a 
counter clockwise rotation or clockwise rotation. 


Example 39. The moment of the couple formed by 
the forces 5i+k and — 5i—-k acting at the points 
(9, — 1,2) and (3, — 2,1) respectively, is 

(a) -i +9 +5k (b) i -j - 5k 

(c) 2i — 2] — 10k (d) — 21 + 2] + 10k 


Sol. (b) Moment of the couple, 


-FY(-Si-k) 


=BA x F={(9-3)i+(-14+2)j 
+(2-1)k}x(5i+ k) 


li j 
= (61+ j+ fe) (i+ fe)=| 6 1 
|> 0 


=i-j-sk 


Rotation About an Axis 


When a rigid body rotates about a fixed axis ON with an 
angular velocity @, then velocity v of a particle P is given 


v=OXr, 
were, r=OP 
and @ =| | (unit vector along ON) 


Example 40. A particle has an angular speed of 
3 rad/s and the axis of rotation passes through the 
points (1, 1, 2) and (1,2,—2). Find the velocity of the 
particle at point P (3,6, 4). 

Sol. Clearly, OA =i+j+ 2k 

OB =i +2] -2k 

AB = j-4k=|AB|= V17 
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and AP = (31 + 6j + 4k) — (i+ j + 2k) 


=2i1+5j+2k 


P (3, 6, 4) 
r 
A (1, 1, 2) 
GS" G-4ie and 
var 
3 A nN A a A 
Now, v=@ X r=—(j- 4k) x (2i+_5j + 2k) 
a" j 
3 A aA A 
= —_ (22i — 8j — 2k) 
Ji7 ? 


Example 41. A rigid body is spinning about a fixed 
point (3, —2,—1) with an angular velocity of 4 rad/s, 
the axis of rotation being in the direction of (1,2, —2) . 
Find the velocity of the particle at the point (4, 1, 1). 


i+ 2j-2k 
Jl+4+4 


sol. = 4/ J=S@-2)-2i 


r=OP-OA 
=(4i+ j+ k)-(3i-2j-k) 
=i+3i+2k 


4 4 A A A A A 
VEO ES eee ek vaste) 


4 a Bes OR 
= > (0i-4j+k) 


(3, -2,-1)A 
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Exercise for Session 2 


Find|axb|, ifa=i-7j+7k and b=3i—2j-2k. 
Find the values of A and uy for which (2i+6j + 27k) x (i+ Aj+pk) =0 
lf a=2i+3j—k, b=—i+2j—4k, c=i+ j +k, then find the value of (axb)- (axe). 
Prove that (a- i)(ax i)+(a- j)(ax j)+(axk)(axk) =0. 
Ifaxb=cxdandaxc=bxd, then show that a—dis parallel to b—c. 
If (ax b)* + (a-b)* = 144 and|a|=4, then find the value of | b|. 
If| a|=2, | b|=7 and (axb) =3i + 2j + 6k, find the angle between a and b. 
/2 


Let the vectors a and bbe such that|a|=3, | b| = a and ax bis a unit vector, then find the angle between a 


OS NOGA KR WH A 


and b. 
9. If|a|=~/26,|b|=7, and| ax b|=35, finda-b. 
10. Find a unit vector perpendicular to the plane of two vectors a = 12 j +2kand b=2i+ 3j alk 
11. Find a vector of magnitude 15, which is perpendicular to both the vectors 4i — j +8k and — j tk 
12. Leta=i+4j+2k,b=3i-2j+7k and c=2i-j+4k. 
Find a vector d which is perpendicular to both a and band c- d=15. 
13. Let a,b and c be unit vectors such thata- b=0=a.c. If the angle between band cis > then find a. 
14. Find the area of the triangle whose adjacent sides are determined by the vectors 
a=-2i-5k and b= i-2j-k. 
15. Find the area of the parallelogram whose adjacent sides are represented by the vectors 
3i+ j-2k and i-3j+4k. 
16. Show that the area of the parallelogram having diagonals 3i + j —2k and i- 3j +4k is 53. 
17. A force F=2i+ j ~k acts at point A whose position vector is = j. Find the moment of force Fabout the origin. 
18. Find the moment of Fabout point (2, — 1,3), when force F= s+ 2j —Akis acting on point (1, — 1, 2). 


19. Forces 2i + j2i 3j + 6k and — i 4 2] k act ata point P, with position vector 4i =8j — k. Find the moment of 


the resultant of these force about the point Q whose position vector is 6i+ j ~ 3k. 


Session 3 


Scalar Triple Product 


Scalar Triple Product 


The scalar triple product is defined for three vectors and it 
is defined as the dot product of one of the vectors with the 
cross product of the other two. 

If a,b,c are any three vector, then their scalar product is 
defined as (a x b)-c. 

We denote it by [a,b,c] 


It is also called the mixed or box product. 


Remark 
Result of scalar triple product is always a scalar. 


Geometrical Interpretation of Scalar 
Triple Product 


Let a,b and c be three vectors. Consider a parallelopiped 
having coterminous edges OA, OB and OC such that 
OA =a, OB = b and OC =c. Then, a x b is a vector 
perpendicular to the plane ofa and b. Let @ be the angle 
between c anda x b. 


If n is a unit vector along a x b, then 9 is the angle 
between n andc. 


Now, [abc]=(axb)-c 


= (Area of parallelogram OADB) n-c 

= (Area of parallelogram OADB) (n -c) 

= (Area of parallelogram OADB) (|c||n | cos) 
= (Area of parallelogram OADB) (| c | cos) 

= (Area of parallelogram OADB) (OL) 

= Area of base x height 

= Volume of parallelopiped 


Height of parallelopiped 
_ Volume of parallelopiped 
7 Area of base 


Properties of Scalar Triple Product 
(i) Ifa, b and c are given by 


a=a,it+a,jt+ajk 
b=b,it+b,j+b,k 
c=cjitc,j+c3k 
a, a, 43 
Then, (axb)-c=|b; b, bs 
Cy, ©, C3 
(ii) (a X b)-c =a-(b Xc) ie. position of dot and cross can 


be interchanged without altering product. Hence, it is 
also represented by [a b c]. 


(iii) [a bc] =[bca]=[cab] 
(iv) [abc]=-[bac] 
(v) [kabcl=k[abc][k,ak,bk3c]=k,k,k, [abc] 
(vi) [a+bed]=[acd]+[bed] 
(vii) a, b and in that order form a right handed system, if 


[abc]>0. 
a 


b 
c Ney, 

(viii) The necessary and sufficient condition for three 
non-zero, non-collinear vector a, b and c to be 
coplanar is that[a b c]=0i-e.,a, b andc are coplanar 
© [abc]=0. 

(ix) [xyat+y,b+z,¢, x,a+ yob4+2z2¢,x3a + y3b+z3c] 
Xi, Vi 21 
=|X2 Yo 2, |labe] 


X3 V3 23 
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Remarks 
1. Four points A, B, C, D are coplanar if [AB, AC, AD] = 0 
2. Four points a, b,c and dare coplanar, if 
[dbc] + [dca] + [dab] =[a bc] 
or [a bc] + [acd] + [adb] =[dbc] 
3. [aa b] =(bba] =[ccb] =0 
i.e., if any two vectors are same, then vectors are coplanar. 


Volume of Tetrahedron 

(A pyramid having a triangular base) 
If OABC is a tetrahedron as shown in figure, where 
OA =a, OB = b, and OC =c, then volume of 


1 
tetrahedron = ae bc] 


Remarks 


1. The six mid-points of the six edges of a tetrahedron lie ina 

sphere, if the pair of opposite edges are perpendicular to each 
other. 

. Centre of the sphere is the centroid of the tetrahedron. 

3. GA + GB* + GC? + GO* = 12r?, Gbeing the centroid. 


The angle between any two plane faces of a regular 
etrahedron is cos”! —. 


i) 


> 
= 


5. Angle between the any edge and a face not containing the 


gle is cos" 


fa) 
5 


f (for regular tetrahedron). 


o 


. Any two edges of regular tetrahedron are perpendicular to 
each other. 
. The distance of any vertex from the opposite face of regular 


~I 


tetrahedron is fe k being the length of any edge. 


Example 42. Find the volume of the parallelopiped 
whose edges are represented by a = 2i — 3j+ 4k, 
b=i+2j-k and c = 3i — j+2k. 
2-3 4 
Sol. Here, [abc]=|1 2 -1/=2(4-1)+3(2+3)+4(-1-6) 
3-1 2 
=6+15-28=-7 
. The volume of the parallelopiped = |[a be] | =7. 


Example 43. Let a = xi +12j-k, b=2i+2xj+k and 
c=itk. If b,c,a in that order form a left handed 
system, then find the value of x. 

[x;a+ yb +2,C, X,a+ y2,b+Z)C, X;a+ y;b+ z3¢] 


cr A 
= Xo y2 Zo [abc] 
Xz V3 «23 


Sol. Since, b,c,a form a left handed system, three fore 


[b,c,a]<0 
2 2x -1 
=> 1 0 1/<0 
x 2S 


=>  2(0—12)—2x(-1- x)+1(12-0)<0 
=> —244+2x +2x? +12<0 
=> 2x7 42x -12<0 > x7 +x-6<0 


> (x —2)(x+3)<0 => xe (-3,2) 


Example 44. For any three vectors a,b and c prove 
that lat+bb+cc+a]=2[abc] 
Sol. We have, [a+b b+cc+a] 
= {(a+b) x(bxc)}(c+a) 
=faxbt+axc+bxb+bxc}-(c+a) 

{. bx b = 0} 
=f{axbt+axc+bxc}-(c+a) 
=(axb)-c+(axc)-c+(bxc)-c 

+(axb)-a+(axc)-at+(bxXc)-a 
=[abc]+0+0+0+0+[bcal] 
[.. [acc]=0,[bec]=0, 
{[aba]=0,[aca]=0] 
=[abc]+[abc]=2[abc] 


Example 45. If a,b and are coplanar show 
[a+bb+cc+al] are coplanar. 
Sol. Since, [a b c] are coplanar 
[abc]=0 (i) 
and shown in above example 
[fa+bb+cc+a]l=2[abc]=0 [using Eq. (i)] 
which shows [a + b b + cc +a] are coplanar, if [a b c] are 
coplanar. 


Example 46. For any three vectors a,b and c prove 
a-a ab a-c 
that[abc]*=|b-a b-b b-c 


c-a c-b c-c 


Sol. Let a = ai + aj + ask 
b=bit b,j+ bk 
c= cit cof + c3k 

A 42 43)|4, a2 a3 

Then, [abc][abc]=/b, b, b3||b b, bz 

Cy C2 €3}/C, C2 C3 
On multiplying row-by-row, we get 
[abc] = 

Ga, + a,a, +030, ab, + ayb, + ab, 

bb, + baby + b3b3 

C,b, + Cab, + cab3 


AC, + AC + A3C3 

bya, + byaz + b3a3 Dic, + boc. + b3c3 

C1Q, + C2Ay + C303 C1C, + CyCy +503 
a-a a-b a-c 

=/b-a b-b b-ce 


ca cb cc 


Example 47. If a,b,c,l and m are vectors, prove that 
a b Cc 
labc]) (xm=|a-‘l bl cl 
a-‘m b-m cm 


Sol. Leta = ai + aj + ask, b = bit boj + bk, 
c=ci + cj + c3k, 1=hi+ lj + Lk 
and m = mi+ mj + mk. 
a a al/i j k 
=>[abc](Ixm)=|b, b, Bi; 1, |, 


Cy C2 C3))m Meg M3 
On multiplying row-by-row, we get 
j al, + Agl» + az, 
bl, + daly + d3ly 
Dl, + daly + d3ly 


ai + aj + a3k 
=| bi + b,j + byk 
cit coj+c3k 


army, + agmy, + a3gm3 
bm, + bom, + b3m3 


CyM, + CoM, + C3M3 


a al a-m a b c 
=|b b-1 b-m/J=/a-l b-1 cl 
c cl ecm a-‘m b-m cm 


Example 48. If a and b are non-zero and non- 
collinear vectors, then show that. 
axb=[abiJi+labjlj+[abk]k 


Sol. Let axb=xi+ yj + zk (i) 
(a x b)-i=(xit yjtzk)-i 
(ax b)-i=x 
Also, (a xb): j=y ii) 
(a x b)-k =z 


axb =[ab iji+[abjljt+[abk]k 
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Example 49. If a,b andc are any three vectors in 
space, then show that 
(c+b)x(c+a)-(c+b+a)=[abc] 
Sol. Here, (c + b) x (c+a):(c+ b +a) 
> (cxce+cexat+bxc+bxa)-(c+bt+a) 
> (cxXat+tbxct+bxa)-(c+b+a) (cx c=0) 
=>(cXa)-c+(cxa)-b+(cxa)-at+(bxc)-c+(bxc)-b 
+(b x c)-a+(bxXa)-c+(bxXa)-b+(bxXa)-a 
> 0+[ca b]+0+0+0+[bca]l+[bac]+0+0 
> [abc]+[abc]-[abc] (ca b=a be) 
> [ab c] (. [ba c]=-— [ab c]) 


Example 50. /f u,v and w are three non-coplanar 
vectors, then (u+ v—w)-[(u—v) x (v—w)] is equal to 
(a) 0 
(c) u- (Ww x v) 


(b) u-(v x w) 
(d) 3u-(v x w) 
Sol. (b)(u+v—w)-[u-vx(v-w)] 
> (au + v—w)-[(u xX v) x (u X Ww) -04+(v x w)] 
=(uuvj]+[vuv]—-[wuv]-[uuw]-[vuw] 
+[wuw]+[uvw]+[vvw]-[wvw] 
=0+0-[uvw]-0+[uvw]+0+[uvw]+0-0 
=[uvw]l=u-(v x w) 
Example 51. If a, b andc are non-coplanar vectors 
and 2 is a real number, then the vector a+ 2b + 3c, 
Ab + 4c and (2 —1)c are non-coplanar for 


(a) no value of A 

(b) all except one value of A 
(c) all except two values of 
(d) 


d) all values of A 
Sol. (c) Since, a, b and c are non-coplanar vectors. 
[abc] #0 
Now, a+2b+3c,Ab+ 4cand (2A — 1)c will be 


non-coplanare iff 
(a + 2b + 3c): {(Ab + 4c) x (2A — 1) c} #0 


ie., (a + 2b + 3c): {A(2A — 1)(b x c) #0 
ie., (2A - 1) [ab c]} #0 
ete 
3 


Thus, given vectors will be non-coplanar for all values of A 


1 
except two values 0 and >. 


Example 52. If x, y and z are distinct scalars such 
that [xa + yb + zc, xb + yc + za, xc + ya + zb] = 0] 
where a, b andc are non-coplanar vectors, then 
(a)xt+y+z=0 (b) xy+yz+zx=0 
(Ox? +y? +z? =0 (d) x? +y? +z? =0 
Sol. (a) a, b and c are non-coplanar. 
: [a b c] #0 
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Now, consider [xa + yb + ze, xb + ye + za,xc + ya + zb]=0 


Sol. (a) Since, the volume of tetrahedron with edges a, b and c is 


x y Zz x y Zz [abc]. 
=> |z x yl [abc]=0>]z x yl=0 [-[abc]#0] Where, a-a=b-b=c-c=1 
yee Yee ae and aexb-c=a-e=™) (given) 
> (x+ytz)(x? +y? +27 — xy-yz-2x)=0 
1 
1 5 é : V=-[abc] 
=> -(xtytz){(x-y)}+(y—z) +(z- xy} =0 6 
2 a-a a-b a-ce 
ms So ae = v?=-fabcl’=+b-a b-b bee 
But x, y and z are distinct 36 36 
ca ecb cc 
: xty+z=0. 
, 8 5B 
Example 53. If a,b andc are three non-coplanar ae. 
uni-modular vectors, each inclined with other at an _ 1\v3 , v3} _ 1(3V3_ 5 
angle 30°, then volume of tetrahedron whose edges are 36| 2 2} 36,4 4 
a,b andc is V3 v3 i 
. 3v3 - 5 tb) 3¥3-=5 a 
12 12 “ v= \bv3 -5 
5V2 +3 
(c) wee (d) None of these 


Exercise for Session 3 


10. 


If aand bare two vectors such that | ax b| = 2, then find the value of [a b a x b]. 


If the vectors 2i — Si iz j — k and 3i — k form three concurrent edges of a parallelopiped , the find the volume 
of the parallelopiped. 


If the volume of a parallelopiped whose adjacent edges are a = fie 3j +4k,b=i+ oj +2k,c=i+ 2j + ok is 
15, then find the value of a, where a > 0. 


The position vector of the four angular points of a tetrahedron are A(j + 2k), B(3i + k), C(4i + 3j + 6k) and 
D =(2i + 3j + 2k). Find the volume of the tetrahedron ABCD. 


Find the altitude of a parallelopiped whose three coterminous edges are vectors A= i+ j +k ,B= 2i+ 4j ak 
and C= i+ j + 3k with Aand Bas the sides of the base of the parallelopiped. 


Examine whether the vectors a = 2i + 3j +2k,b=i- j + 2k and ¢ =3i+ 2] + 4k from a left handed or a right 
handed system. 


Prove that the four points 4i 5j k, qj k), (3 9j 4k) and 4(-i ++ k) are coplanar. 
a-u bu c-u 

Prove that[abc][uvw]=|a-v bv c-v 
aw bw c-w 


If [a b c] =2, then find the value of [(a + 2b — c)(a—b)(a—b-c)}. 


If a, band c are three non-coplanar vectors, then find the value of 


a-(bxc) _ b-(cxa) | ¢-(axb) 


b-(cxa) e¢-(axb) a-(bxc) 


Session 4 
Vector Triple Product 


Vector Triple Product 


It is defined for three vectors a, b and c as the vector 
a X(b Xc). 


This vector being perpendicular to a and b xc. But b xc is 
a vector perpendicular to the plane of b and c. 


“.a X(b Xc) lie in the plane of b andc, ie., it is coplanar 
with b andc. 


ie., a xX(bxXc)=lb+me ..-(i) 
Taking the scalar product of this equation with a, we get 
‘'ax(bxc)is Ltoa 
0=I(a-b)+m(a-c) 
-.(aX(bxc)-a=0 
> l(a-b) =—m(a-c) 
l m 

=> ———$ = - = 

a-c a-b (say) 
=> l=X(a-c) 
and m=-—Xa-b) 


Substituting the value of / and m in Eq. (i), we get 

a xX(b Xc) =A [(a-c)b —(a- b) c] 
Here, the value of A can be determined by taking specific 
values of a, b and c. 


If we choose the coordinate axes in such a way that, 
a=a,i,b=bitbyj 

and c=c,it+ Col +c3k, 

it is easy to show that A =1. 

a X(b Xc) =(a-c) b-(a-b)c 


anda X(b xc) =(a xb) Xe, if some of alla, b andc are 
zero vectors or a and € are collinear. 


Hence, 


Remarks 
1. a x (b xc) is a linear combination of those two vectors which 
are with in brackets. 


2. Ifr =a x(bxc), thenris perpendicular to a and lie in the plane 
ofbande. 


3.a x (bxc) =(a-c)b-(a-b)c 
(a xb) xc =(c-a) b-(c-bja 
Aid to memory 
Ix (bx HI) = (HD = (eID TH 
4. (a x b) x (c x d) = ((a x b)-d) c —- ((a x b)-c)d 
=(abd]c-[abcld 
= The vector (a x b) x (ec x d) lies in the plane of e andd. 
Also, (a x b) x (¢ x d)= — (ec xd) x (a xb) 
=—{((¢ x d)-b) a — ((c xd)-(a b)} 
=-[cdbla+([cdaJb 
Which shows that (a x b) x (e x d) lies in the plane ofa andb. 
Thus, the vector (a x b) x (e¢ x d) lies along the common 
section of the plane of e,d and that of the plane ofa, b. 


Lagrange’s Identity 


aneare a-c a-d 
Be eg: Ded 
Proof LHS =(a x b)-(c Xd) =u-(c Xd) 
where u=axb=(uxc)-d 


=((a xb) xc)-d 
=((c-:a)-b—(c-a)-a)-d 
=(c-a)(b-d) —(c-b) (a-d) 
=(a-c)(b-d) —(b-c) (a-d) 
a-c a-d 


b-c b-d 


Example 54. If a=i+j+k,b=i+j,c=i and 


(a xb)xc=Aa+pb, then A +p is equal to 


(a) 0 (b) 1 
(c) 2 (d) 3 


Sol. (a) (a x b) xX c=Aa+uUb 


=> (a-c)b-—(b-c)a=Aa+ub 
=> A =-b-c,h=a-e 
A+uU=a-c —b-c=(a—b)-c 
={(i+ j+k)-(i+ p}=k-i=0 
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Example 55. If a,b andc are three non-parallel unit 
vectors such that a x (b xc) = ; b, then find the angles 
which a makes with b and c. 


Sol Welnve avihxe)= »b 
= (a-¢)b~(a-b)e=_b 
=> a-c= ; anda-b=0 (comparing c and b) 
1 
> la 
Suppose a makes angle 0 with c. Then, a: c= ; 
=> ja||c| cosO= 


1 
=> pas (.|a || e¢| #0) 


> 6= 


wlaA NI 


Thus, a is perpendicular to b and makes an angle . with c. 


Example 56. if a=—i+ j+k and b=2i+k, then 
find the vector x satisfying the conditions. 
(i) that it is coplanar with a and b. 
(ii) it is perpendicular to b. 
(iii) a-x=7 
Sol. Since, x is in the plane of a and b and is perpendicular to b. 
x= {b x(a x b)} 
> x= {(b-b)a — (b-a)b} 
=A {o(-i+ j+ k)-(-1) (21+ k)} 
=) {-5it¢5j+5k + 2i+k} 
=A {-3i + 5j+ 6k} 


Now,a:x=7 


> -3X +51 +6A =7 
> eT Shel 

8 
Hence, 


x= 7 (-31 +5} + 6k) 


Example 57. Prove that 
ax (bxc)+bx(cxa)+cx(axb)=0 
Sol. We have,a x (bX c)+ b x (cXa)+e¢xX(a Xb) 
= {(a-c)b —(a-b)c} + {(b-a) c—(b-c) a} 
+ {(c-b)a —(c-a) b} 
(b-c)a 
+ (b-c)a —(a-c) b] =0 


=[(a-c)b 


(a-b)ce+(a-b)c 


Example 58. Show that the vectors 

a X(b Xc), bX (c Xa) andc x ((a x b) are coplanar. 

Sol. Let p=ax(bxc), q = bx(cXa)andr=c x (a X b), then 
ptqtr=ax(bxc)+bx(cxa)+cx(axb)=0 
= p=(-1),q=(-1)r 
which shows p is linear combination of q and r. 
So, p, q are coplanar. 
Hence, a xX (b X c), b X (c X a) and c X (a X b) are coplanar. 


Example 59. Prove that [a x b bxccxa]=[a be]? 


Sol. We have, [a x bb x cc Xa] 
= {(a x b)x(b x c)}- (ce Xa) 
= {d x(bxc)}-(cxa)  [where, d =(a x b)] 
=[(d-c)b —(d-b)c]-(c xa) 
= [{(a x b)-c) b-(a x b) b} c]-(c xa) 
= {[a bc] b—0}.(c xa) ['."(a b b) =0] 
= {[a b c] {b-(exa)} 
=[abc][bca] 
=[a bc]’ 


{. [a b c]=[b ca]} 


Example 60. If a,b andc are coplanar show 
[ax bb xcc xa] are coplanar. 
Sol. Since, [a b c] are coplanar. 
> [a b c]=0 
and[a x bb x cexa] =[a bc]’ =0 


“.[a x bb xX cc Xa] are coplanar, if a, b and care 
coplanar. 


Example 61. |f A, B and C are vectors such that 
|B|=|C|, prove that 
{(A+B) x (A+C)}x(BxC)-(B+C)=0. 
Sol. Let RR, =A +B,R,=A+C,R;=B+C 
. LHS = {(A + B) x (A + C)} x (B x C)} x (Bx C)-(B+C) 
{(Ri x R2) x (Bx C)}- Rs 
[{R, -(B x C)} R, — {R2 -(B x C) Ry}]- R; 
[A + BBC][R,-R;]-[A+CBC](R,-R;) 
{A BC]+[BBC]}}[(A+C)-(B+©]-{[A BC] 
+[CBC}[(A +B)-(B+ ©] 
[A BC](A-B+A-C+C-B+C-C)-[ABC] 
(A-B+A-C+B-B+B-C) 
=> [ABC](A-B+A-C+C-B+|C/?)-A-B 
—~A-C+B-B+B-C) 


Yuu 


Y 


= [ABC](|C|’-|B/’) 
[A B C](0) 
0 =RHS 


Y 


(-| B] =| C]) 


Y 


Example 62. If b andc are two non-collinear 
vector such that a||(b xc), then prove that 


(a x b)-(a xc) is equal to|a|’ (b-c). 


Sol. Since, a ||(b x c), therefore a | banda Lc 


=> a-b=0Oanda-c=0 

a-‘a asc a-a 0 
Now, consider (a X b)-(a X c) = 7 

b-a_ b-c 0 bee 


=(a-a)(b-¢) =|a* |(b-c), 


Reciprocal System of Vectors 

The two system of vectors are called reciprocal system of 

vectors if by taking dot product, we get unity. 

Thus, if a,b andc be three non-coplanar vectors and if. 
bxc cXa , axXb 


a’= b= and ¢’ = 
labe| jabe| lJabe| 


Then a’, b’ andc’ are said to be reciprocal system of 
vectors for the vector a, b and c. 


Remarks 
1. Ifa, b,c anda’, b’, age oe system of vectors, then 
a-(bxc) | [ab 
(a bc) [ab 
Similarly, b-b’=c-c’ =1 


a-a’= 


5 


2.a-b’=a-c’=b-a’=b.a’=c.a’=c-b’=0 
3. [a bc] -[a’b’c’] =1 
Proof : We have, 
(a’b’e’} =| PX® _¢xa _ axb | 
lia be] {a bc] [a be] | 
= : [bxccxaaxb]= l [abc] 
[a be]° [a bc]® 
1 
[abc] 
-. [a’b’c’]- [abe] =1 


4. The orthogonal triad of vectors i, j and k is self reciprocal. 
Leti : j and k be the system of vectors reciprocal to the system 
i, jandk then, we have, 


2 jxk _; 
l=—455- = 4 
i jk] 
Similarly, j/ =jandk k’= 


5. a, bande are non-coplanar iffa’, b’, c’ are non-coplanar. 
[a bc] [a’b’c’] =1 
[a’b’c’] = 


[abc] 


So, [abc] #0 @[a’b’c’] +0 


Thus, a, bande are non-coplanar iff [a’ b’ c’] are non-coplanar. 


6. Ifa, b,c are non-coplanar vectors, then 
_[xbecla+([xca]b+[xablc 


[abc] 
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Example 63. Find the set of vectors » reciprocal to 
the set of vectors 2i+ ai = k, i =j= 2k, —i+2j+2k 


Sol. Let the given vector be a, b,c. 
2 3 =1 
[abc]=|1 -1 -2 
=) 2 2 
= 0(-2 + 4)- 302 =2) 10-1) 
=4-1=3 


Now, 


bxc=|1 -1 


k 
cxXa=|-1 2|=- 8i+3j-7k 


WwW DN e&,> 


—1 


axb=|2 3 -1|=-7i+3j-5k 
1 


-1 -2 

,_ bXe _2i+k 
abe) 3 

,_ eXa _ —81+3j-7k 
[a b c] 3 


Hence, a 


,_ axb _-7i+3j-5k 
[a b c] 3 


and 


Example 64. Find a set of vector reciprocal to the 
vectors a,b and a xb. 
Sol. Let the given vectors be denoted by a, b and c where 
c=aXb. 
[a bc]=(a x b)-c=(a x b)=(aXb)’ ...(i) 


and let the reciprocal system of vector be a’, b’ and c’. 


,_ bxec _ bx(a xb) 
[abc] [axb]’ 
,. ¢Xa _(axb)xa 
[abc] [axb]’ 
, axb_ axb 

[abc] [axb]’ 


..a’, b’ andc’ are required reciprocal system of vectors for 
a, banda x b. 


7 axb 
~ Lab c]’ 


_ Cxa 
=tbd 


bxc 
[abc] 


, 


Example 65. If a’= 


then show that 
axa’+bxb’+cxc’=0, where a,b and care 


non-coplanar. 
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Sol. Here,a gaa 
: ‘ [a bc] 
eg Cabs (i) 
[a b c] 
Similarly, 
bx pba (bale -(b-c)a di) 
[a bc] ~ 
eee to Wemieash (iii) 
[a b c] 
axa’+bxb’+cxc’ 
(a-c)b —(a-b)c+(b-a)c—(b-c)a 
_ +(c-b)a —(c:a)b 
[a bc] 
(.a-b=b-a) 


=0 


Example 66. If (e;,e),e3) and (e,’,e2’,e3’) are two 
sets of non-coplanar vectors such that ie 1,2, 3, 
we have ej ej - ; i i? J , then show that 
0, if i j 
[e,,e>,e3], Le; e5 e;]=1 
Sol. We have, e+e) =0,e;-e3 =0 
> e, Le, and e, Le, 
e; II (ex X es) 
e, =A (ey Xe) ...(i) 
eye: = A(ez X es) ey 


1=2X [e; e, e] (" e,e;’ = 1, given) 


a 1 
[e, e2 es] 
From Eq. (i), 
C5’ Xe3” 
e= 2 
[e, e2 e3] 
i, eX e, 
Similarly, e,= eS 
[e, e2 es] 
€, Xe,’ 
and €3 SS 
[e, e2 e3] 
le. x e3 e, x e; e, X ey] 
[e, e, e,]= a eT; 
[e, ep e,)° 
> [e,, 2 .€3 Je; ez e3]° =[e, X e3 e3 X e; €; X ey ...(ii) 
Now, [e> x es es x e e} x e, | = [e, e, es] ...{iii) 


. From Eggs. (ii) and (iii), we get 
le, e, es] [e, e2 es] = [e; e2 es] 


[e, €, es] [e, es e3]=1 


Solving of Vector Equations 


Solving a vector equation means determining an unknown 
vector (or a number of vectors satisfying the given 
conditions) 


Generally, to solve vector equations we express the 
unknown as the linear combination of three non-coplanar 
vector as; r= xa + yb + z(a Xb); asa, banda xX bare 
non-coplanar and find x, y and z using given conditions. 
Sometimes, we can directly solve the given condition it 
would be more clear from some examples. 


Example 67. Solve the vector equation r x b = a xb, 
r-c =O provided that c is not perpendicular to b. 


Sol. We are given, 
rxb=axb 


=> (r-a)x b=0 
Hence, (r — a) and b are parallel. 
=> r-a=tb 


r-c=0, (i) 

. Taking dot product of Eq. (i) by c, we get 
ra-—a-c=t(b-c) 

— 0-a-c=t(b-c) 


and we known 


a:-c 6 
=> t=— | — . (1 
(=) ci 
. From Eggs. (i) and (ii) solution of r is 
r-a-(22)p 
b-c 
Example 68. Solve for x, such that A-X =C and 
AxX=BwithC #0. 
Sol. We have, A X X=B 
Taking vector product of both sides with A, we get 
AxB=Ax(AxX) 
=(A-X)A-(A-A)X 
=CA-|A/?X 
(using A-X =C and A-tA =|A|’) 
=> |A|?>X=CA-AxB 
ie cea 
| A| 


Example 69. Solve the vector equation r x a+ kr=b, 
where a and b are two given vector and k is any scalar. 

Sol. Since, a, b anda x b are two non-coplanar vectors. 
r=xa+ yb+z(axb) -s<(i) 


(where, x, y and z scalars) 


On putting rin r X a+ kr =D, we get 
{xa + yb + z(axb)}xa+k{xa+ yb + z(axb)}=b 
=>y(b x a) + z{(a-a)b —(a-b)a} + k{xa + yb 
+z(axb)}=b 
=> {kx —z(a-b)}a+ {ky + z(a-a)} b+ {(y + zk} (ax b)=b 
= kx — z(a-b) =0, ky + z(a-a)=1 
> —-y+zk=0 
On solving these equations, we get 
1 


kR+lal?’ 
= a:b 
k(| a|? +k?) 
k 
and — 
4 R+lal 


On putting theses value in Eq. (i), we get the solution, 


(a:b) k 1 
= b) + b 
ea lal) Pelap Paap” 
r= 73 = ace + (k) b + (axb) js required solution. 


Exercise for Session 4 


Prove that[axb axc d]=(a-d)[abc] 


oa aA KR WH DS 


the angle between a and b is a 


™“ 


Prove that ix (a+ i) + jx(ax j)+kx(axk)=2a. 


If a, band c are non-coplanar unit vector such that a x (b x c) = 
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Example 70. Solve for vectors A and B, where 


A+B=a, AXB=b, A-a=1 


Sol. We have, A+B=a 
=> A-a+B-a=a-a 
=> 1+B-a=a’ (given A-a = 1) 
> B-a=a’-1 (i) 
Also, AXB=b 
=> ax(AxB)=axb 
> (a-B)A -(a-A)B=a Xb 
> (a* -1)A—-B=axb 
[using Eq. (i) anda-A = 1] ...(ii) 
and A+Bz=a 


From Eqs. (i) and (ii), we get 
ces aaa paa- {x0 


2 
a a 


_ (bxa)+a(a’ 1) 


a2 


_(axb)+a 


> B 


2 
aud pa (ba) = -1) 


a a 


Thus, A 


Find the value of a x (6 x y), where a =2i 10] + 2k, B=3i + j + 2k, y=2i+ j + 3k. 
Find the vector of length 3 unit which is perpendicular to it j +k and lies in the plane of ik 1s k and 2i =3]. 


Show that (bx c).axd)+(c¢xa)(bxd)+(axb)(cxd)=0 


be = band c are non-parallel, then prove that 


2 


Find a set of vectors reciprocal to the set of vectors 


i jek i j+k, 


If a, b, cand a’, b’, ce’ are reciprocal system of vectors, then prove that 


beh. Aeochit- ati goat Dee 
axb+bxce+exa=——_. 
[abc] 


9. Solverxb= a, where a and bare given vectors such that a-b=0. 


10. Find vector r, ifr-a=mandrxb=c, wherea-b <0. 


JEE Type Solved Examples : 


Only One Option Correct Type Questions 


» Ex. 1 If|a|=5,|a—b|=8 and|a+b|=10, then|b| is 


equal to 
(a) 1 (b) V57 
(c) 3 (d) None of these 


Sol. (b) We know that for any two vectors 
Ja+b|?+|a—b/?=2(/a|* +|b|’) 


=> (10) + (8)? = 2[(6)" +|b |] 
=> 100 + 64=50+2|b|’ > |b|? =57 
| b| =/57 


Ex. 2 Angle between diagonals of a parallelogram whose 
sides are represented by a= o1+ j +k andb=i- j —k 


=] 1 -1 1 
(a) cos (2) (b) cos (5) 

Gf (5 
(c) cos (<| (d) cos (2) 


Sol. (a) Let c and d be the diagonals of parallelogram. 
Then, c=a+bandd=a-b 
=> c=3iandd =i+2j+ 2k 
Let 8 be the angle between c and d. 
cd 3i-+2j4 2k) 
Jeli] iG@jtai? 42? +2? 
3 


3x3 
afl 

8 = cos ig 
2 


» Ex. 3 Leta,b,c, be vectors of length 3, 4, 5 respectively 


Then, cos0= 


_1 
3 


and a be perpendicular to(b +c), b to(c +a) andc to 
(a+b), then the value of (a+ b+ c) is 
(a) 25 (b) 2v2 
() 10V5 (d) 52 
Sol. (d) We have, | a] =3,| b| = 4 and|c|=5. It is given that 
al(b+c),b1L(c+a)andc l(a+b) 
> a-(b + c) =0,b-(c + a)=Oandc-(a+ b)=0 
=> a-b+a-c=b-c+b-a=c-a+c:b=0 


or a-b+b-c+e-a=0 (adding all the above equations) 


Now, |atb+c|’=|a|’?+|b/? +] e|? 
+ 2(a-b+b-c+c-a) 
=37 4 47457 =50 


jat+ b+ c|=5 V2 


A A 


- oe. 
» Ex. 4 Leta,b>0 anda =~ +" + bk and 
a 


> 2 TA 10 

B =bi+aj+—k, then the maximum value of ——— is 
b 5+a-8 

(a) 1 (b) 2 

(c)4 (d) 8 
Sol. (a) ete a ise (.. AM = GM) 

a 
So, [ ” ) =, 
5+a-B) 


» Ex. 5 If the unit vectors e, ande, are inclined at an 
angle 20 and|e, —e, | <1, then for® €[0, 7], 6 may lie in the 
interval 


Tv Tu 1 
(94) os 
off 


Sol. (a) It is given that e, and e, are two unit vectors inclined at 
an angle 20 and | e, — e,| <1. 
Je, -e,|<1 >]e,-e,|*? <1 
=> 4sin*0 <1 [. |e; —e, |? =4sin’6] 


> Fn eee 
4 
Oe o *) 
eee? 


» Ex. 6 Ifa=3i —j+5k andb =i +2j 3k are given 
vector. A vector c which is perpendicular to Z-axis satisfying 
c:-a=9 andc:b=~—4. If inclination of c with X-axis and 
Y-axis is a andB respectively, then which of the following is 
not true? 


@a>* (b)p> 7 
T T 
oS Co ae 


Sol. (c) c lies in XY-plane 
c=xityj 
From the given conditions 3x — y =9 
and x+2y=-4 


Solving, we get c = 2i —3j 


onenr'| is} Boom] 


Ex. 7 If A is3 x3 matrix andu is a vector. If Au and u are 


orthogonal for all real u, then matrix A is a 
(a) singular (b) non-singular 
(c) symmetric 


Sol. (a) Au-u=0 


(d) skew-symmetric 
=> | A||u|? =0, Since|u] #0 > | A] =0 
A is singular. 


Ex. 8 Let the cosine of angle between the vectors p and q 
be A such that 2p +q=i+j andp + 2q= i — j, thenA is 


equal to 
5 4 
a) — b)- — 
@, (b) 
3 ri 
c)= d) — 
oe Qe 
Sol. (b) It is given that 2p + q=i1+j 
and p+2q=i-j 
4 1, 4 
=> Po eae 


P-4 


Ipilal [ay ay, 
(J+o Gh een 


1 


4 
_ 9 = 
1 1 
—+1,J/-+1 
9 9 

4 
cos8 


N= — 


8 
Ws 

10 10 5 
9 


Ex. 9 Let a,b andc be vectors with magnitudes 3, 4 and 
5, respectively anda+ b+ c=0, then the values of 
a-b+b-c+c-ais 

(a) 47 (b) 25 
(c) 50 (d) — 25 
Sol. (d) We observe, | a|* +| b |? =3° + 47 =5* =|c |? 
a-b=0 


14 
b-e=| || choos{ x ~ co 4) 


=4x55-—cos| cos — 
5 
4 
=4x5x(-4}=-16 
5 


3 
c-a=|c||a|-cos (x - cos"? ] 


Chap 02 Product of Vectors 89 


=5:3{- co cos) =5:3:(-2}=-9 


a-b+b-ct+c-a=0 
Trick vat b+c=0 
On squaring both the sides, we get|a+ b+ c|? =0 


16-9=—25 


=> jal?+|b|?+]e|’+2(a-b+ b-c+c-a)=0 
(9 + 16 + 25) 
> a-b+ b-c+c-a=—25 


> 2a-b+ b-c+c-a)= 


Ex. 10 Letu, v and w be such that|u| =1, 
| w|=3. [f the projection v along u is equal to that of w 
along u and v, w are perpendicular to each other, then 
|u—v+w| equals. 
(a) V14 
(c) 2 
Sol. (a) We have, 


Projection of v and u = Projection of w along u 


v|=2, 


(b) V7 
(d) 14 


> >v-u=w-u ... (i) 


Also, v and w are perpendicular to each other 
v:-w=0 = (ii) 
Now,| u—v+ w/?=|u/? +/v/? +] w|? —2(u-v) 


—2(v-w)+ 2u-w) 


> ju-vtw/?=14+44+9 
> Ju-vt+w|=14 


Ex. 11 Ifa,b andc are unit vectors, then 
|a—b|? +|b—c|? +|c—a|* does not exceed 
(a) 4 (b) 9 
(c) 8 (d) 6 
Sol. (b) We have, |a—b|’+|b-—c|?+|c—al’ 
=|a|+ |b |’-2(a-b)+ |b|*+|c|’-2(b-c) +] ef? 


+|al|? —2(c-a) 


=2[Ja|? +|b|? +| ¢|? -(a-b+ b-c+ c-a)] 

=2[3 —(a-b+ b-c+ c-a)] 

=6 —2(a-b+ b-c+ c-a) s-(i) 
Now, |at+ b+ c|? 20 


=> jal?+|b|? +] c|?+2(a-b+ b-c+c-a)20 
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> 34+ 2(a-b+ b-c+c-a)>0 
=> ab+ beet e-a2—9 
> —2(a-b+ b-c+ c-a) <3 ...(ii) 


From Eqs. (i) and (ii), we obtain 
ja—b/?+|b-ec]?+|c-al’? $643 


=> |a—b|?+|b-ec|?+|ce-al? <9 


Ex. 12 The vectors a =207i + 4Aj + k and 
b=7i- 2j + Ak make an obtuse angle whereas the angle 


between b andk is acute and less than t/6, 


(ao< <> (b) A> V159 
(c) - .< <0 (d) null set 


Sol. (d) As angle between a and b is obtuse, a- b < 0 


=> (Ni + 4Aj + k)-(7i — 2} + Ak) <0 


> 147-81 +2<0 
> A(2r -1) <0 
> 0<h<- (i) 


Tl 
Angle between b and k is acute and less than ze 


b-k =|b |-| k|cos® 


> Xd =./53 + A71- cos 
> cosO _— 
53+" 
O0< sls => cos > ba 
6 6 
> cos8 > v3 > us > v3 
2 53427 2 
=> 4? —3(53 + A?) >0 
=> 0? > 159 
> A <- 159 (ii) 


From Eqs. (i) and (ii), A = 0 


.. Domain of A is null set. 


Ex. 13 The locus of a point equidistant from two given 
points whose position vectors are a andb is equal to 


@) c . “a+ by \-fae bso 


(b) i “(a+ b)|a= bet 


(c) [r= slat ba =0 


(d) [r —(a + b)]-b=0 


Sol. (b) Let P(r) be a point on the locus. 


AP = BP 
=> |r-al=|r—b|=>|r—al’ =|r—-b/’ 
= (r-a)-(r—a)=(r—b)-(r—b) 
P(r) 

= 2r-(a—b)=a-a—b-b 
= r-(a~b)=—(a+ b)-(a~b) 

[+ ) jab) =0 
This is the locus of P. 


Ex. 14 In cartesian coordinates the point A is(x,,y1), 
where x, =10n the curve y = x* + x +10. Then tangent at A 
cuts the X-axis at B. The value of the dot product OA - AB is 


Ge (b) - 148 
3 
(c) 140 (d) 12 
Sol. (b) Given curve is y = x” + x + 10 ...(i) 


When x=1, y=17+1+10=12 
A =(1, 12) 
OA =i +12] 


d 
From Eq. (i), YY cox4+1 

dx 

. . dy 
Equation of tangent at Ais y —12= (x — 1) 
dx (1,12) 
> y —12=(2X14+1)(x-1) 
> y —12=3x -3 
y =3(x + 3) 
This tangent cuts X-axis (i.e. y = 0) at (— 3, 0) 
B=(-3, 0) 


OB = — 31 + 0-j =—31, OA- AB= OA -(OB- OA) 
(i + 12)-(—31 —1 —12})=(4 + 129)-(— 41 — 129) 
=—4-144=-148 


Ex. 15 Ina tetrahedron OABC, the edges are of lengths, 


| OA|=| BC |=a,| OB|=| AC |=b,| OC |=| AB|=c. LetG, 
and G, be the centroids of the triangle ABC and AOC such 


ae: 
+ 
that OG, | BG), then the value of — < is 
b2 
(a) 2 (b) 3 
(c) 6 (d) 9 


Sol. (b) OG, - BG, = 0. 
at+b+c a+c-—3b 
=> =0 
3 ie 


> a’ +c*—3b? 


+t 2a:c —2b-c—2a-b=0 


|c—al’ =b’,|c—b |? =a’ and|a—b|’ =c’ 
Qa-c=a° +c’? —b’, 2b-c=b? +c? —a’, 


2a-b=a° +b? -¢? 


Putting in the above result, we get 2a” + 2c? — 6b” = 0 
2 yp 2 
+e 
> ye =3 


Ex. 16 If OABC is a tetrahedron such that OA* + BC? 


=OB’ +CA* =OC? + AB’, then which of the following is 
not true? 

(a) OA L BC (b) OB L AC 

(c) OC L AB (d) AB _L AC 


Sol. (d) Let OA=a, OB= b, OC=c 
Then from the given conditions 
a-a+ (b-—c):(b—c)=b-b+(c—a)-(c—a) 
> —2b-c=—2c-a 
=> c:(b—a)=0 => BA-OC=0 
Hence AB 1 OC. Similarly, 
BC 1 OA and CA | OB 


Ex. 17 Ifa,b,c and A, B,C € R— {0} such that 
aA + bB+cC + {(a? +b* +c?)(A* +B’ +C’) =0, then 


B bC cA 
value of — =—— +—~ i 
bA cB aC 
(a) 3 (b) 4 
(c) 5 (d) 6 
Sol. (a) Let 1, =ait+ i+ ck and r, = Ai + By+ Ck 
=> tt, =aA+bB+cC 
=> [| [x)= ya? +b? + c2(A? + B? + C) 
qr =—| x || 12 | 


= r, and r are anti-parallel 


=> z= z =is= k, where k is any constant 
A BC 
aB bC. cA 

> — + —+— =3 
bA cB aC 


Ex. 18 The unit vector in ZOX plane making aan 45° 
and 60° respectively, witha = 2i+ 3 ~k andb = j- k, i 


(a) is i+k) (bhi =f) 
(c) Be +k) 


z 


(d) None of these 
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Sol. (b) Let the required vector be r = 4 + zk, since r is a unit 


vector. 
x + y? =1 
It is given that r makes 45° and 60° angles witha and b 
respectively. 
-b 
cos 45° = and cos60° = — 
| a|[r| |r || b| 
1 2x 1 = 
23 SY a at ¥ 
V2 2 v2 
=> 2 : and : 
x- = —_ = — 
a a 
1 
> x= 
2 
14 & 
r=—~(i-k 
a ) 


Ex. 19 A unit vector perpendicular to the vector 
—i+ 2j + 2k and making equal angles with X and Y -axes 
can be 
2j-k) 


Tye ete ee 
ie) lee k) Dh 


(6) -(2i+ 2j+ k) (4) > @i- 2j+k) 


Sol. (a) Let the required vector be r = i+ my + nk, where |, m,n 
are the direction cosines of r such that 1 =m 


It is given that r is perpendicular to — i+ 2j+ 2k. Therefore, 


r:(—i+2j+2k) =0 


> —-1+2m+2n=0 
> 1+2n=0 [. L =m] 
=> l=-2n 
Now, 4m +n? =1 
=> 4n? + 4n? +n? =1 
1 
> n=t- 
3 
2 2 al 
l=F—m=F-,n=F 
3 2 3 
Pal * 
Hence, net eres -k) 


Ex. 20 If(a+3b)-(7a —5b) =0 and 
(a — 4b) -(7a — 2b) =0. Then, the angle between a andb is 


(a) 60° (b) 30° 
(c) 90° (d) None of these 
Sol. (a) We have, (a + 3b)-(7a — 5b) =0 
> 7\a|? + 16a-b—15|b|? =0 (i) 
and (a — 4b)-(7a — 2b) = 0 
=> 7\|a|’ —30a-b + 8|b|? =0 ii) 
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From Eqs. (i) and (ii), we get 
15|b|?-7IJal? 
16 


a-b= 


i 2 2 
a-b=—(7\a|° +8|b 
55 (lal +8] b/’) 


15|b|’—7| al’ 


= ah = 2 (lal +8) bl) 
=> 15(15| b|? —7|a|*) =8(7|a |? +8| b|”) 
=> 225|b|? —105|a|? =56|a|? + 64| bl’ 
=> 161| b|? =161|a|? 

= |b |’ =|a|’ 


From Eq. (i), we get 


16a-b =15|b|*-7| a]? =15| b|? —7| bl? 
=> 1l6a-b =8| b|’ 
= a-b=+|b[? 
2 
Livia 
=> ||| b| cos8 == | b| 
> Ce 
2 
6 =60° 


Ex. 21 Let two non-collinear vectors a andb inclined at 
27 
an aE be such that| a|=3 and|b|=2. Ifa point P 
moves so that at any time t its position vector OP (where O is 


1 1 
the origin) is given asOP = [+ + ; at : - ; b, then least 


distance of P from the origin is 


(a) 2/133 — 10 (b) /2V133 + 10 
(c) {5 + ¥133 (d) None of these 


2 2 
Sol. () We have,  OP|?=(1+ +] Jal? 4 (! | | b|? 
t t 


jop|?=9{¢4 


t 
1 

of sea}ed es ; 2 
t t 


+ 10 


=72 42° 
ial ao 
t 


[2 19 
=> | OP |’ >2-,/7t?-— +10 (. 
t 


10 + 2133 


AM2> GM) 


“. Minimum value of| OP | = 


Ex. 22 Ifa,b,c be non-zero vectors such that a is 
perpendicular to b andc and|a|=1,|b|=2,|c|=1,b-c=1 


and there is a non-zero vector d coplanar with a+ b and 
2b— c andd-a=1, then minimum value of | d| is 


2 3 
a) —— b) —— 
err ie 
4 4 
c)—= d) — 
ye Me) ag 
Sol. (d)a-b=a-c=0,|a|=|c|=1,|b|=2 and b-c=1 
let d = x(at+ b) + y(2b—c) 
But d-a=1 
— x(1+0)+0=1 
=> x=1 
> d=a+ b+ y(2b-c) 
=> |d[/?=/a|?+|b|+2a-b+y? 
(2b—c)* + 2y(at b)-(2b- c) 
> |d |? =14+ 44 y*16 +1 -4) + 2y(8 -1) 
=13y"—14y +5 
4x13x5-14x14 4 
| d | min = = 
4x13 V/13 


Ex. 23 A groove is in the form of a broken line ABC and 
i position vectors of the three points are respectively 
-3j +2k, 3i +2j ~kandi +j +k. A force of magnitude 
out acts on a particle of unit mass kept at the point A and 
moves it along the groove to the point Cc. Sf the line of action 
of the force is parallel to the vector i + 2j +k all along, the 


number of units of work done by the force is 


(a) 144./2 (b) 144.3 
(c) 72V2 (d) 72V3 
i+2j+k 24 a nee 
Sol. (@) F=@u5) = °F ahs SB +2 23+ k) 
= 12/2 (i+ 2}+k) 
Displacement, r = Position Vector of C — Position Vector of A 
=(i+ j+ k) -(2i-3} + 2k) 
=(-i+4j-k) 
Work done by the force 


W =r-F=(-i+ 4j—k)-12V2 (i+ 2} +k) 
=12V2 (-1+ 8-1) =72V2 


Ex. 24 For any vectors a, b;|ax b|* +(a-b)? is equal 


(a)|a|? |b)? 
(laf? -|b/? 


(b)|a + b| 
(d) 0 


Sol. (a) We have, |ax b| =| a|| b |sin® 
=> jax b|’ =|a|’| b|’sin’@ 
=|a|’| b |’ — cos’) 
=|a|’|b|’ —|a|*| b|*cos’6 
=|a|"| b|’ —((a|| b|cos)” 
=|a|’|b|? -(@-b)’ 
-j[axb/?+(a-b)’ =|a|?| b? 


Ex. 25 Ifa=i+j+ k,b= i+ iz k, then vectors perpen- 
dicular toa and b is/are 


(a) A(i + j) (b) Ai +j +k) 
(c) Mi ~ j) (d) None of these 
Sol. (c) Any vector perpendicular to both a and b = A(ax b) 
ij k 
Now,axXb=]1 1 1 


|1 1 a 


..Required vector = MG = j) 


Ex. 26 [fax b=b x c <0, then the correct statement is 


(a) b||c (b)a||b 

(c)(at+c)||b (d) None of these 
Sol. (c) We have, 

axb=bxc 

> ax b—-bxc=0 

=> axb+cxb=0 

=> (a+ c)xb=0 

(a+c)||b 


[. if vector product of two vectors is zero, then 
both vectors are parallel to each other] 


Ex. 27 Ifa= 1+2j+3k, b=- i+2j+ k andc=3i+j. If 
(a+b) Le, thent is equal to 
(a) 5 
(c) 3 


Sol. (a) We have, a=i+2j+ 3k 


(b) 4 
(d) 2 


b=-i+2j+k 
and c=31tj 
Since, (a + tb) is perpendicular to c 
(a + tb)-c=0 


[(1 —t)i + (2 + 2t)}+ 384+ Hk]- (i + j] =0 


= 3(1 —t) + (2 + 2t) =0 
> t=5 
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Ex. 28 Ifa=2i-3j+ k,b=- i+ k,c=2j- k, then the 
area (in sq units) of parallelogram with diagonals a+ b and 
b+ c will be 


(a) J21 (b) 2V21 
(c) ; af 24 (d) None of these 


Sol. (c) We have, a=2i-3j+ k 
b=—i+k and c=2j- k 
Since, (a+ b) and(b+ c) are the diagonals of the parallelogram 


Now, at b=i-3j+2k and b+ e=—i+2j 


, Atea of parallelogram = ; (at b) x (b+ c)| 


lin 42 < 2 4 
= 0 3y+2k) x(—1+4 2))| 
; ee 
=|/-|1 -3 2 
-1 2 O 


1 * x A 
—(— 41-2j-—k 
o j | 


=o ea Cay + eet 


sq units. 


Ex. 29 The coordinates of the mid-points of the sides of 
APQR are (3a, 0,0), (0, 3b, 0) and (0, 0, 3c) respectively, then 
the area of APQR is 


(a) 18,/b2c? + c°a’ +a’b’ (b) 9b? + ca’ +a°b? 


(c) vb?" + ca? + a*b* (d) 18,/ab + be + ca 


Sol. (a) Let L, M, N be the mid-points of the sides of APQR. 


P 
(3a, 0, 0) L N (0, 0, 3c) 
Q M R 
(0, 3b, 0) 


Area of ALMN = ; | MNx ML | 
= ; | (36) + 3d) x Bai — 389) | 


== | "bd 0d) + adh) | 


= ; (bc)? + (ca)? + (ab)? 
Now, area of APOR = 4 x (Area of ALMN) 
=4x : \lb°c? + c’a* +. a°b? 
=18 ./b°c? + c*a* + a*b? 
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Ex. 30 Ina parallelogram ABCD, AB= i+ j+ k and 
diagonal AC= i- jt+ k and area of parallelogram is /8 sq 


units, then Z BAC is equal to 


T 1 
(a) 6 (b) 3 


(V8 
(c) sin (8) 


Sol. (c) We have, AB= i+ j+ k and AC=i-j+k 
D C 
8 
A B 
Let 8 be the ZBAC. Then, 
_, | ABx AC| 
sin8 = ———__—. 
| AB|| AC | 
ijk 
Now, ABxAC=/1 1. 1/=2i-2k 
1 =] J] 
| ABx AC|= V8 
V8 
Hence, sin@ = ——_ 
V3 x V3 
= 8 
> 6 =sin (2) 


Ex. 31 Let AABC be a given triangle. If 
| BA-tBC | =| AC| for any t € R, then AABC is 
(a) Equilateral (b) Right angled 
(c) Isosceles (d) None of these 


Sol. (b)| BA |? + t?| BC |’ -2BA-BCt—| AC|?>0,VteR 


Discriminante of the quadratic equation < 0 


= 4(BA-BC)’ —| BC |’| BA |’ + 4|BC|’ |AC|’ <0 


Using (BA - BC)? -|BC{’ [BA|’ 
=—|BAxBC |’ 
=—|(BC+ CA)x BC|’ 
=-—|CAxBC|? 
Using Eq. (ii) in Eq. (i). 
| BC |*| AC|? <| AC x BC? 


But | ACx BC| =| AC || BC |sinC 
=> sin’?C >1 
> sinC =+1 


= Zee” 
2 


...(ii) 


Ex. 32 Ifa? +b? +c? =1wherea,b,cER, then the 
maximum value of (4a — 3b)? +(5b — 4c)? +(3c —5a)* is 


(a) 25 (b) 50 
(c) 144 (d) None of these 
Sol. (b) Let x, =ai + Oj + ck, x, =31 + 4j4+5k i) 
Inxm| sin Piel? 
ae 
Now, myXm=|a bc 
3.94 5 


= i(5b — 4c) + j (3c —5a) + k(4a — 3b) 


(5b — 4c)” + (3c —5a)* + (4a — 3b)” <50 


Ex. 33 Ifa,b andc are pth, qth, rth terms of HP and 


A 
° 


A A A i k 
u=(q—r)it+(r—p)j+(p—qk, jooete= then 
a boc 
(a) u and v are parallel vectors 
(b) u and v are orthogonal vectors 
(c)u:-v=1 
(d)ux v=it+ j+k 
Sol. (b) Let A be the first term and D be the common difference of 
the corresponding AP. Then, 


cae + (p 1). = A+ (q-0D,-=A+(r-1)D 
a c 


= a'q-r)+b'(r-p)to (p—q)=0 
=> v-u=0 
=> ulv 


Hence, u and v are orthogonal vectors. 


Ex. 34 If the vector product of a constant vector OA with 


...(i) variable vector OB in a fixed plane OAB be a constant vector, 


then the locus of B is 
(a) a straight line perpendicular to OA 
(b) a circle with centre O radius equal to| OA | 
(c) a straight line parallel to OA 
(d) None of the above 
Sol. (c) Let A(@, B) point be given and O be taken as the origin 


Bk, y) 


O 
(0, 0) 
A (0, B) 


Wehave, OA =ai + Bj 
and OB=xi+ yj 
Now, | OA x OB | =| (ay — Bx) k | =constant 


> ay — Bx = constant 
..Locus of B(x, y) is a line parallel to OA because slope of 
OA = 
Qa 


Ex. 35 Unit vector perpendicular to the plane of AABC 
with position vectors a,b, c of the vertices A, B,C is 
ax b+ bx c+cxa 
(a) 
A 
ax b+ bxc+cxa 
2A 
ax b+ bx c+cxa 
(c) 
4A 
(d) None of the above 
Sol. (b) The required vector is given by 
ABx AC 
| ABx AC | 


(b) 


i= 


AB x AC = (b Xa) X(c—a) 
=bxc-—bxa-—axctaxa 
=bxct+taxb+cxa 

We also know that, 


1 
sa REDE = oe Be bxct+cxal 


axb+bxc+cxa 


|axb+bxc+exa| 


_axb+bxctexa 
2A 


pr A= Slax bs bxet exal| 


Ex. 36 The vectorr satisfying the conditions that 
|. it is perpendicular to ai 2j +2k and 18i — 22j —5k 

ll. it makes an obtuse angle with Y-axis. 

Il. |r| =14 
(a) 2(— 21 - 3) + 6k) 
(b) (21 — 3j + 6k) 
(c) 4i + 6j — 12k 
(d) None of the above 

Sol. (a) Let a =3i + 2] + 2k and b = 181-22} —5k 


Then, the required vector r is given by 


r = A(ax b) 
=> r = A(34i + 51j — 102k) 
=17K(2i + 3j — 6k) 
Now, |rj[=14 > 119|A|=14 
=> [== 


[ew axa=0] 
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Since, r makes an obtuse angle with Y-axis. Therefore, 


.2 

17 
Hence, r =—2 (21+ 3j-6k) 
or r =2(-21-3} + 6k) 


Ex. 37 Leta, b,c denote the lengths of the sides of a 
triangle such that 
(a—b)u+(b-c)v+(c—a)(uxv)=0 

for any two non-collinear vectors u and v, then the 

triangle is 

(a) right angled (b) equilateral 
(c) isosceles (d) scalene 
Sol. (b) Since, u, v and ux b are non-coplanar vectors. 

(a—b)u+(b-c)v+(c—a)(uxv)=0 
> a-b=0=b-c=c~—a 
> a=b=c 


So, the triangle is equilateral. 


Ex. 38 The value of i -(jx k) +j (kx D+k-G x j) is 
(a) 3 (b) 2 
(c) 1 (d) 0 
Sol. (a) We have, i-(jx k)+ j-(kx i) + k-(ixj) 


Dea es etre ee ere ee 


=|i/+|jP+|kP=14+14+1=3 [-4,j, kare unit vectors] 


Ex. 39 For non-zero vectors a, b, c; 
|(ax b)-c|=|a||b||c| holds if and only if 
(a)a-b=0,b-c=0 (b) b-c =0,c-a=0 
(c)c:a=0,a-b=0 (d)a-b=b-c=c:a=0 
Sol. (d) We have, | (ax b)-|=|a|| b|| ¢| 


=> = |la|| b|| c|sin@cosa |=|a || b|| ¢| 
> | sin || cosa | =1 
> @=~ anda =0 

2 
> albandc||n 
=> a | cande Lbotha andb 
= a,b,c are mutually perpendicular. 
=> a-c=b-c=c-a=0 


Ex. 40 The position vectors of three vertices A, B,C of a 


tetrahedron OABC with respect to its vertex O are i, 6j, k, 


then its volume (in cu units) is 


(a) 3 (b) : 


1 
(ye (d) 6 
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Sol. (d) We have, A(6i + 0j+ Ok), B(0i + 6j + OK), C(0i + 07 + &) 
and O(0i + 0} + 0k) 
OA =6i + 0} + 0k 
OB = 01 + 6j + 0k 
and OC = 01 + oj+k 


.. Volume of tetrahedron 


== [0A OB OC] == [6i 6) ky 


6 0 0 

1 
0 6 OJ= se — 0)]=6 cu units 
0 0 1 


Ex. 41 A parallelopiped is formed by planes drawn 
parallel to coordinate axes through the points A = (1, 2, 3) 
and B =(9,8,5). The volume of that parallelopiped is equal 
to (in cubic units) 
(a) 192 (b) 48 
(c) 32 (d) 96 

Sol. (d) Translating the axes through A(1, 2, 3). 
A changes to (0, 0, 0), B changes to (8, 6, 2). 
..Coterminous edges are of lengths 8, 6, 2. 


Volume of parallelopiped = 8-6-2 = 96 cu units. 


Ex. 42 If|a|=1,|b|=3 and|c|=5, then the value of 


[a— bb-cc-—al] is 


(a) 0 (b) 1 
(c)-1 (d) None of these 
f1 -1 0] 
Sol. (a)[a—bb-—cc-—a]+] 0 1 = 
-1 0 1 
=[1(1 — 0) + 1(0 —1) + 0(0 + 1)] [abc] 


= 0 x [abc] = 0 


Ex. 43 Ifa,b,c are three non-coplanar vectors, then 
3a—7b — 4c, 3a—2b+canda+b+Ac will be coplanar, if 
X is 
(a)-1 (b) 1 
(c) 3 (d) 2 

Sol. (d) Let 0 =3a —7b — 4c, B =3a —2b+ cand y=a+b+Ac 
For &, B and y to be coplanar [a B y] = 0 


3 -7 —-4 

> 3 -2 1 |[abe]= 
1 1 =A 

[3(-2A —1) + 738A —1) — 43 + 2) (abc)] = 0 


> (154 —30) [abc] =0 
Since, a, b, c are non-coplanar 
15A -30=0 > A=2 


Ex. 44. Letr =(a xb) sin x +(b Xc) cosy +(c Xa), 
where a ,b andc are non-zero non-coplanar vectors. If r is 
orthogonal to 3a + 5b + 2c,then the value of 
sec’ y + cosec*x + secy cosec x is 

(a) 3 (b) 4 
(c) 5 (d) 6 
Sol. (a) r-Ga + 5b + 2c) =0 


=> a-(bXc)[2sinx + 3cosy +5]=0 


=> 2sinx + 3cosy +5=0 

> 2sinx + 3cosy =—5 [. a-(b xc) #0] 
=> sinx =—1, cosy =1 

=> cosec x =—1,secy =-1 


Ex. 45 Leta, b,c be distinct non-negative numbers. If the 
vectors ai + aj +ck, i+k andci + cj + bk lie ina plane, then 
CAs 

(a) HM of aand b (b) 0 
(c) AM of aand b (d) GM of aand b 
Sol. (d) Since, the given points lie in a plane 
aae 
1 0 1)=0 


c c b 


On applying C, > C, — C, 


0 ae 
> 1 0 1/=0 
0c b 
=> —1(ab —c*) =0 
> c’ =ab 


Hence, c is GM of a and b. 


Ex. 46 Ifa,b andc are non-coplanar vectors and i is a 
real number, then[A(a+ b)|A’b| Ac]=[a a+ c b] for 


(a) exactly two values of 
(b) exactly one value of A 
(c) no value of A 
(d) exactly three values of A 
Sol. (c) Given, [A(a+ b)A?bAc] =[ab+ cb] 


Ma, + b,) Maz + b,) Nas + b3) 
> rb, Mb, rb, 
AG Ac, Ac; 
a a2 a3 
=|b+eq bo +c, b3 +3 
b by bs 
a+b a+b, a3t+bs; 
>A b, by b, 
rT C2 C3 


a, a a3 
=|b+cq bo +c. b34+ 063 
b, b, bs 
{applying R, > R, — R, in LHS and R, > R, — R; in RHS] 
a a2, 3 4 a4, 4s 
=> M) bd, by b3)=-|b, by by 
CG Cy C3 G Cy C3 
=> M=-1 


Hence, no real value of A exists. 


Ex. 47 Ina regular tetrahedron, let ® be angle between 
any edge and a face not containing the edge. The value of 
cos’ @ is 

(a) 1/6 (b) 1/9 
(c) 1/3 (d) None of these 
Sol. (c) Let OABC be the tetrahedron. Let G be the centroid of the 


1 
face OAB, then GA = —= AC. 
V3 


Then, 


Ex. 48 DABC be a tetrahedron such that AD is perpen- 
dicular to the base ABC and ZABC = 30°. The volume of 
tetrahedron is 18. If value of AB + BC + AD is minimum, 
then the length of AC is 


(a) 6.2 - V3 (b) 3(v6 — V2) 
iey2ta/3 (d) 3(v6 + V2) 


1 1 
Sol. (a) Volume = +an(+48 . BCsin30°| 
= 18 = -(AD- AB- BC) 
12 
=> AD: AB: BC =216 


Now, AB + BC + AD >3(AD- AB- BC)? 


=> AB + BC + AD 218 


Chap 02 Product of Vectors 97 


Minimum value occurs when AB = BC = AD =6 


Hence, AC = AB? + BC? — 2AB- BC -cos30° 
=6,/2 — V3 


Ex. 49 Ifa=i+j+ k,b=i-j+ k,c=i+2j-k, then 
a-a a:b a-c 
the value of|b-a b-b_ b-c|is 


c‘a c:b cc 
(a) 2 (b) 4 
(c) 16 (d) 64 
Sol. (c) We have, a=i+ jt+ k 


b=i-j+ k and c=i+ 2j-k 
a-b a-c 

b-b b-c/=[abc]’ 
c-b 


aca 
b-a 


c:a 


We know that, 


c:c 


ll 
an 
| 
an 
an 


=[1(1 — 2) -1(-1-1) +122 + 1) 


[-1+2+3]} =[4]} =16 


Ex. 50 The value ofa so that the volume of 
parallelopiped formed by i+ aj +k, j +ak andai +k 
becomes minimum is 

(a)-3 (b) 3 
()1/ v3 (d) V3 
Sol. (c) Volume of the parallelopiped 
V =(i+ aj + kj + akai+ k] 
=(i+ q+ k)-{(j+ ak) x(ai+ bk} 


=(i+aj+ k)-(i+ aj -—ak) =14+a°-a 


dV » . av dV 
=3a 1, 7 = 6a, =0 
da da da 
1 
> 3a°-1=0 > a=t— 
V3 
1 dV 6 
At a=—=, —~ = — > 0 
V3 da? V3 
1 
..V is minimum at a = —= 


3 


Ex. 51 Ifa,b andc be any three non-zero and 
non-coplanar vectors, then any vectorr is equal to 
(a) za + xb + ye (b) xa + yb + ze 
(c) ya + zb + xe (d) None of these 

(rbc] _ [rca] Sas rab] 


where, x= Ly , 
[abc] [abc] [abc] 


98 = Textbook of Vector & 3D Geometry 


Sol. (b) Since, a, b and c are three non-coplanar vectors, we may 
assume r = Qa + Bb + yc 


[r bc] =(@a + Bb + Yyc)-(b x c)=a{a-(b x c)} 


=alabc] 
- o a lbel 
[ab c] 
But gee 
abc] 

Q=x 


Similarly, B = y, y =z 
; r=xa+ yb + zc 


Ex. 52 The position vectors of vertices of AABC are a, b, 
c anda-a=b-b=c:-c=3. /f[a bc] =0, then the position 
vectors of the orthocentre of AABC is 


jacbee (b) (a+ bac) 


(c) 0 
Sol. (a) Hence, [a b c] = 0 


(d) None of these 


So, the points O, A, B and C are coplanar. Also, 

OA = OB = OC = V3, hence origin O is the circumcentre. 
+ b+ 

Position vector of the centroid G is — 


Now, orthocentre divides OG in the ratio of 3 : 2 externally. 
So, position vectors of orthocentre isa+ b+ ec. 


Ex. 53 Ifa andB are two mutually perpendicular unit 
vectors {ra +r + s(a xB}, [a +(a x B)] and 
{sa+sB+t(axpP)} are coplanar, then s is equal to 

(a) AM of rand t (b) GM of rand t 
(c) HM of rand t (d) None of these 


Sol. Since, & and B are two mutually perpendicular vectors and 
(ro +r B+ s(x), [a +(a%xB)], {sx + sB + x B)} are 


coplanar 
rer us 

=> 1 0 1)/=0 
Ss s ¢t 

> 5? =rt 


Ex. 54 Letb =—i+4j+6k andc =2i-7j-10k If a be 
a unit vector and the scalar triple product[a b c] has the 
greatest value, then a is equal to 

1 &.4.4 1. 3 “ 
—=(it+tjt+k b) =(V2i - j- V2k 
re ) re i=) ) 
rs a 
—(2i+ 2j-k d) —(3i-7j-k 
etre) ag j-k) 


Sol. (c) bx c=21+2j-k 
[abc] =a-(2i + 2] — k) =1-3-cos0 <3 


The greatest value of [a b c] =3, which is obtained when 6 = 0. 
bxc = 25 Pare 1 k 


So, a= i j 
|bxc| 3 3° 3 


Ex. 55 The vectors 

u=(al+aj,l,)i +(am+a,m,)j +(an+a,n,)k 
v =(bl +byl,)i +(bm + b,m,)j +(bn + bin, )k and 
w =(cl+ cyl, i +(cm+c ym, j +(cn+c,n, )k 

(a) form an equilateral triangle 

(b) are coplanar 

(c) are collinear 

(d) are mutually perpendicular 


Sol. (b) We have, 


al+alam+am an+an 
{uvwl=|b1+b)h bm+bm bn+bhn 
cad+cl cm+cm  cn+aqn 
aa O|/! | 0 
> {uvw]=|b b O||m m 0|=0 
c cg «OJ n Mm O 


Hence, the given vectors are coplanar. 


Ex. 56 Leta,b,c be three vectors such that[a b c] =2. 
Ifr = bx c) +m(cX a) +n(a Xb) is perpendicular to 
a+ b+c, then the value of (l+m-+n) is 
(a) 2 (b) 1 
(c) 0 (d) None of these 
Sol. (c) It is given that r perpendicular (a+ b+ c) 


r-(a+ b+ c)=0 


> I[abc]+ m[cab]+nlabc]=0 
> al + m+n) =0 [- [abc] =2] 
> l+m+n=0 


Ex. 57 Ifa,b andc are three mutually perpendicular 
vectors, then the projection of the vectors 


a b (ax b) 
m n 
JaJ |b] [axb| 


vectors a andb is 


e (b) y/o +m* +n 


(d) None of these 


along the angle bisector of the 


Sol. (a) A vector parallel to the bisector of the angle between the 
vectors a and b is 


Bg Pea 
Ja] |b| 


..Units vector along the bisector 


(a+ bY =|a/?+|b| + 24-b=1+14+0=2 


‘, Required projection 


mn) a, b axb | 1 Aang 
[Tal : Cal Vexel laa" + b) 
= (+ m) 
| ee oe dee b=4-(ax b) =b-(ax b) = 
ja] | b| 


Ex. 58 If the volume of parallelopiped formed by the 
vectors a, b, c as three coterminous edges is 27 cu units, then 
the volume of the parallelopiped have & = a+ 2b-c, 
B=a-b andy =a- b- cas three coterminous edges is 


(a) 27 (b) 9 
(c) 81 (d) None of these 
Sol. (c) We have, |[a b c]| =27 cu units 
1 2 -!1 
Now, [aoBy]=/1 -1 0 j[abc]=3[abc] 


1 =, 1 
.. Required volume = |[@ 8 y]| 
=3][a be] 
=3 X27 =81 cu units 


Ex. 59 If V is the volume of the parallelopiped having 
three coterminous edges as a,b andc, then the volume of 
parallelopiped having three coterminous edges as 
a =(a-:a)a+(a-b)b+(a-c)c,B =(a-b)at+(b-b)b+(b-c)c 
and y =(a-:c)a+(b-c)b +(c-c)c is 

(a) V* (b) 3V 
(c) V? (d) 2V 
Sol. (a) We have, |[ab c]| =V 


Let V, be the volume of the parallelopiped formed by the 
vectors o, B and y. Then, 


V, =|[0 B y]| 
a-a a-b a-c 
Now, [op y]=/a-b b-b b-clfabc] 
a-c b-c c-ce 
=> [oB y]=[abc}’ [abe] 
> [a B y] =[abe]’ 
V, =|[0 B y] 


=|[abc]’|=V° 
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Ex. 60 Letr,a,b andc be four non-zero vectors such 
thatr-a=0, 


Irxb|=[r||b||rxe|=|r||c|, then[abc] is 
(a)|a||b||¢| (b)—|a||blc| 
(c) 0 (d) None of these 
Sol. (c) Given, r-a =0 
|rxb/=|r||b| 
and |rxe|=|r||e| 


This shows r is perpendicular to both b and c. 
= ris perpendicular toa, b andc 
{abc]=0 


Ex. 61 Ifa,b andc are any three vector forming a 
linearly independent system, then® € R, 


2 2 
[acos@ +b sin® + ccos 20, acos{ +0) +b sin{ +0 


+¢cos {7 +6) 
3 

acos{ 0 - 22) + bsin(0 ~72) s¢cos (0 - =) is 
3 3 3 


(a) [a b c]cos® 
(b) [a b c]cos 20 
(c) [a b c]cos30 
(d) None of the above 
Sol. (d) Since a, b and ¢ are linearly independent, 
[abc] #0 
We know that, 


[ax, + bx, + exgay, + by, + cy3az, + bz, + ez] 


X X2g X3 
=[abc]-}y, yo ys 


2) 22 £3 


Hence, the given system can be written as 


cos® sin® cos20 


{abc]] cos & + 0] sin( 2 + 0] cose + **) 


cos [0 - =) sn( - =) cosi(0 - ") 
3 3 2 


On applying R; > R3 + R, + R,, we get 


cos0 sin8 cos20 
[abc]| cos (= + 0] sin( + 0] cose + a 
3 3 3 
0 0 0 


=> [abc](0)=0 
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Ex. 62 Leta,b,c be three non-coplanar vectors and d be where, 9 is an acute angle betweena and c. 
a non-zero vector, which is perpendicular toa+ b+ c. Now, = nage? 
ifd =(sin x)(ax b) +(cos y) (bX c) + 2(cx a), then the 2 
minimum value of (x* +y*) is & os” 
6 
2 
(a) x? (b) = ek 
: - Ex. 64 Leta=2i+j+k,b=i+2j-—k andc isa unit 
(c) eS (d) or vector coplanar to them. If c is perpendicular to a, thenc is 
4 * equal to 
Sol. (d) Given, d-(a+ b+ c)=0 1 Re 8 Ta a A 
—(-j+k b)- —(i+jt+k 
and d =sinx (a Xb) + cosy (bX c)+2(exa) _...(i) cere ky e) a. pet) 
“a a-d=cosy[ab c] . (ii) To. Tr ra 
—(i-2 d) ~(i+j+k 
b-d=2[bceal] ... (iii) O75 i) rg 12k) 
e-d=sin x [abc] .. (iv) Sol. (a)a x(a X b) =(a-c) a —(a-a)b 
On adding Eqs. (ii), (iii) and (iv), we get =s4< 44 i) oi +23 ie 9 Eat 
a-d+b-d+ce-d=(cosy +2+sinx)[abc] axtaeh) 
sinx + cosy +2=0 Required unit vector = ers 
=> sinx + cosy =—2 hx 
> sinx =—1 eg ee) 
[.-1 <sinx <1and-—1<cosy <1] 
and eee =< Ex. 65 Leta=2i+j—2k andb=i+j. Ifc is a vector 
mince, We hayete tag Whe arn vaeot such thata-c=|c|, c—al=2V/2 and the angle between 
a len aa a Xb andc is 30°, then|(a xb) Xc| is equal to 
2 3 
#4 aoe eee ie OS 
4 
(c)2 (d) 3 
Ex. 63 Let a,b,c be three vectors of magnitude 1, 1 and Sol. (b)|c-a| =2v2 
2 respectively. Ifa x(a Xc) +b =0, then the acute angle > |e/?+|a|?-2a-c=8 
between a and c is => jc? +(/9)? -2) e| =8 
™ ™ 
a)— b) — Be = 
@ oe > [c|?-2|c|+1=0 
=> e|-1)?=0 > |e|=1 
4 (d) None of these (el) : | | 
6 Now, axb=21+2j+k 
Sol. (c) Given, |a|=1,|b|=1, and|c|=2 jaxb|=./4+441=3 
Also, axiaxe) tho |(a xb) X ef =|a x b|| c| sin 30° 
=> (a-c)a—(a-a)c + b=0 1 3 
> (a-cla-—c+ b=0 [-a-a=|al’=1] =e a 
=> (a-cla-—c=—b 
i fs F ee, 
= |(a-c)ja—c|=|—b| Ex. 66 Leta andb be two unit vectors such that a:b = — 
= [(a-eja-e[? =| bl? ; _ . : 
daxb=c. AlsoF =aa+PBb+ ye, where a, B, 
= (esas Hececiene anda ¢, Also a ‘Bb yc, where a, B, Y are 
5 , E scalars. If. =k,(F- a) —k,(F-b), then the value of 
= (a-c)[a|’ +|e]" —2a-c)(a-c) =|b| ; 
rae ; ; 2(k, +k) is 
= (a-c)" {[a|" —2} +] |" =|b| (a) 2V3 (b) V3 
=> -(a-c)?+4=1 (c)3 (d) 1 
=> a-c=+ v3 Sol. (c) F =a4 + Bb + ye 
= |a|| ¢|cos@ = v3 fs F-(bx@) =a [4b @] 


pe eo 
[abe] 
Now, bxé¢=bx(axb)=(b-b)4 —(b-a)b 
=4—"% 
3 
[abé] = (@ x b)’ =|a || b |? -@-b)’ 
1 8 
7 
9 9 
a=2{P-a- 28-6} 
8 2 
9 3 
k=3k == 
a ae 
12 
=> a 
2(k, + ky) =3 


Ex. 67 Leta=i-—j,b=j—kandc=k-i. If dis a unit 
vector such thata:-d=0 =(b c d), thend is equal to 


ya it 5-21) (i+j-k) 
(a) + ke (b+ a7 
qr (d) +k 


Sol. (a) We have, a-d = 0 and {bc d] =0 
=a 1 dand b,c, dare coplanar. 


= d Laand d lies in the plane of b and ¢, we know that the 
vector r =a X(b X c) is perpendicular to a and lies in the plane 


of bandc 
ae 
|| 
Now, r=axX(bxXc) 
> r=(a-c) b—(a-b)c 
=> r=-(j-k)+(k-i) 
=-i-j+a2k 
gut t _ 4 (2a 942k) 
|r| Jlt+1+4 
_ i+j-2k 
6 


Ex. 68 Ifa,b andc are non-coplanar unit vectors such 
1 


V2 


that a x (b Xc) =—=(b +c), then the angle between a andb 


is 
31 TU 
(a) 1 (b) ri 


(= (d) x 
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bxec 
Sol. (a) We have, a x (b X c) = 
(a) ( ) a7 
= eae bes pee 
v2 v2 
> (a-c) — - =0 ['..a, b, c are non-coplanar] 
and a Rees 
V2 
= jalihieeOe+—- Seoste= 
vi V2 
ee 
4 


Ex. 69 The unit vector which is orthogonal to the vector 
3i + 2) +6k and is coplanar with the vectors 2i+ j+ k and 


i-jtkis 
2i-6j+k 7123) 
a) ——.—_ b 
a O18 
aj—k 4i+3j—-3k 
Cc d) ——_————_ 
To Ba 


Sol. (c) Leta =31 + 2} + 6k, b=2i+j+kc=i-j+k 

Then, by definition, a vector orthogonal to a and coplanar to b 

and c is given by 

> a X(b Xc) 

= ax(bxc)=(a-c)b—-(a-b)c 

=7(21+ 7+ k)-(14)G-j4 

ax(bxc) _3j-k 
|ax(bxe)| 10 


k)=21j -7k 


Hence, a unit vector = 


Ex. 70 Leta,b andc be non-zero vectors such that 


1 
(axb) xc org ||c| a. If 8 is the acute angle between the 


vector b andc, then sin® is equal to 


2/2 V2 
(a) os (b) o 

2 1 
(c) 3 (d) 3 


Sol. (a) @xb)xe=_|bllela 


= (a-e)b—(b-e)a=_| Bll ela 
> (a-e)b = {(b-e) + =] bl ela 
a {a-e)b =| bl e|cos0 + 2 


1 
Asa and bare not parallel, a-c¢ = 0 and cos® + a =0 


2/2 
3 


1 
> ey => sin = 
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(bxc)_ (a-c)b—(a-b)c 


Ex. 71 The value for[a x(b +c), b X(c— 2a), aX p=ax 
c X(a+3b)] is equal to ane label 
(a)[a b cf Similarly, b x q = @-P)e (aja " ; 
(b) 7[a bc} icasteab 
(c)—5[ax bbxccxal] a = [abc] 
(d) None of the above . axp+bxq+texr 
Sol. (b) Leta x b=/1,b xc =mandc Xa=n, 1 
[a X(b + c), b x (c — 2a), c X (a + 3b)] ee nr 
=[l —n, m+ 21,n—3m] + (b-c)a —(a-c)b} 
1 0 -!1 1 
=|2 1 1 |[Imn] “Ee 
OQ. =3 2 


Ex. 73 Solvea-r =x,b-r=y,c-r =z, where a,b,c are 


=7[Imn]=7[a xb bxcc xa] 
=7[ab c] given non-coplanar vectors. 
Sol. Givena-r =x, b-r=y,c-r=z 
» Ex. 72 Ifa,b,c andp, qr are reciprocal system of Let a’, b’, c’, be the reciprocal vectors ofa, b, c, respectively. 
vectors, thenaXp+bxq-+c Xr is equal to Then, a= bse = Fee, oe axb 
(a)[a be] (b)[p+q+r] ‘i a se 
(c) 0 (djat+b+ce Now, r=(r-a)a’ + (r-b)b’ + (r-e)c’ 
_bxe  _ cxa = axb = xa’ + yb’ + zc’ 


Sol. (c) p 


»q »r 
{ab c] [abc] [abc] 


JEE Type Solved Examples : 
More than One Option Correct Type Questions 


Ex. 74 Ifz,= ai+ bj and zy =ci+ dj are two vectors in Ex. 75 If unit vectors i and j are at right angles to each 
i andj system, where| z,|=|z2|=randz,-z, =0, then other and p =3i +4j, q=5i 4r =p +q and 2s=p —q, then 
w,=aitcj andw, =bi+dj satisfy (a) |r + ks|=|r — ks | for all real k 
(a)|w,|=r (b) ris perpendicular to s 
(b)| w2 |=r (c)r + sis perpendicular tor — s 
(c) w;;w2 =0 (@)lrl=lsl=Ipl=lal 
(d) None of the above Sol. (a, b, d) We have, p =31 + 4j and p =51 
Sol. (a, b, c) | z;| =| z2| =r and z, z, =0 Also, 4r =p+q =3i+4j+5i 
=> a+b? =c’+d°=r ... (i) =8i+4j => r=214+} 
and ac + bd =0 and 2s=p—q=3i+ 4j+5i=—2i+ 4j 
as, ac =—bd Be oak 
_ 7 => s=—-i+2j 
= rage te ..-(ii) Now, |r+ks|=|r-—ks| 
=> 2i+j-ki+2g/?=|21+j +a -29/ 
From Eqs. (i) and (ii), | d a= ; | 
fe ad 492) = (2 —k)? + (1 + 2k)? =(2 + ky? + (1 — 2k)? 
= ee ee Which is true for all values of k. 
a. et & ; Now, r-§ =(21 + j)(—1 + 2}) 
Now, |w,|=a° +c =a°+b° =h=|wy| a 94 9=6 


w,-w, =ab+ bd =0 oF ae 


Also, (r + s)-(r—s) =(i+3J) Gi—j) =3-3 =0 
(r+s) L(r-s) 


Also, r| = (2)? +1=05 
|s|= 1)? + @ =v5 
p|= 3" + 4° =5 
q|=v5? =5 


r|=|s|and|p|=|q| 


Ex. 76 a,b andc are three vectors such that 
a-a=b-b=c-c=3and|a—b|* +|b—c|? +|c—a|? =27, 
then 

(a) a,b andc are necessarily coplanar. 


(b) a,b andc represent sides of a triangle in magnitude 
and direction 


(c)a-b+b-c+c-a has the least value — 9/2 

(d) a, b and c represent orthogonal triad of vectors 
Sol. (a, b, c) Here, 

ja—b|*+|b-c|’?+|c-al’ 


b+] cl? 
|b|° +] c| 


=2(\al’ a-b-—b-b-c 


c-c) 
9 

> Sher eS =— 

Now,|a+b+c/*=|a/*?+|b|?+2a-b+b-c+ c-a) 


9 
-34343-2(2]=0 


a+b+c=0 ...(i) 
Also, ja+b+e|?>0 
9 

> a-b+b-c+ cela (ii) 


Thus, least value is — 9 / 2 


Ex. 77 Ifa andb are non-zero vectors such that 
|a+b|=|a-—2b|, then 


(a)2a-b=|b/ 
(b) a-b=|b/? 
(c) least value of a-b+ is 2 
|b|° +2 
(d) least value of a-b + isV¥2-1 
|b|+2 
Sol. (a, d) ja+b|=|a-2b| 
2 
> oe els 
2 
Also a-b+ : DES, : 
; |b? +2 2 |b? +2 


> /2 -1(using AM >GM) 
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Ex. 78 If vectors b =(tana, —1,2V sina / 2) and 


c= [tan oO, tana, — ) are orthogonal and vectors 


3 
Vsina /2 
a =(1, 3, sin 20) makes an obtuse angle with the Z-axis, then 
the value of & is 

(a)a=(4n+1)n+ tan '2 
(b) & = (4n + 1)m — tan” '2 
(c)&=(4n + 2)n + tan’ '2 
(d)& =(4n + 2)n— tan7'2 
Sol. (b, d), Since, a = (1, 3, sin 20) makes an obtuse angle with the 


Z-axis, its z-component is negative. 


Thus, —1<sin20 <0 saci) 
But b-c=0 (" orthogonal) 
tan’, — tana, —6 = 0 
(tana — 3) (tana + 2)=0 
=> tana =3,—2 
Now, tano = 3. 
Therefore, sin20 = a ee 2 
1+tan*o 14+9 5 


(not possible as sin2a < 0) 
Now, if tana = — 2, 
2tana —4 —4 


> sin2a@ = rae = 
1+tan°o 1+4 5 


> tan2a > 0 


Hence, 20 is the third quadrant. Also, Vsina / 2 is meaningful. 
If 0 <sina, /2 <1, the 


a =(4n + 1)n — tan’ '2 


and a =(4n + 2)n — tan’ '2 


Ex. 79 Ifa andb are any two unit vectors, then the 


3|at+b 
possible integers in the range ail +2|a—b|, is/are 
(a) 2 (b) 3 
(c)4 (d) 5 


Sol. (b, c, d) We have, |a|=|b|=1 
Let 8 be the angle between a and b. 


ind hledeos” 
2 
and |a—b| =2sine 


cs) ) 
oN + a 6 €[0, 7] 


8 8 
5 <3cos— + 4sin— <5 
2 2 


The possible range are 3, 4 or 5. 
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Ex. 80 Which of the following expressions are meaning- 
ful? 


(a)u-(v X w) (b) (u-v)-w 
(d)u x (v-w) 


Sol. (a, c) (i) Since, v X w is a vector, therefore, u-(v X w) is a 


(c)(u-v) w 


scalar quantity. 

“. (a) is meaningful. 

(ii) (u- v) is scalar. 

.(u-v)-w is not meaningful. 

(iii) (u- v) is a scalar. 

So, (u- v)w is a scalar multiple of w. 

.(u-v)w is meaningful. 

(iv) (v- w) is a scalar. 

So, u X (v- w) is not meaningful as cross product is taken for 
two vector quantity and not for a vector and scalar. 


Ex. 81 Ifa+2b+3c=0, thenaxb+bxct+cxa= 
(a) (a x b) (b) 6(b X c) 
(c) 3(c X a) (d) 0 
Sol. (a, b, c)a =—(2b + 3c) 
axb+bxc+ecxa 
=-(2b+ 3c)xb+ bxc+cx{-(2b+ 3c)} 
=-3cxb+bxc-—2c x b=6(b xX c) 


Similarly, putting the values of b and c in terms ofa anda, b 


respectively ina xb + bX c+ c Xa, we get the desired results. 


Ex. 82 Leta =ai+bj +ck,B=bi +¢j +ak and 
y= ci+ aj + bk be three coplanar vectors with a # b and 
v=i+ j +k. Then v is perpendicular to 


(a) 0 (b)B 
(c)Y (d) None of these 
Sol. (a, b, c) It is given that 0,8 and y are coplanar vectors. 

abe 

Therefore, [aBy]J=0 =|b c al=0 
cab 

or 3abe —a* —b*? —c? =0 

or ao+b? +c? —3abe =0 

or (at b+c)(a’ +b? +c? —ab — be —ca) =0 

or at+b+c=0 [va +b? +c? —ab—be-ca¥0] 

> va=v-p=v-y=0 


Hence, v is perpendicular to a, 8 and y 


Ex. 83 Ifa is perpendicular to b and p is non-zero scalar 
such that pr +(r-b)a=c, thenr satisfy 
(a) [ra c]=0 (b) p*r = pa—(c-a)b 
(c) p’r = pb —(a-b)c (d) p’r = pe —(b-c)a 


Sol. (a, d) Given, a-b =0 
and prt+(xr-b)a=c viel) 
On taking dot product by b, we get 
pir: b)+(r-b)a-b=b-e 


=> pir: b)=b-e 
=> of £—F) -be 
a 

=> pe —pr =(b-c)a 

p’r = pe —(b-c)a 
> pak es, 

Pp 

> {rac]=0 


Ex. 84 Ifa(axb)+B(b xc) + y(c X a) =0, then 

(a) a, b,c are coplanar if all of a, B, y #0 

(b) a, b, c are coplanar if any one of a, B, y #0 

(c) a, b,c are non-coplanar for any a, B, y #0 

(d) None of the above 

Sol. (a, b) We have, o(a x b) + B(b x c) + Y(c Xa) = 0 

Taking dot product with c, we have 
ala bc]=0 

Similarly, taking dot product with b and c, we have 
y[a b c] = 0, B[a b c] = 0 

Now, even if one of a, 8, y # 0, then we have [a b c] = 0 


=> a,b, care coplanar. 


Ex. 85 Ifa=i+j +k andb =i —j, then the vectors 
(a-i)it+(a-jt+(a-k)k, (b-i)i +(b- j)j+(b-k)k and 
i+j—2k 

(a) are mutually perpendicular 

(b) are coplanar 

(c) form a parallelopiped of volume 6 units 

(d) form a parallelopiped of volume 3 units 
Sol. (a, c) Givena =i+ j+kandb=i-j 


(@a-ijit(a-jjt(@-kk=i+j+k=x (say) 
and (b-i)i + (b-})j + (b- k=i-j=y (say) 
and i+ j-2k=2 (say) 
Clearly, x-y =yz=z:-x=0 
*, x, y and z are mutually perpendicular 
1 J 1 
Volume of parallelopiped=|1 -1 0 
1 f =2 
=1(2 — 0) -1(—2- 0) + 111 + 1) 
=2+2+2=6 


‘x, y and x are not coplanar, i.e., [x y z] #0 


.. Volume of parallelopiped formed by x, y and z is 6 cu units. 


Ex. 86 The volume of the parallelopiped whose cotermi- 
nous edges are represented by the vectors 2b X c, 3c X a and 
4a xb where a=(1+sin0)i +cos6j + sin 20k 


b=sin (0+ =) i+ cos 9+ =| j + sin 20+ <) k, 


e=sin(0- 78) + cos[o~ 2" \j+ si 29 -“*) is 18 


7 3 ‘ , Tw). 
cubic units, then the value of 9 in the interval (0, “| is/are 
2 


T 27 

a) — b) — 

(a) ; (b) ; 

Tt At 

c)— d) — 

(c) = (d) ; 

Sol. (a, b, d) Volume = |[2b xc 3c Xa 4a xb]| =18 
=> 24[a b c]}’ =18 
= lfabey=~2 
2 
(1 + sin®) cos0 sin20 


Now, [a b c]= sn(0 + *) cos(0 + 2m) sn( + *) 


sn(0 - 2) coo(0 - =) sn{ 20 - =) 
3 3 3 


Applying R, > R, + R2 + R; and expanding 


3 
[a bel] = V3 |cos30 |=? 
1 Tu 2M 40 
=> cos30 = + —->30=—, —, 
2 3.3 3 
mT 2m 40 
= 9=—,—,— 
9 9 9 


Ex. 87 Ifa=xityj+zk,b=yi+ q+ xk and 
c=zi+ xjt+ yk, thena X(b XC) is/are 
(a) parallel to (y — z)i +(z- x)j +(x - y)k 
(b) orthogonal to i+ j +k 
(c) orthogonal to (y + z)i +(z+ x)j +(x + yk 
(d) parallel to i+ j +k 
Sol. (a, b, c)a X(b X c) =(a-c) b—(a-b)ec 


=(xz + yx + yz) (i + J + xk) 
(xy + yz + zx) (ai + 994 yk) 
=(xy + yz + zx) [(y —z)i + @ -— x)j + (x-y)k] 


Clearly, 1 toi + j+ k and also to 
(y + zit(zt+ x)j + (x+ y)k, as dot product are zero, clearly 
parallel to 


(y —z)it @-x)j+(x-y)k 
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Ex. 88 Ifa,b andc are three non-zero vectors, then 
which of the following statement(s) is/are true? 
(a)a X(b X c), b X (c X a),c X (a X b) from a right handed 
system. 
(b) ¢ (a X b) X ca Xb from a right handed system 
(c)a-b+b-c+c-a<0,ifat+b+c=0 
(d) (a x b)-(b xc) 
(b X c)-(a X ce) 
Sol. (b, c, d) 
(a)a X(b Xc)+ b x(c Xa) + ¢X(a Xb) =0 


=-lifa+b+c=0 


= vector are coplanar, so do not form RHS. 
(b) (a Xb) X c,a X b, cin that order form RHS. 


= c,(a xb) x c,a X b also form RHS as they are in same cyclic 


order. 
()atb+c=0S|at+btel’=0 
=> a+b? +c? =-Aa- b+ b-c+ c-a) 
> a-b+b-c+c-a-<0 
(djda+b+c=0 

> axb=bxc=cxXa 


Ex. 89 Let the unit vectors a andb be perpendicular and 
unit vector c is inclined at angle & to a andb. If 
c=la+mb+n(a xb), then 


(a)l=m (b) n? =1- 21° 
(c) n? =— cos 20 (d) m? = a 
Sol. (a, b, c, d) 


a-b=0,c-a=c-b=cosa 
Take dot products witha , b and c respectively. 
> l=mU +m +n’? =1 
n= cos2aQ, 
2 1+ cos2a 
=— 


m 


Ex. 90 Ifa x(b Xc) is perpendicular to(a xb) xc, we 


may have 
(a)(a-c)|b |’ =(a-b) (b-c) (b)a-b=0 
(c)a-c=0 (d)b-:c =0 
Sol. (a, c) 
a X(b xc) =(a-c)b —(a-b)c 
and (a xb) X c=—(c-b)a + (a-c)b 


We have been given 
(a x (b Xc))-((a Xb) X c) =0 
((a-c)b — (a: b)c)-((a- c)b —(c- b)a) = 0 
or (a-c)’| b|’ —(a-c)(b-c)(a- b) 
—(a-b)(a-c)(b-c) + (a: b)(b- c)(c-a) = 0 
or (a-c)’| b |? =(a-c)(a-b)(b-c) 
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or (a-c)((a-c)(b: b) —(a- b)(b-c)) = 0 
a-c=0 
or (a-c)| b |? =(a-b)(b-c) 


Ex. 91 If(axb) x(c xd) -(a Xd) =0, then which of the 
following may be true? 
(a) a, b,c and d are necessarily coplanar 
(b) a lies in the plane of c andd 
(c) b lies in the plane of a andd 
(d) c lies in the plane of a andd 
Sol. (b,c, d) (ax b) x(cx d):(a x d) =0 
or [acd]b-—[bcdJa)-(a x d)=0 
or [ac d][dad]=0 


Hence, either c or b must lie in the plane ofa and d. 


Ex. 92 The angles of a triangle, two of whose sides are 
represented by vectors J3(a Xb) and b —(a-b)a, where b is 
a non-zero vector and a is a unit vector in the direction of a, 
are 


JEE Type Solved Examples : 
Statement Type | & Il Questions 


= Directions (Q. Nos. 93-96) This section is based on 
Statement I and Statement II. Select the correct answer 
from the codes given below. 


(a) Both Statement I and Statement II are correct and 
Statement II is the correct explanation of Statement I 


(b) Both Statement I and Statement II are correct but 
Statement II is not the correct explanation of 
Statement I 


(c) Statement I is correct but Statement II is incorrect 
(d) Statement II is correct but Statement I is incorrect 


Ex. 93 Let the vectors PQ, OR, RS, ST, TU andUP 
represent the sides of a regular hexagon. 
Statement I PQ x(RS + ST) #0 
Statement II PQ x RS =0 andPQ x ST #0 
Sol. (c) Clearly, RS + ST = RT, which is not parallel to PQ. 
PQx(RS + ST) #0 
So, Statement I is correct. 
Also, PQ is not parallel to RS. 
: PQxRS #0 


So, Statement II is not correct. 


(a) tan” '(V3) (b) tan” '(1/ V3) 


(c) cot” '(0) (d) tan™ '(1) 
Sol. (a, b, c) Consider V,-V, =0 
=> A=90° 
Using the sine law, PASE |-4 a 
sin® cos8 


or 
_ 1 |@xb)xa| 
V3 |axbl 
_ 1 |axb||a|sin90° 1 
V3 |axb| V3 
or es” 
6 


Ex. 94 p,qandr are three vectors defined by 
p=ax(b+c),q=b xX(c+a) andr =cx(a+t+b) 
Statement | p,q andr are coplanar. 


Statement II Vectors p,q,r are linearly independent. 


Sol. (c) Statement I p+ qtr =ax(b+c)+b 
xX(c+a)+cx(at+b) 


=axbt+axctbxetbxatexatexb 
=axbt+axct+tbxc-axb-axc-—bxe 

“.p =—q-—r (a linear combination of q and r) 

Therefore, p, q,r are coplanar and hence statement I is true. 


Statement II p+ q+r=0=>p,q,r are not linearly 
independent. 


Therefore, statement II is not true. 


Ex. 95 Statement I /f ina AABC, BC = P _ AV ond 


Ip|_ Id 
2 
AC = za |p|#|q|, then the value of cos 2A +cos 2B +cos2C 


|p| 


is —1. 
Statement II /f in AABC, ZC = 90°, then 
cos 2A +cos2B+cos2C =—1 


Sol. (b) Statement II In AABC, ZC = 90° 
cos2A + cos2B+ cos2C 
=2cos(A + B)cos(A — B) + cos180° 
= cos (180° — C)cos(A-—B)-1 
= -—2cosC cos(A — B)-1 
=0-1=-1 [' cosC = cos90°= 0] 
Therefore, Statement II is true. 
Statement I BC = p—g,AC =2p 
AB = AC+ CB =2f-(p-4) = pt+q 
Now, AB-BC =(6+ 4).(b—4) =A’ 14’ =1-1=0 
i ZB=90° 
Now, cos2A + cos2B + cos2C 


= cos 2A + cos2C + cos 2B 
=2cos(A+C)cos(A—C)+ cos180° 


JEE Type Solved Examples : 
Passage Based Type Questions 


Passage I 
(Ex. Nos. 97-99) 
Leta =2i+3j—6k, b=2i1—-3j+6k andc =— 21+3j+6k. 
Let a, be the projection of a on b and a, be the projection 
ofa, andc. Then 


» Ex. 97 a, is equal to 
943 


ag 2 -3j -6k) 


943.2 13 - 
oe.) 


Qa 235 eek i Cai 52a 
49 49° 


Sol. (b) 
ay -lt ‘ey ok) | 21-3} + 6k 
| 
MM os ae oe 
= (21 -3} + 6k 
geet 
a, a -3j +65 AAS), ee) 
49 7 
41 ae 
= 4—9 + 36)(— 21+ 3j + 6k 


=== (i ~3} - 6k 


Ex. 98 a, .b is equal to 
41 

= eae 

(a)- 41 (b) 7 


(c) 41 (d) 287 
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= 2cos(180°—B)cos(A—C)—1 
=—2cos Bcos(A—C)—-1=-1 
Therefore, Statement I is also true. 


Thus both Statements are true but Statement II is not the 
correct explanation of Statement I. 


Ex. 96 Statement | /fa is perpendicular to b andc, 
then a x(b xc) =0 
Statement II /fb is perpendicular toc, thenb xc =0 
Sol. (c) Ifa is perpendicular to b and c¢, then a || (b x c) 
a x(bxc)=0 
Therefore, Statement I is true. 
But, if b_Le, then bxc #0 


Therefore, Statement II is not true. 


Sol. (a) a,b =<" (24 -3] + 6h) @i 3} + 6k) =— 41 


» Ex. 99. Which of the following is true? 
(a) a and a, are collinear 
(b) a, and cc are collinear 
(c) a, a, and b are coplanar 
(d) a, a, and a, are coplanar 


Sol. (c) a, a; and b are coplanar because a, and b are collinear. 


Passage II 
(Ex. Nos. 100-102) 


Let a, b be two vectors perpendicular to each other and 
|a|=2,|b]|=3 ande xa=b. 


» Ex. 100 The least value of |c — al is 
1 


(a) 1 (b) - 
1 3 
(c) a (d) > 


» Ex. 101 When|c — al is least the value of © (when is 
angle between a and cc) equals 
-1{3 
b) tan’! | — 
(tan (3) 


1 

tan || — 

(a) tan (5) 
(d) None of these 


at2 
(c) cos (2) 


107 


(: B =90°) 
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Ex. 102 When|c — a| attains least value, then the value Ex. 105 The length of the perpendicular from vertex D 
of |¢| is on the opposite face is 
1 7 14 2 
= b) = (a) — (b) — 
(a) 5 ( Me Ve Jé 
5 3 
c)= d) 4 (c) = (d) None of these 
(c) ; (d) a7 
Sol. For (Ex. Nos. 100-102) Sol. For (Ex. Nos. 103-105) 
Here lal =2, |b] =3 Point G is (<. Z = Therefore, 
cxa=b = |e||alsina =|b| 3.3 3 
3 2 2 
> per eoseene iaci =(2} ; 1 ; (=) _ ol 
3 9 3 9 
Consider, |e — a|* =|e|? — 2(a. ec) + a |’ J51 
9 3 or |AG| = ae 
== cosec’o + 4 —2(2). (=) . cosec O& . cosa 7 . . 
4 2 AB = — 4i + 43+ 0k 
23 9 4 a 
=—+-—. cota —6cota AC =21 + 2j+ 2k 
25 (2 ) D (0, -5, 4) 
=—+|-cota -2 4 
4 2 bo 


9 (3 2 9 
a t cota —2] = 
4 \2 4 


jc-al> ; and least possible when C (5, 2, 3) 


3 3 43 
cota =2 => tana > @=tan 
4 4 
Also, lel=— = =3 
sina 2 (2) 7 j k 
#, AB x AC=-81 -1 0 
100. (d) 107. (b) 102. (c) i, 4d: 4 
Passage III =a + ]-2k) 


(Ex. Nos. 103-105) 
Consider a triangular pyramid ABCD the position vectors 
of whose angular points are A (3, 0, 1), B(-1, 4, 1), C (5, 2,3) AD =~3-5} +3k 
and D(0, —5, 4). Let G be the point of intersection of the 
medians of triangle BCD. 


1 
Area of AABC =~ |AB x AC| = 4V6 


The length of the perpendicular from the vertex D on the 
opposite face 


Ex. 103 The length of vector AG is = Pr ccunnel Aven AB Ak 


V51 _|(- 31-53 + 3k) i+ j — 2k) 

(a) J17 (b) “ar Ve 

3 59 -3-5-6 

Fe 7) oa - 
0) e (a) ~ -|"= | 
Ex. 104 Area of triangle ABC in sq units is 7 = 
(a) 24 (b) 8V6 
103. (b) 104. (c) 105. (a) 


(c) 4V6 (d) None of these 


Passage IV 
(Ex. Nos. 106-108) 
Let A, B, C represent the vertices of a triangle, where A is 
the origin and B and C have position vectors b and c 
respectively. Points M, N and P are taken on sides AB, BC 
AM _ BN CP _ 
AB BC CA. 


and CA respectively, such that 


A (Origin) 


[Now answer the following questions] 


Ex. 106. AN+ BP + CM is 
(a) 30 (b + c) (b) a(b + c) 
(c)(1— @) (b +c) (d) 0 


Sol. (d) Since a” 


=Q, 
P.V.of M=ab 

BN 
Since, —=0 

BC 

BN @ 

NC 1-a@ 
..Position vector of N =(1 —a)b + ae 
Since, hos =a 

CA 

AP 1-0 

PC a 
* PV. of p=(1-aQ)e 
Now, AN =(1-Q)b+ Qc 


BP =(1-—a)c—b 
CM =ab-c 
.. AN + BP+CM=0 


Ex. 107. The vectors AN, BP andCM are 
(b) sides of a triangle 


(c) non-coplanar (d) None of these 
Sol. (b) Since AN + BP+ CM =0 


Hence, AN, BP and CM from the sides of a triangle. 


(a) concurrent 


Ex. 108. If A represents the area enclosed by the three 
vectors AN, BP andCM, then the value of & for which A is 
least 


(a) does not exist 


1 
oe 


(c) : (d) None of these 
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Sol. (b) A=" |AN x BP| =a —0)b + cc} x {(1 — axe — b} | 
==0 ~01)*(b x c) + ab x c)| 


= Fb x ea —o +1) 
1 [ ‘big 
= 5 |b xel{(a 2) +=} 
2 | 2 
1 
- Ais least, if a = 5 


Passage V 
(Ex. Nos. 109-110) 


If AP, BQ and CR are the altitudes of acute AABC and 
9AP +4BQ+7CR=0. 


Ex. 109. ZACB is equal to 


T Tt 
(a) a (b) 3 


vor) wort 
Ex. 110. ZABC is equal to 

(a) cos” (=) (0) = 

(c) cos”! (=| a)" 


Sol. For (Ex. Nos. 109-110) 


Since, sum of three vectors 9AP, 4BQ and 7CR is zero, there is 
a A whose sides have lengths 9| AP|, 4| BQ, 7|CR| and are 
parallel to the corresponding vectors. 


H is orthocentre. 
= ZBHP =90°—ZQBC = ZACB 
= Angle between AP and BQ equal to ZACB, similarly angle 
between BQ and CR be ZBAC. 
AB BC _ AC 
7|CR| 9|AP| 4|/BQ| 
2. ar. (AABC) =| AB x CR| =|BC x AP| =|CA x BQ| 


ca ODP 
=> — SS SS 
7 9 4 
a:b:c=3:2:V7 
2 R38 
> suet 
2ab 2 
= ZC =60° =~ 
3 
2 2 2 
and gaia agers 
2ac v7 
109. (b) 110. (a) 
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Passage VI 
(Ex. Nos. 111 to 113) 
Let a,b,c are non-zero unit vectors inclined pairwise with 
the same angle 0. p, q,r are non-zero scalars satisfying 
axb+bxc=pa+qb+re 


» Ex. 111 Volume of parallelopiped with edges a,b andc is 


(a) p +(q + 1r)cos8 
(c) 2p —(q + r)cos® 


(b)(p +q+r)cos0 
(d) None of these 
Ex. 112 The value a2 + 2056 is 

p 


(a) 1 (b) 0 
(c) 2[a bc] (d) None of these 


© Ex. 113 The value of |(p+q)cos® +r| is 


(a) (1+ cos®),/1— 2cosO 
(b) 2sin? | JT 2cos0| 
(c) (1— sin®),./1+ 2cos® 


(d) None of the above 
Sol. For (Ex. Nos. 111-113) 
Volume of parallelopiped = [a b c] =a. (b X c) 


JEE Type Solved Examples : 
Matching Type Questions 


® Ex. 114 Match the items of Column | with items of 
Column II. 


Column I Column II 

A. If|a+b|=|a+ 2b], then angle betweena p. 90° 

and bis 
B. If|a+b|=|a—2b|, then angle betweena_ q. obtuse 

and b is 
C. If|ja+b |= a —b|then angle betweena and r. 0° 

bis 
D. Angle betweena x b and a vector s. acute 


perpendicular to the vector c x (a x b)is 


Sol. A 
(A) 


>s;C 
ja+ bl =|a+ 2b] 


>qB >p;sD>r 


111. 


Now, we have 

axbt+bxc=pa+qbt+re 
=>a.(axb)+a.(bxXc)=p(a.a)+ q(a.b)+r(a.c) 
= [aab]+ [abc] = plal’+qal| bl cos® + rlal|c|cos® 
= [abc]=p+ qcos0 + rcos0 = p + (¢ + r)cosO 
. Volume of parallelopiped = p + (q + r)cos® 
Taking dot products with a, b, c respectively with given 
equation 

{ab c]=p+(q+1r)cos0 

0=(p+r)cos® + q 
[a bc] =(p + q)cos0 + r 


1 cos@ cos0 
Also, [abc]’=|cos8 1 cos® 
cos@ cos0 1 
> [a b c]’ =(1 — cos0)*(1 + 2cos0) 


v=|[a b c]| =|1 — cos6]|,/1 + 2cos6| 
=2sin? | + 2cos0| 


From Eqs. (i) and (iii), p = r substituting in Eq. (ii), we get 


2pcos8 + q=0 
=> ed + 2cos0 = 0 
P 
(a) 112. (c) 113. (b) 


a’ +b? +2a-b =a’ + 4b’ + 4a-b 
or 2a-b=—3b" <0 
Hence, angle between a and b is obtuse. 
(B) |a + b| =|a — 2b] 
or a’ +b? +2a-b=a’ + 4b* — 4a-b 
or 6a-b =3b* > 0 
Hence, angle between a and b is acute. 
(C)|a + bl=|a—b 
a-b=0 


Hence, a is perpendicular to b. 


=> 


(D) c x (a x b) lies in the plane of vectors a and b. 
A vector perpendicular to this plane is parallel toa x b 


Hence, angle is 0°. 


Ex. 115 Match the items of Column | with items of 
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Ex. 116 Match the items of Column | with items of 


A =16 
(B) We have, cost = 
(M4 j+h-G44jt+hk 
Qe $a) =2 
1_A+A+1 
2 A4+2 
=> M+2=2(20 +1) 
=> 424 =0 
> MA — 4) =0 
= X =0and 4 
EA N=4 
(C) We have, |a — 2b|* + |b — 2e|” + |e — 2al’ 
=a? + 4b]? — 4a-b + |b? + 4|cl? — 4b-c 
+|e|’ + 4jal? —4e-a 
=> 14+44+14+164+4+4-4a-b+b-c+c-a) 
> 30 — 4(a-b+ b-c+ c-a) 


We know that, 

(a+b+c)* =a’ +2Ya-b>0 
ie. 1+1+4+4+2(a-b+b-c+c-a)2>0 
a-b+b-c+c-a2-3 
>30 — 4(-3) >30 + 12> 42 


=> 
=> 


Column II. Column Il. 
Column I Column II Column I Column II 
A. Let |a|=|bJ=2,x=a+b,y =a-b.If p. 4 A. Given two vectors a = 2i — 3} + 6k, p. 0 
1 cam ® 
|x x y|=2 {A — (a: b)’}?, then the value of Lie Piet ~ : ud ‘ 
A is A= pales = ie , then the value of 
Projection of b on a 
B. The non-zero value of 4 for which angle q. 42 32 is 
as AA sa A 
ae ee Cee ere ——- - —_-—~ 
between Ai + j + k andi + Aj oe B. Ifa=i+2]+3k,b=-1+42]+k, q 7 
C. If|a|=|b|=land |e|=2, then the maximum r. 16 c= 3i + j anda + pbis normal to ¢, then pis 
2 2 2. 
value of |a—2b|" + |b—2e}" + |e— 2a/'is C. Leta, b, cbe three non-zero vectors such that r. 5 
s. 7 a+ b+c=0,thenA(a x b)+exb 
+axc=0, where A is equal to 
Sol. A — (1), B > (p), C > (q) D. The points whose position vectors are ss. 2 
(A) x x y =(a x b) x(a — b) pit qjt+rk, gi+rj+ pk andri+ pj+ qk 
=axXa-aXb+bxa-—bxb=-—2(a xb) are collinear, then the value of 
LHS =|x x y| =|-2 (a x b)| =2al|b|siné (p+ q@+r— pq-ar-m)is 
a 1 
RHS = 2(A —(a-b)?)? =2(A —|a|?|b|* cos?0)2 Sol. A — (q), B > (1), C > (s), D> (p) 
1 (A) Given, a=2i1—3j+ 6k 
. = _ 2 % m ‘a 
8sin® = 2(A — 16cos* 8)? | b==2i 42j-k 
sn _ 2 
> 16sin“8 = A — 16cos"8 (2) 
= 16(sin’@ + cos’®) =A Projection of aonb \ |b| |a| 
Now, A = = = 


Projection of b ona [> |b| 
[a| 


_ 2? +(-3)? +6? 449436 7 


(-2)°+2°+(-1) J4+44+1 3 


3X =7 
(B) Given, a=i+2j+3k, 
b=-i+2j+k and c=3i+j 


Since, a + pb is normal to c 


=> (a + pb)-c=0 

=> [(1— p)it+ (2+ 2p)j+ G+ p)k]-(3i + j) =0 
> 3(1-— p)+2+2p=0 

=> 3-3pt+2+2p=0 


FL p=s5 
(C) Given,a+ b+ c=0 


> axat+axbt+axc=ax0 

> axb+axc=0 (i) 
Also, bxXa+bxb+bxc=bx0 

> bxa+bxc=0 

> -axb-cxb=0 

> axb+cxb=0 ..(ii) 


On adding Eqs. (i) and (ii), we get 
Aa xb)+exb+axc=0 


On comparing, we get A =2 
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pqr 
(D) |q r p|=0 
r pq 
= (ptqtr(p’+q° +r’ — pq-aqr—rp)=0 
pt@tr pqd-qr-rp=90 


» Ex. 117 Match the items of Column | with items of 
Column II. 


Column I 
A. Ifaand bare two unit vectors inclined at p. -—12 


* then 16[a b+ a x bb]is 


B. If bande are orthogonal unit vectors and q. 1 
bxc=a,then[a+ b+ec a+b b+ cis 


C. If|a|=|b|=|e|=2and r 3 
a-b=b-c=c-a=2, then[a be]cos45° is 
equal to 

D. a=2i+3j—k, b=-i+ 2j—4k, s. 4 


c=i+ j+kandd =3i + 2j+k, then 


(a x b)- (ex d) is equal to 


Column II 


Sol. A > (p); B= (q); C > (s); D> (x) 


JEE Type Solved Examples : 


Single Integer Answer Type Questions 


Ex. 118 Given thatu=i —2j +3k;v=2i +j + 4k; 
w=i+3j)+3k and 
(u-R-15)i +(v-R-30)j +(w- R —20)k =0. Then, the 
greatest integer less than or equal to|R| is 
Sol. (6) Let R = xi + yj + zk 


u=i-2j+3kv=2i+ j+ 4k w=i+3j+3k 


(u-R-15)i+(v-R —30)j+(w-R-20)k=0 (given) 
So, u:-R=155x-2y+4+3z=15 334(1) 
v-R=3052x+ y+ 4z =30 ...(ii) 


w: R=255x + 3y + 3z =25 
Solving, we get 


z=5 
Now, |R| =./4° +2? +5? =/45 
[|R|] =[V/45] =6 


...(iii) 


(A) Givena and bare two unit vectors, ie.,|a| =|b| =1 and 


sb 
angle between them is a 


pis, gE 
|aj |b| 3 
SF ae 
2 
Now, [ab+axbb]=[abb]+[aaxbb] 
=0+[aaxbb] 
=(a x b):(bXa)=—(a Xb): (a Xb) 
=jakh Pee 
4 


(B) If b and c are orthogonal b- c = 0 

Also, it is given that b x c =a. 

Now [a+b+ca+bb+c] 
=(aa+bb+c]+[b+ca+bb+c] 
=[abc]l=a-(bxc) 
=a-a=la|’=1 

(C) We know that, [a x b bx cc Xa]=[a b c]’ 

a-a a-b a-c| |4 2 1 
and=[abc]*=|b-a b-b b-cl\=/2 4 2] =32 
c-a c-b 22 4 
[abc] =4 2 
(D) (a: c)(b- d) —(b-c)(a- d) =21 


c:c 


Ex. 119 The position vector of a point P is 
r=xityjtzk, where x, y,z€N anda=1+2j +k. if 
r- a= 20 and the number of possible of P is 9X, then the 
value of i is 
Sol. (9)r-a=20 >x+2y+z=20,x%y,zEN 

Number of non-negative integer solution are 
= Ct PG FPG IG 


=81=91 >X=9 


» Ex. 120 Letu be a vector on rectangular coordinate 
system with sloping angle 60°. Suppose that|u — il is 
geometric mean of |u| and|u— 2il, where i is the unit vector 
along the X-axis. Then, the value of (V2 +1)|ul is 
Sol. (1) Since, angle between u and 1 is 60°, we have 

u-i=[ulli|cos60° = [ul 
2 
Given that, | u|,|u — ij, |, |u —2i| are in GP. 


So, ju —i/? =u] |u — 23] 


(because a is a unit vector) 


Squaring both sides, 


(Jul? + |i)? —2u-i? =|ul?[jul? + 4/3]? — 4u- 7] 


2 aul)’ _ ae ul? _ lu 
(ju? 42-421) —juP(ju? + «2 


or jul + 2;}u] -1=0 
> 2422 
> jul" =— 
2 
or ju| = V2 -1 
— (v2 + 1) |u| =(V2 + 1) (v2 -1)=2-1=1 


Ex. 121 Let A(2i +3j +5k), B(— i +3) + 2k) and 
C(Ai + 5j + uk) are vertices of a triangle and its median 
through A is equally inclined to the positive directions of the 
axes, the value of 2A —w is 
Sol. (4) Median through A is 


A 
B 
a C 
AB+ AC 
AD =———~ 
2 
AB =—3i —3k 


AC =(A—2)i + 294+ (U—5)k 


AD = =[( 5)i + 27+ (0 —8)k] 


We have, AD is equally inclined to the positive direction of 
axes 


[(A —5)i + 27+ —8)k]-i 
cos@ = 2 x 
| AD||i| 
1 : «1 
al 5)i + 27+ (u—8)k] -j 
AD|\j 
AG 5)i+ 2j7+(—-8)k]-k 
~ AD||kI 
2 2 
=> i =7andu = 10 


24 -w=14-10=4 
Ex. 122 Three vectors a(|a| #0), b andc are such that 
1 
a Xb =3a Xc¢, also|a|=|b|=1 angel If the angle 


between b and c is 60° and|b — 3c|=A |a|, then the value of 
X is 
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Sol. (1) We have, aX b=3a Xc 


> a xX (b —3c) =0 

=a is parallel to b — 3c. 

Now, b-—3c=Aa 

> |b —3e|? = Ala? 

=> |bl? + 9c]? —6(b- c) = Ia)’ 

=> 1 9x. 6x1 x2 x5 = 20)" 

> 14+1-1=V => V=1 
N=+1 


Ex. 123 Ifa,b,c are unit vectors such that 
Tl 
a-b=0=a-cand the angle betweenb andc is 3 then the 


value of|aXb—axXc\. 
Sol.a.b=0=>aLb 
a.c=0>ale 
=> alb-c 
jax b-axXc|=|a X(b-c)| 


=|a||b — ¢| =|b — ¢| 


Tl 
Now, |b — cl’ =|bl* + |e|’ —2|b||e| cos 


=2-2xX-=1 
2 


|b—c|=1 


Ex. 124 If the area of the triangle whose vertices are 
A(— 1, 1, 2); B(1, 2, 3) and C(t,1, 1) is minimum, then the 
absolute value of parameter t is 
Sol. AB =2i + j+ k, AC =(t+1)i+ 0j-k 


i 
ABxAC=| 2 
+ 


=-i+(t+3)j-(t+1)k 


= fit (+3)? +(¢4+1) 
= f2t? + 8t4+11 


1 
Area of AABC = ae x AC | 


1 2 
= vet +8t+1 


Let f(t) = 4 = “er +8t+1) 


f(t)=0>t=-2 
At t= -2, f%(t)>0 


So, Ais minimum at t = — 2 
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Ex. 125 Let OA =a,OB=10a + 2b andOC =b, where 
O, A andC are non-collinear points. Let p denote the area of 
quadrilateral OACB, and let q denote the area of parallelo- 
gram with OA and OC as adjacent sides. If p=k q, thenk is 
equal to 
Sol. Here, OA =a, OB = 10a + 2b, OC =b 


q = Area of parallelogram with OA and OC as adjacent side. 


q=laxb| Ai) 
C B 
w~ 
b 4,005 
O a A 


p =Atrea of quadrilateral OABC 
= Area of AOAB + Area of AOBC 


= la x (10a + 2b)| +5 |(10a + 2b) xb 
=|axb|+5|a xb 
p=6laxb| 


or p=6q 
k =6 


[From Eq. (i)] 


Ex. 126. If x, y are two non-zero and non-collinear 
vectors satisfying [(a — 2)” +(b—3)a +c]x +[(a— 2)B? 
+(b—3)B + cly +[(a—2)y? +(b—3)y +e] (xxy) =0 
where , B, Y are three distinct real numbers, then find the 
value of (a? +b? +c? —4). 

Sol. (9) Since, x and y are non-collinear vectors, therefore 
x, y and x X y are non-coplanar vectors. 


So, [(a —2)a? + (b — 3) + c]x + [(a —2) 8” 
+(b—3)B + cly + [(a—2)y? + (b-3)y +. c](x xy) =0 


=> Coefficient of each vector x, y and x X y is zero. 


(a—2)a?+(b-3)u+c=0 
(2-2) B’ + (b-3)B+c=0 
(a—2)y° +(b-3)y+c=0 


The above three equations will satisfy if the coefficients of a, B 
and y are zero because , B and y are three distinct real numbers 


@-2=l0re=2, 
b-3=0o0rb=3andc=0 
a+b? 40? =27 4374+ 07 =449=13 


Ex. 127 Letv=2i1+j—k andw=i+3k. Ifais unit 
vector and the maximum value of[uv w] = VX, then the 
value of (A —51) is 
Sol. (8) We have, [u v w] =u.(v xX w) 


> {uv w] <|u||v x w| [.a.b <|al| bl] 
> [uv w]<|v x wi [|u| =1] 
ij k 
Now, vxw=/|2 1 —-1 =3i1-7j-k 
1 0 3 


|v X wl= 9+ 4941 = 59 
Hence, maximum value of [u v w] = /59 
On comparing, we get A =59 
XA —51=8 


Ex. 128 Let a= +2] —3k,b =i + 20j — 2k and 
c=2i-aj +k. Then the value of 60, such that 
{(a x b) x (b x c)} x (c X a) =0, is 
Sol. (4) a =oi + 2j-3k, b =i + 20j —2k, c=2i-aj +k 
{(a x b) x (b x c)} x (ce Xa) =0 
or {[abc]b—[ab ble} x(c xa)=0 


or [a b cb x(c Xa) =0 
or {a b c]((a. b)c —(b. c)a) =0 
or [abc]=0 (."a and c are not collinear) 
a 2 = 3 
=> 1 20 —2/=0 
2 = 1 
or O(20 — 2a) —2(1 + 4)-3(-a — 40)=0 or 10—15a =0 
2 
O=- 
3 
6X2 
60 =—— = 4 


Subjective Type Questions 


Ex. 129 Leta andb be two unit vectors such that a+b 


is also a unit vector. Then, find the angle between a and b. 


Sol. Since, 4 + b is a unit vector. 


=> |a+bl=1 > |a+ bl =1 
=> (4+ b)-(a+ b)=1 
=> 4-4+6-6+24-b=1 5314+14+24-b=1 
na a 1 re 1 

> a-b=-- = |Aa||b| cos8 =——- 

rd a 

1 2 A 
=> aa (." [al =|b| = 1) 
= 8 =120° 


Hence, the angle between a and b = 120°. 


Ex. 130 Determine the values of c so that for all real x, 
the vectors cxi —6j +3 k and xi + 2j+ 2exk make an obtuse 
angle with each other. 

Sol. Given, a =cxi—6j}+3k and b= x4 +2) + 2cxk 


** a and b make an obtuse angle with each other. 


a. 
cos8 = —— <0 


|al|b 


; cx” — 12 + 6cx 
ides <0 


cx? +36 + 9[x? + 4+ 40x? 


=> cx” + 6cx —12 <0 ...(i) 
Now, two cases are possible. 

Case I c#0 

= cx* + 6cx— 12 is a quadratic equation which has real solution 
“iff A <0 and B? — 4AC <0" 

ie. ifc < 0 and 36c” + 48¢ <0 

ie. ifc < 0 and 12c(3c + 4) <0 


> 3c+4>0 [..c > 0] 
4 

= --—<c<0 ...(ii) 
3 

Case II c=0 


=> — 12 < 0 which is an identity. 
c = O satisfy Eq. (i) ...(iii) 


4 
.. From Egg. (ii) and (iii), we get — Fi <c <0 


Ex. 131 A, B,C andD are four points in space. Using 
vector methods, prove that AC? + BD? + AD? + BC? 
> AB? +CD? what is the implication of the sign of equality. 


Sol. Let the position vector of A, B, C and D bea, b, c and d, 
respectively. 
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Then, AC? + BD? + AD? + BC? 


=(e —a)-(e—a) + (d —b)-(d —b) 
+ (d—a).(d —a) + (c —b).(c —b) 
=|e|? +|a|? —2a-e+|d|? +|b|? —2d- b 


+|d|? + lal? -2a.d+|e|?+|b|? -2b.¢ 
=|a|’ +|b|? —2a-b +|c|?+|d|? -2c-d 
+ |al? + |b? + |e? +d]? -2a-b+2ce-d 
2a-c—2b.d—2a-d—2b-c 
=(a—b)-(a—b)+(c—d)-(c-d)+ 
(at+b-—c-—d)-(a+b-—c-—d) 
= AB’ +CD?+(at+b-—c-d)-(at+b 
—e-—d)2> AB’ + CD’ 
AC? + BD? + AD’ + BC? > AB’ + CD? 


Ex. 132 Using vector method, prove that the altitudes of 

a triangle are concurrent. 

Sol. Let the point of intersection O of two altitudes BQ and CR be 
taken as origin and the position vectors of the vertices A, B, C 
be a, b, c respectively. Let AO produced meet BC at P. We 
will show that AP is perpendicular to BC , showing there by 
that the three altitudes are concurrent. 


OB = b, BQ = tb 
as its collinear with OB. 
Similarly, since OCc=C 

CR =vC 


Now, AC =c~—a and AB=b~-a 
Since, BQ L AC, we have ub .(c —a)andsoa.b=b.c 
Again, since CR L AB, ve.(b—a)=0 
; b.c=c.a 
a.b=b.c=c.a 

or a.(c—b)=0 
> Aa .(c — b) =0 

AP.BC=0 = AP1BC 


Ex. 133 Using vector method, prove that the angle ina 
semi-circle is a right angle. 


Sol. Take the centre O as origin and AB is the diameter, so that 
OA = OB. 


If the point A is a, then B is — a and |a| =r = radius. 
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Let P be any point r on the circumference, so that |r| = OP =r 

Then, AP = Position vector of P — Position vector of A=r-—a 

and BP = Position vector of P — Position vector of B=r+a 
AP. BP =(r—a).(r+a) =r? -a’=r’-r’? =0 


Ex. 134 The corner P of the square OPQR is folded up so 
that the plane OPQ is perpendicular to the plane OQR, find 
the angle between OP and QR. 

Sol. After folding OPQ, PS L SR. 


P 
Q Q 
R 
Here, SO 1 SR, SO 1 PS 
a. a 4 a 
Let SR = j, SQ= 1, SP = 
ae" Q V2 ya? 
ays a » aan 
OP =-—SO+ SP=—~j+ ~1i1=—~(jt i 
ao Bo ) 
aus a 
R =SR —-SQ= k-i 
Q Q a ) 
a 
OP V2 a> R| =a 
|OP| =~ )QR | 


Cosine of angle between OP and 
_ OP-QR __ a’ (i+ j)-(k-i) 


R 
Q |OP||OR| 2 a 
_ ete Cie See 
2 2 3 


Ex. 135 Ina AABC, prove by vector method that 


3 
cos2A PURSE OES 


Sol. As we know, (OA + OB + OC)’ >0 ...(i) 
and |OA|? =|OB|? =|OC|? = R? ...ii) 


.. Using Eq. (i), 
|OA|’ + |OB)? + |OC|? + 2/0A.OB + OB. OC + OC. OA) =0 


= 3R? + 2R*(cos2A + cos2B + cos2C) > 0 


3 
> cos2A + cos2B + cos2C = =F 


Ex. 136 Let B = 4i +3j andy be two vectors 
perpendicular to each other in the XY -plane. Find all the 
vectors in the same plane having the projections 1, 2 along B 
and Y, respectively. 

Sol. Here, B = 41 + 3] 
Since, Y is perpendicular to Bie.B. y = 0 
..We can choose Y = 3Ai — 4Aj for all values of A. 
Let the required vector be & =/i + mj. 


Now, projection of @ along B = — 
fet POM ay eos mi) 
a i. a.Y 
Similarly, projection of along y = la 
¥ 
3Al — 44m 
=> 2 = —_.— 
5X 
— 31 — 4m =10 (ii) 


On solving Eqs. (i) and (ii), we get 
l=2andm=-1 
O=21-j 
Ex. 137 If a,b andc are three coplanar vectors. If a is 
not parallel to b, show that 


c.a a.b a.a C.a 
at 
c.b b.b a.b c.b 
eZ 
a.a a.b 
a.b b.b 
Sol. Since, a, b and c are coplanar, we may write 
c=Ajat db 
> a.c=Aa.at+ia.b (i) 
and b.c=A,b.a+A,.b.b (ii) 
On solving Eqs. (i) and (ii), by Cramer’s rule, we find that 
a.c a.b a.a a.c 
b.c b.b b.a b. 
j ey ace and | ere ace) 
a.a a.b a.a a.b 
a.b b.b a.b b.b 
On substituting A, and A», we get 
c.a a.b a.a cC.a 
a+ b 
c.b b.b a.b c.b 
c= 


a.a a.b 
a.b b.b 
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Ex. 138 InA ABC, D is the mid-point of side AB and E a|PA|’ + b|PB|’ + c|PC|” 
= 2 2 2 2 
is the centroid of A CDA. IfOE-CD = 0, where O is the =(94 0+ e) (PI) a TA) + BB" GC 
circumcentre of A ABC, using vectors prove that AB = AC. + 2PI-|alA + bIB + dC|’ 
Sol. Let us take O to be the origin and position vector of the => a|PA|’ + d|PB)’ + cl PC)’=(a+b +c) 
vertices A, B and C bea, b and c, respectively. |PI)? ae TA? i DIB 22 Ic? 
We have, 
=lbl= (. aIA + bIB + cIC = 0) shown as, since D be point of 
[al =|b| intersection of AI with side BC , we have BD: DC =c: band 
Now, p=° ; (. mid-point of AB) AI:ID=b+c:a 
cIC + DIB 
Ala) > oe eri and aAI=(b+c)ID 
D aAl=cIC+ DIB = alA + bDIB+cIC=0 
Ex. 140 If two circles intersect, prove by using vector 
B(b) C(e) method, that the line joining their centres is perpendicular to 
ose b+2ce their common chord. 
~ 2 Sol. Let O be the centre of the first circle and C be the centre of 
4b at b=9e second. Let a and b be the radii of the two circles. Position 
CD= 5 = 5 vector of C is c and AB be point of intersection of two circles. 
A 
aad oF = 22 t bt 2c 
2 
“ OE-CD =0 i) 
1 B 
> (3a + b + 2c)-(a + b-—2c)=0 
. If r is the position vector of A. 
3\a|’ +|b|’ — 4)c|’+ 4a-b — 4a-c =0 => CA=0A-OC=r-c Ai) 
> a-b=a-c (.. OA =r and OC = c) 
=> 3a’ + |b? —4|c/’ =0 Also, r-r =a’ and(r —c)-(r —c) =b? ...(ii) 
=> |a|?+|b|? —2a-b=|a|? +|e|—2a-c (. |a| =|b| =e) Hence, at the point of intersection of two circle 
=> |a—b|?=|a—c/’ a’ —2r-e+|c=b? = rea afb a’ —|e|"] 
2 2 
=e |AB)"=|AC| If E is the point of intersection of OC andAB, then 
> |AB|=|AC| OA = OE + EA = Ac + AB 
OB = OE + EB=)c+k,AB 
Ex. 139 Let! be the iNeenire AEG Using yetoR a SOA cHdeeE? es RAB) oea" <b? ¢ le! 
prove that for any point P a(PA)* +b(PB)* +c(PC) — ? 
and 20B-c =2r-c =2{Ac + k,AB}:c=a° —b* + |e 


=a(IA)? + b(IB)? +c(IC)? +(a+b+c)(IP)? 
where a, b andc have usual meanings. 
Sol. We have, IP+ IA =PA 


=> 2[Ac -kAB]-c=2[Ac+k,AB]c => AB-c=0 
Hence, AB is perpendicular to OC. 


A Ex. 141 Using vector method prove that 


P 
Ne cos(A — B)=cos AcosB + sinA sin B. 


Sol. Let OX and OY be two lines perpendicular to each other and 
ZPOX = A, ZQOX = B. So that, Z POQ = A — B shown as, 


B D C y 
2 2 ; P(rcos A, sin A) 
=> |PA|? =|PI|? + |IA|? + 2PI-IA 
a|PA|* = a|PI|’ + alLA|’ + 2PI-(aIA) ..(i) Q(r, cos B, r,sin B) 
Similarly,  b| PB|? = b| PI|’ + D| IB)’ + 2PI-(b 1B) (ii) 
c|PC|’ = c|PI|? + clIC|’ + 2PI-(cIC) 


>X 


On adding Eqs. (i), (ii) and (iii), we get 
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Let i and j denote unit vectors along OX and OY so that, 
ee eee eee 
Also, let OP =randOQ=7, 
-.P (rcosA, rsin A) and Q (7, cos B, 7, sin B) 
OP =(rcos A) i + (rsinA)j 
and OQ =(7, cos B) i+ (7, sin B) J 
By definition 
OP - OQ =|OP| | OQ) cos Z POQ= Hr cos(A — B) 
OP - OQ = rr, cos(A — B) 
Also, from Eq. (i) 
OP - OQ =1r7,cosAcosB + ry, sin Asin B 


=r7(cosA cos B + sin Asin B) 


From Eqs. (ii) and (iii), we get 
ry, cos(A — B) =1r74(cosAcosB + sin Asin B) 
=> cos(A — B) = cosAcosB + sin Asin B 


Ex. 142 A circle is inscribed in an n-sided regular 


polygon A,, Ao...,A, having each side a unit for any arbi- 


trary point P on the circle, prove that 


(PA 2 a’ (1+cos* t/n 
i= : 4 


sin? n/n 
Sol. Let the centre of the incircle be the reference point. 
Then, PA; = OA; — OP 


Aisi 


Ai 
PA,- PA; =(OA; — OP)-(OA; — OP) 
(PA,)” =(|OA,|)” + (|OP|)” —20A,;- OP 


&(|OA,|)? + (|OP|?) —20A,- OP 


i=1 


D(PA,)? = 
i=1 
=nR* + nr? —20P- & OA; 
i=1 


=n(R? +r°)—2 OP -(0) 


a 
Now, R=—cosec—,r =—cot 
n 
2 
T 
R+r= cosec’— + cot? 
n n 


_ a’ (1+ cos’n/n 
4 sin’? t/n 
.. From Eqs. (i) and (iii), we get 


1+ soe) 


sin’? 1/n 


= 2 
= (PA) =n'-( 
i=1 4 


Ex. 143 Ifa,b,c¢ andd are the position vector of the 


vertices of a cyclic quadrilateral ABCD, prove that 
axb+bxd+dxa|_ |bxc+cxd+dxb| | 


(b—a)-(d-a) (b—c)-(d-a) 


= Sol. Consider rail deal ata 
*  (b-a)-(d—a) 


_ (a—d)x(b—a)_ |a—d||b—alsinA 


(b—a)-(d—a) |b-—c||d—c|cosA 
eat) =tanA sai(1) 
ae: 
...(iii) Hi : 
A oe 3B 
Again, IDXet+ exd+ dx bl _|(b=6)x (e- 4) 
(b— c): (dc) (b—c)-(d— c) 
_!b=elle—disinc _| oo 
|b — ¢||d — elcosC 
As cyclic quadrilateral 
A=180°-C 
> tan A = tan(180° — C) 
= tanA+tanC=0 
jax b+ bxd+dxa|_ |bxc+exd+dxb| _ 
(b-a)-(d-a) (be) (de) 
Ex. 144 In A ABC, points D, E and F are taken on the 
sides BC, CA and AB, respectively such that 
BD CE AF 
= = =n. 
DC EA. AB 
n?—n+4+1 
Prove that, ADEF = a A ABC. 
(n+1) 
Sol. Take A is the origin and let the position vectors of the points 
...(i) B and C be b and ¢, respectively. 
ii) 


.. The position vector of D, E and F are 
nb 
n+1n+1n+1 


...(iii) 


nce+b c 


ne+b-—nb_ne+(1-n)b 
n+1 


FD = AD —- AF = 


need 
nb-c 
n+1 


and EF = AF —- AE= 


Now, vector area of AABC =5(b xc) and vector area ofADEF 
1 
= oa 
1 
= 5 (nb — c) x ne + (1 — n)b} 
2(n+ 1) 
1 2 
= ——_ {nb Xc+(1-n) bxe 
SL (1—n) bx e} 
1 2 
= [(n“ —n + 1)(b x c)] 
2(n + 1)° : ( 
2 
=2="*T AABC 
2(n + 1) 
n+l 


 Aveaofh DEF =" 
2(n + 1) 


5 area of A ABC 

Ex. 145 Let the area of a given A ABC be A. Points 
A,, B, and C, are the mid-points of the sides BC, CA and AB, 
respectively. Point A, is the mid-point of CA, lines C,A, and 
A A, meet the median BB, at E and D, respectively. If A is 
the area of the quadrilateral A,A,DE, using vectors prove 


A 11 
that + =—. 
A 56 
Sol. Let the position verctor of A, B and C bea, b and ¢, 
respectively. 
We have, AC, = a AB, = : 
2 2 
AA,="=*,aa,=** 


Equation of the lines BB,, AA, and CA, are 


r=b+2,(£-b] 
Z 


Pe i and ie” i.{£) 
4 2 


A (0) Cj B (b) 


For the point D, we have 


b+a,(£-b] =a, (*==*) 
2 4 


Xx c 
bi/1-A : + — (2A, —3A5) =0 
( 1 4 ri, 1 2) 


6 4 
> Ay =-,A2=— 
a ea, 

ap ==>" 
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For the point E, we have b + u($ b)=# | As c 
2 2 2 
1 
= b(5-%:]+ £01 -2s)=0 
1 
> A, =Ag=— 
er 
AE ae te 
4 
Nw pA =P 2b-—c_ 2c—b 
4 vi 
pao Pt 3c+b Sb+e 
2 a 14 


1 
Area of quadrilateral EA;A, D = 5 |EA, x DA,| 


b) x (5b + ©)| 


a 
=—|10cxb-bxce| 
112 


11 11 1 
=——|exbl=—- 
112 


1 
6 


1 
lex bl = 
5 


11 
Thus, required ratio is ae 


Ex. 146 Let ABC be an acute angled triangle with 
centriod G and the internal bisectors of angles A, B and C 
meets BC,CA and AB inM,N and K respectively using 
vectors, prove that if G lies on one of the sides of AMNK, 
then one of the altitudes of A ABC equals the sum of other 
two. 

Sol. Let G be on MK. 


Let the position vectors of B and C with reference to origin A 
be b and ¢, respectively. 


BC =a, CA =b andAB =c 


Now, 


.. Position vector of M = Bini 
+c 
ae a bb 
Similarly, position vector of K = 
at+b 
Mk apy ope oryerS P.-E 
a+b b+c 
serge 2= = 
bb bte 


GK = PV of K — PV of G= 
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Since, G lies on MK, MK x GK = 0 


bb__ bb+ce\ ( bb bt+e)_, 
a+b b+e a+b 3 
bb b+c bbxcc 
> x 
a+b 3 at+c 
bb bb+cc bte 
x + x =U 
a+b b+e 3 
bbxe) __be(exb) | b(bxe) , b(exb) _, 
3a+b) (b+c)(at+b) 3(b+c) 3 
[ b be be | 
|3(@ +b) (b+c)@atb) %b+0) 3b+0)| 
(cxb) =0 
b be b c 


=> t =0 
3(a+b) (b+c)(a+b) 3(b+c) 3(b+c) 


= b(b+c)—3be—b(a+ b)+ c(a+b)=0 
= b’ + be —3be — ab — b’ —ac + be 
=> ac=ab+be 
1 1 1 
> a 
boc oa 
=> ac88 (where, A denotes area of A ABC) 
c a 


= P, =P, + P. denotes the altitudes drawn through A, B and 
C, respectively. 
Aliter 
g=am+(1-a)k 
b+e a(bb+cc) (-a)bb 


3 bt+e at+b 
On comparing coefficients of b and c, we get 
1 Qe 
3 bte 
+e 
=> a= 
3c 
ab 1—a@)b 
and ( ) substituting @, we get 
bt+e at+b 
ca =ab + be 
se Ce 
> SS a= 
b cia 


Ex. 147 Three poles of height x, x + y and x + z are 
posted at the vertices A, B andC of a triangular park of 
sides a,b andc ,, respectively. A plane sheet is mounted at the 
tops of the poles. If the plane of the sheet is inclined at an 
angle ® to the horizontal plane, prove using vector 


Sol. Let A’, B’ and C’ be the tops of the poles at A, B and C, 
respectively. Through A’ draw a AA’ B,C, congruent to 
A ABC and parallel to the horizontal plane of the park. Take 
A’ B, as the X-axis and a line perpendicular to it as the Y-axis 
(in the plane of A A’ B,C,) and a line through A’ and perpen- 
dicular to the plane A’ B,C, as the Z-axis. 


ZA 


>X 


Ifi, jand k are the unit vectors along these axes, then 


A’B, =ci 

A’C, =(bcos A)i + (bsin A)j 
AB =d+yk 

A’C’ =(bcosA)i + (bsin.A)j + zk 


Since, the planes A’ B’ C’ is inclined at an angle 0 to the plane 
A’ B,C,, angle between the normals to the planes is (m — 6). 


Obviously, the unit vector normal to the plane A’ B,C, is k and 
the normal vector to A’ B’C’ is 

[(bcos.A) i + (bsin.A) j + (z) k] x(ci + yk) 

=(ybsin A) i —(ybcos A — zc)j — (besin A)k 
cos(m — 0) = 
{(ybsin.A)i — (yb cos A — zc)j — (besin A)k}-k 
yb? sin” A+ yb’ cos’ A + z°c’ —2yzbecos A + b’c*sin® A 
sinA 


=> cos0 = 


2 2 

2 

poe a aut cosA +sin?A 
c b be 


=> tand = 


Ex. 148 Ifa,b andc are three vectors such thata x b =c, 
b Xc =aandc Xa=b, then prove that|a|=|b|=|c| 


Sol. Here, axb=c (given) 
> (ax b)-c=c-e 
=> [abe] =|e|’ (i) 
Also, bxc=a (given) 
(bXc)-a=a-a 
=> [b ca] =|al’ ...(ii) 
and cxa=b 
— (cxXa)-b=b-b (given) 
> [ca b] =|b/’ (given) 
Since, [abc |= [bca]=[ca b] ...(iii) 


..From Eqs. (i), (ii) and (iii), we get 
|e|’ =|a|* $b|’ => |e] =|a| =/b| 


Ex. 149 If a,b,c andd are four coplanar points, then 
show that{abc]=[bcd}[cad]+[abd] 
Sol. Since, a, b, c and d are coplanar points. 
We have, b—a, c—a and d —a are coplanar. 
> [b —ac —ad —a]=0 
> {(b —a) X(c —a)}-(d —a) =0 
> (bx c)-d —(b xX c)-a—(bxXc)-a=0 
—(axc)-d+(axc)-a=0 
=> [becd]-[bca]-—[bad]-[acd]=0 
> [abc]=[bcd]+[abd]+[cad] 


Ex. 150 Lett andv¥ be unit vectors. If w is a vector such 


1 
that w +(w Xu) =v, then prove that|(u x v)- w|< 5 and 


that the equality holds if and only if u is perpendicular to v. 
Sol. 


wt+(wxu)=v 


= wxXu=v-—w ...(i) 
> (wxu)’ =v" + w? -2v-w 
> 2v-w=1+ w? —(uxw)’ ...(ii) 


Also, taking dot product of Eq. (i) with v, we get 
w:vt+(wXu):-v=v-v 


> v-(wxXu)=1 —w-v _...ii) (¢ v-v =|v|? =1) 


1 
Now, v-(wxu)=1—5[1 + wi —(axw)’] 


[using Eqs. (ii) and (iii)] 


1 2 xw)? 

= . mi = (0 < cos’ <1) 
1 

=o —w* + w’ sin’6) ...(iv) 


As we know, 0 < w’cos’0 < w? 


2.532 2 
ted w~cos'8 1 w 


> ———— < 


1 
From Eqs. PRS Se RRh ew eee) |S 
Equality holds only when cos’?@=0 > @=" 
i.e., ulw=0 >u-w=0 
wi(wxu)=v 
u-wtu-(wxXu)=u-v 
0+0=u-v > u-v=0 


Ex. 151 Prove that 
ri [RB xB xa)]o R.(ax(axB)B  [RaB ](axB) 
|o. x BI? |o. x Bl? | xB |? 


Sol. a, 8 and a xf are three non-coplanar vectors. Any vector R 


can be represented as a linear combination of these vectors. 
> R=ka+kB + k(a xB) (i) 
= R.(axB) =k(0 xB).(a xB) = k(0 xB)? 
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_R(axB) _ [Raf] 
laxB\? jax Bl? 


On taking dot product of Eq. (i) with a x(a xB) 


> ks 


> R.a x(a xB) =kh(a x(a xB)).B 
k,[(o.B)ot — (ct.0)B].B = k,[(a.B)° -0.B7] 
=— ko xB |? 
™ gp = LR x(0. xB) 
ja xB |? 
Similarly, k=- [RB x®xa))] 
| xB |? 
a Ra rREXBxa)la [Rio x(exB))1B 
ja xB |? ja. xB |? 
, [Ro xB)\@ xB) 
la xB |? 
- p+ IRExBxa)Jo , [Ro x( xB))]B 
ou xB |? ja xB |? 
_ [R@ xB)] @ xB) 
| xB |? 


Ex. 152 Ifa, b andc represents the sides of tetrahedron 
and® be an angle between a andb, be an angle between a 
andc, W be an angle between b andc, then prove that the 
volume of the tetrahedron is given by 


gag | | cos®8 cos@ 
> abc 
= cos® 1 cos 
cosd cosy 1 


Sol. OABC represent a tetrahedron, where 
OA = a,OB = b,OC = ¢ relative to O 


Volume of tetrahedron (v) = wa ‘(bx ce)] 


a-a a-b a-c 

Ais 2 ities i= ba Bh bee 
36 36 

c-a cb cc 


a’ abcos 8 


ee b? 


laccosd becosy c 


ac Cos 


becos 
2 


1 cos8 cos 
1 
= —a’b’c"|cos® 1 cosy 


cosd cosy i 
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Ex. 153 A pyramid with vertex at the point P, whose 
position vector is 4it+ 2j+ 2/3 k has a regular hexagonal 
base ABCDEF. Position vectors of points A and B are i and 
i+ Pa respectively. Centre of the base has the position 
vector i +j + 3k. Altitude drawn from P on the base meets 
the diagonal AD at point G. Find all possible position vectors 
of G. It is given that volume of the pyramid is 6V3 cu units. 
Sol. Let the centre of base be (0). 

AB =2j => |AB| =2 


AOAB = 7 4y3 = v3 


P(4i+2]+2V2 k) 


E D 
F C 
A(i) B(i+2Q}) 
= Base are a=6V3 sq unit. 
Let height of the pyramid be h. 
1 
= 3 van =6v3 
=> h =3 units 
AP =3i + 2} + 2V3k 
> |AP| =./9+ 4+ 12 =5 units 
=> AP = 9 + 4+ 12 =5 units 
=> AG =.,/25 —9 = 4units 
| AG| = 4 units 
Now, AQ and AO are collinear. 
> AG =AAO 
> |AG| =|A|| AO} 
> 2A, =4 
=> |A| =2 
=> AG =+(i + j + V3k) 
_ G=+20+ 5+ v3k)+i 


=~(i + 2] + 2V3k), -31 + 2} + 2V3k 


Ex. 154 Let a,b andé be the non-coplanar unit vectors. 
The angle between b andé bea and angle between¢ anda 
be B and betweena andb be y. If A(acos Ot, 0), B(b cos, 0) 
and C(écosy,0), then show that in AABC. 

|a x (b x ©)| 7 |bx(€x a)| _ |ex(ax b)| 
sinA sinc 


sinB 


n| a(b x ©)| 


|= sina cosB cos y NI 


s bxe « cXa 7 axb 
where, , =— »N. =~ and Hn; = ——> 
|bxe| |cxa| |a xb 


Sol. We know from sine rule, 
AB AC _ BC 


sinC 


sinB  sinA 
_ (AB)(BC)(CA) 
2(AABC) 
BC =|BC|| =|écosy — b cosB| 


...(i) 


=|(a-b)é-(@-4)b| =|4 x (bx) 
AC =|AC| =|bx(éx4)| 
and AB =| AB| =|@ x(a xb)| 


Similarly, 


Also, AABC = IBC x BA| 
= Ie cosy — bcosB) X (A cosa — bcosB)| 


= A x4) cosa cosy + (b x é) cosy cos 


+ (a x b) cosB cosa] 


= ar sina cosBcosy + Tz sinB cosa cosy 
: + T3sin Ycosa cosf| 
= 2AABC =|Li,sina cosbcosy| 
.. Eq. (i) reduces to 
|ax(b x @)| _ |b x(@x)|_ [ex @xb)| 


sinA 


sin B sinC 


m|a x (b x @)| 


|= sin & cos f cos y T]| 


Ex. 155 Leta and b be given non-zero and non-collinear 
vectors, such thatc X a=b—c. Express c in terms of a, b and 
axb 
Sol. Let c = xa + xb + x,(a xb) 

=> cXa=x,(b Xa) — xa X(a Xb) 

= x,(b Xa) — x;(a- b)a + x,la|°b 
We have been given, c xa = b-—c 
=> b- xa — xb — x3(a Xb) = — x,(a Xb) — x3(a- b)a + x,|a|?b 
=> x,{(a-b)—x,}a + (1 — x) — x5|a|”)b + (x, — x3)(a Xb) = 0 
Now, a, b anda X bare linearly independent. 


Hence, x3(a-b) = x4,1 = x2 + x,|al’, Xp = X3 


a-b 
X= Xs = 5 and x, = 5 
1+ |a| 1+ |al 

a bh * ~ pa @xn) 


G+laP) sar) 


4. 


6. 


Single Correct Type Questions 


. Ifa has magnitude 5 and points North-East and vector b 
has magnitude 5 and points North-West, then |a — b| is 
equal to 
(a) 25 (b) 5 
(c) 73 (d) 52 

. If|a +b|>|a — b|, then the angle between a and b is 
(a) acute (b) obtuse 
(c) m/2 (d) x 


. Ifa, b and care three vectors such that a = b + cand 


the angle between b and cis = then 
2 


(a)a®=b? +0? (b) b? =c? +.’ 
()c =a’ +b? (d) 2a” — b? =c? 
Note Here, a =|a|, b =| b| andc =|e| 


If the angle between the vectors a and b be @ and 
a-b=cos6, then the true statement is 

(a) a and bare equal vectors 

(b) a and bare like vectors 

(c) a and bare unlike vectors 

(d) a and bare unit vectors 


. If the vector i +j +k makes angles a, 8 and y with 
vectors i, j and k respectively, then 
(aja =B¥y (bha=y#B 
()B=y#o (d)a =B=¥ 
(r-i)? +(r-j)” +(r-k)? is equal to 
(a) 3r° (b) r° 
(c) 0 (d) None of these 
. Let aand b be two unit vectors inclined at an angle 0, 
then sin(0/ 2) is equal to 
1 1 
tie b)-|a + b 
vara Oe) 
(c)|a — b| (d)|a + bl 
. fa =4i+ 6j and b = 3j + 4k, then the component of a 
along b is 
18 4 ~ 184 nN 
3j + 4k b) —@6j + 4k 
Oa ) ee! ) 
18 4 ~ ‘ a 
—=(3j + 4k d)(3j + 4k 
(c) a J ) (d) GJ ) 
. If vector a = 2i— 3 + 6k and vector b =—2i+ 2j Sik 


Projection of vector a on vector b . 


then ——— is equal to 
Projection of vector b on vector a 
3 7 
a) — b) — 
( : (b) - 


(c) 3 (d) 7 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


Product of Vectors Exercise 1: 


Ifa and b are two vectors, then (a x b)” is equal to 
a-b a-a a-a a-b 
(a) (b) 
b-b b-a b-a_ b-b 
a-b 
(c) (d) None of these 
b-a 
The moment of the force F acting at a point P, about the 
point C is 
(a) Fx CP 
(b) CP-F 
(c) a vector having the same direction as F 
(d) CPXF 
The moment of a force represented by F = i+ 2j +3k 


about the point i= j +kis equal to 
(a)5i -—5j + 5k (b) 5i + 5j —6k 
(c) -5i —5j + 5k (d) -5i —5j + 2k 


A force of magnitude 6 acts along the vector (9, 6, — 2) 


and passes through a point A(4, —1,—7). Then moment 
of force about the point O (1, —3, 2) is 
150. o4 
—(2i — 3j 
(a) re (21 — 39) 
(c) 150 (21 —39) 


(b) “60% —75j + 36k) 

(d) 6(501 — 75} + 36k) 

A force F = 2i + j ~kacts ata point A, whose position 
vector is 2i — j . The moment of F about the origin is 
(a) i+ 2j-4k (b) i-2} - 4k 

(c)i +2} + 4k (d)i-2} + 4k 


Ifa, b and care any three vectors and their inverse are 
a ',b ‘ande ‘and [abc]#0, then [a 'b ‘ce '] will be 
(b) one 

(d) [abc] 


(a) zero 
(c) non-zero 


Ifa, b and care three non-coplanar vectors, that 
a-bxc ie b-axc 


is equal to 

cxa-b c-axb 

(a) 0 (b) 2 

(c) -2 (d) None of these 
17. a x(b X c) is coplanar with 

(a) band c (b) canda 

(c)a and b (d)a, band c 
18. Ifu=ix(ax i)+jx(a x j)+kx(a x k), then 

(a) u=0 

(b)u=i+j+k 

(c) u =2a 

(d)u=a 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
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Ifa = i+2j—2k,b =2i-j+kande= 1iay— le then 
a X(b X c) is equal to 
(a) 201 — 33 + 7k 

(b) 201 —3j —7k 

(c) 201 + 3] -7k 

(d) None of the above 
Ifa x (b X c) =0, then 
(a)|a|=|b|-|e]=1 
(c)a||b 


(b) b || ¢ 
(d)b Le 
A vector whose modulus is V/51 and makes the same 


= 2) + 2k ,b= Se and c= j, will 


angle witha = 


be 

a)5i+5jtk 
b)5i+ j—5k 
c)5i+ j+5k 
d) + (51 — j —5k) 


( 
( 
( 
( 
The horizontal force and the force inclined at an angle 


60° with the vertical, whose resultant is in vertical 
direction of Pkg, are 


(a) P, 2P (b) P, Pv/3 

(c) 2P, PV3 (d) None of these 
Ifx+y+z=0,|x|=|y| =|z|=2and QO is angle between 
y and z, then the value of cosec” @ + cot* @ is equal to 
(a) 4/3 (b) 5/3 

(c)1/3 (d) 1 


The value of x for which the angle between the vectors 
a=-3i+xj+kandb=xi+2xj+kis acute and the 
angle between b and X-axis lies between 1/2 and % 
satisfy 
(a)x>0 

(c) x >1 only 


(b) x <0 
(d) x <—1only 


Ifa, b and care non-coplanar vectors and 
d=)a +uUb + ve, then A is equal to 


(a) Ldbel ) bed] 
[bac] [bea] 
[bdc] qy Leba] 

(c) —— 

[abc] abel 


If the vectors 3p + q, 5p—3q and 2p+q, 4p —2q are pairs 


of mutually perpendicular vectors, then sin (pq) is 


(a) V55 / 4 (b) V55/8 
(c) 3/16 (d) /247 / 16 


Let u=i+jv=i-j and w =i+2j+3k. If n is a unit 
vector such that u-n = 0 and v-n = 0, then| w-n|is 

equal to 
(a) 1 (b) 2 


(c)3 (d) 0 


28. 


29. 


30. 


31. 


32. 


33. 


Given a parallelogram ABCD. If| AB | =a, 
| AC|=c, then DB: AB has the value 


| AD| = band 


3q° +b? —¢? 
4) 
(a) 

2 2 

a’ +3b°-c 
bp) 
(b) 5 

a’ —b* + 3c? 
pe 
(c) 5 


(d) None of the above 


For two particular vectors A and B, it is known that 

AXB=BxXA. What must be true about the two 

vectors? 

(a) Atleast one of the two vectors must be the zero vector 

(b) AX B=B XA is true for any two vectors 

(c) One of the two vectors is a scalar multiple of the other 
vector 


(d) The two vectors must be perpendicular to each other 


For some non-zero vector V, if the sum of V and the 
vector obtained from V by rotating it by Z 20 equals to 
the vector obtained from V by rotating it by 7a, then 
the value of ©, is 


(a) ann + 7 (b) n+ = 
(c) 2nm + o (d) nt + . 


In the isosceles AABC, | AB| =| BC|= 


divides AB internally in the ratio 1 : 3, then the cosine of 
the angle between CE and CA is (where, | CA | = 12) 


8, a point E 


(a) - wi (b) ws 
() wt (a) — “8 
17 


Given an equilateral AABC with side length equal to a. 
Let M and N be two points respectively, on the side AB 


and AC such that AN = kAC and AM= ae If BN and 
3 


CM are orthogonal, then the value of k is 


1 1 
(a) = iy 
1 1 
(c) 3 (d) 2 


In a quadrilateral ABCD, AC is the bisector of the 
(AB, AD) which is 2, 15| AC|=3] AB|=5| AD|, then 
3 


cos(BA, CD) is equal to 
v14 V21 
"72 O- TB 
2 2/7 
(c) WV (d) aie 


34, 


35. 


36. 


37. 


38. 


39. 


40. 


If the distance from the point P(1, 1, 1) to the line passing 
through the points Q(0, 6, 8) and R(— 1, 4,7) is expressed in 
the form ./p/q, where p and q are co-prime, then the 


+ +q-1 

value ae ora) is equal to 

2 
(a) 4950 (b) 5050 
(c) 5150 (d) None of these 
Given the vectors 

u =2i1- j ~k 

v=i- j + 2k 
w=i-k 


If the volume of the parallelopiped having — cu,v and cw 
as concurrent edges, is 8, then c is equal to 

(a) +2 (b) 4 

(c) 8 (d) Cannot be determined 

The vector cis perpendicular to the vectors a = (2, —3, 1), 
b =(1, —2,3) and satisfies the condition 

c-(i+2j—7k) =10. Then, the vector cis equal to 

(a) (7, 5, 1) (b) (— 7, —5, —1) 

(c) (1, 1, — 1) (d) None of these 

Leta =i+j b =j+ k and c=aa + Bb. If the vectors, 


ee a a. 
a a 


equal to 
(a) 1 (b) 2 
(c) 3 (d) -3 


A rigid body rotates about an axis through the origin 
with an angular velocity 10V/3 rad/s. If @ points in the 


direction of i+ j+k, then the equation to the locus of 


the points having tangential speed 20 m/s is 


(a) x? + y?4+2°?-—xy-yz-zx-1=0 
(b) x? + y? +z” —2xy — 2yz —2zx -1=0 
(c) x’ + y?+2%—xy—yz—zx-2=0 
(d) x? + y? +27 —2xy —2yz —2zx -2=0 


A rigid body rotates with constant angular velocity @ 
about the line whose vector equation is, 

r= Mi + 2j + 2k). The speed of the particle at the instant 
it passes through the point with position vector 

(2i + 3j + 5k) is equal to 

(a) ov2 (b) 20 

(c) o/ V2 (d) None of these 

Consider AABC with A =(a), B=(b) and C =(c). If 
b-(a+c)=b-b+a-c,| b—a|=3and|c—b|= 4, then the 
angle between the medians AM and BD is 


-1 1 if 1 
(a) % — cos [=] (b) = — cos (] 


-if 1 -1f 1 
(c) cos (=) (d) cos fa 


41. 


42. 


43. 


44. 


45. 


46. 


47. 
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Given unit vectors m, n and p such that angle between 
Tv 

m and n= Angle between p and (m X n)=-—, then 
6 


[npm] is equal to 


(a) V3/4 (b) 3/4 

(c) 1/4 (d) None of these 

Ifa and b are unit vectors, then the vector defined as 
V =(a+b) x(a +b) is collinear to the vector 
(aja+b (b)b—-a 

(c) 2a —b (d)a + 2b 

Ifa and b are orthogonal unit vectors, then for any 


non-zero vector r, the vector (r X a) is equal to 
(a) [r 4 b] (@ + b) 


(b) [r 4 b] a + (r-A)(@ xb) 
(c) [x 4 b] b + (r-b)(b x 4) 
(d) [r 4 b] b + (r-4)(4 x b) 
If vector i+ 2j +2k is rotated through an angle of 90°, so 


as to cross the positive direction of Y-axis, then the 
vector in the new position is 

ee ee eee | ee ene ee 
(a) V5 1+ J ae V5 J 5 
(c) 44 -—j— k (d) None of these 
10 different vectors are lying on a plane out of which 
four are parallel with respect to each other. Probability 
that three vectors chosen from them will satisfy the 
equation A,a+A,b+A,3c=0, where A,, A, and 
X35 #0is 


(a) *Cax G, (b) (8C3 x *C,) + °C3 
00, 00, 
(c) ge x *G) + CG) (d) rc, + *G) a Cc, x 5) 
5 10 10 
C3 Cs 


If a is a unit vector and projection of x along a is 2 units 
and (a x x) + b = x, then x is equal to 


(a) [ab + @ xb) 


(b) sla =b+@xb)) 


(c) [a + (@ x b)] 
(d) None of the above 


Ifa-b and care any three non-zero vectors, then the 


component of a x (b X c) perpendicular to b is 
_(axb)-(c xa) 


(a)a x (b Xe) 4 ae i: 
()ax(bxe) +S *'EXO)y 
(c)a x(b xe) + OAT OX, 
(d)a (bx) + SATO XS 


126 


48. The position vector of a point Pis r= xit yj + zk, where 


49. 


50. 


51. 


52. 


53. 
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x,y, ZE Nanda =i+2j+k Ifr-a =20, then the 


number of possible position of P is 


(a) 81 (b) 49 
(c) 100 (d) 36 
i 4j ss mi ae TA 
Eg ees eee ae 
a 


then the maximum value of 


5+a-B 
(a) 1 (b) 2 
(c) 4 (d) 8 


Ifa, b and care any three vectors forming a linearly 


independent system, then V Oe R 
c cos 8+ bsin®@ + ccos 20,a cos + 0] 
3 


+ bsin( = +6) + coos +9), 
3 3 
a co 8 - =) +b sin(@ - =) +ecos {6 - =) equals 


a) [a b c] cosO 

b) [a b c] cos20 

c) [a b ec] cos30 

d) None of the above 


RR 


Two adjacent sides of a parallelogram ABCD are given 
by AB= 2i+ 10} +11k and AD=-i +2j +2k. The side 
AD is rotated by an acute angle o in the plane of 
parallelogram so that AD becomes AD’. If AD’ makes a 
right angle with the side AB, then the cosine of angle 
is given by 


8 v17 
i b) wa 
o (b) 5 
1 45 
as dy) 
eS (d) : 
f 2e 
If in a AABC, BC=— — and AC=—;/e|#|f], then 
lel [fl le 


the value of cos 2A + cos 2B + cos 2C must be 
(at (b) 0 


(c)2 (d) > 


a, b, care three unit of vectors, a and b are 
perpendicular to each other and vector c is equally 
inclined to both a and b at an angle 0. If 
c=aa+fPhb+y(a xb), where ©, B, y are constants , then 
(a) =B = —cos®, y’ = cos20 

(b) & =B = cos0,y” = cos20 

(c) & =B = cos0,y? = — cos20 

(d) « =B =—cos0,y" = —cos20 


54. 


99. 


56. 


97. 


58. 


59. 


60. 


61. 


The AABC is such that the mid-points of the sides 
BC, CA, AB are (1, 0, 0), (0, m, 0), (0, 0, 2) respectively. Then, 
AB? + BC? +CA? 


Fon? aint is equal to 
m° +n 

(a) 2 (b) 4 

(c) 8 (d) 16 


The angle between the lines whose direction cosines are 


given by 2/ — m+ 2n =0,lm+ mn+nl=Ois 
1 1 
- b) — 
a (b) ri 
1 T 
oe d) — 
es (d) 5 


A line makes an angle @ both with X and Y-axes. A 
possible range of 0 is 
ep fet 

ol T | alt T | 


Ora Oles | 
Let a, b and c be the three vectors having magnitudes 1, 


5 and 3 respectively such that the angle between a and b 
is® anda x(a X b) =¢, then tan @ is equal to 


2 

0 b) = 

(a) (b) 3 

3 

= d)~ 

(c) (d) r 
The perpendicular distance of a corner of a unit cube 


from a diagonal not passing through it is 


3 2 
3 4 
(c) Ae (d) fe 


If p, q are two non-collinear vectors such that 
(b—c)pxXq+(c—a)p+(a-—b)q=0 where a, b,c are 
lengths of sides of a triangle, then the triangle is 

(b) obtuse angled 

(d) right angled isosceles triangle 


(a) right angled 
(c) equilateral 
Leta =i+ j+k,b=-i+j+k,c=i-j+kand 
d=i+ j ~k. Then, the line of intersection of planes one 
determined by a, b and other determined by c, d is 
perpendicular to 

(a) X-axis 

(c) both X-axis and Y-axis 


(b) Y-axis 

(d) both Y-axis and Z-axis 

A parallelopiped is formed by planes drawn parallel to 
coordinate axes through the points A = (1, 2,3) and 
B=(9,8,5). The volume of that parallelopiped is equal to 
(in cubic units) 
(a) 192 

(c) 32 


(b) 48 
(d) 96 


62. 


63. 


64. 


65. 


66. 


67. 


Let a, b and cbe three non-coplanar vectors and d be a 


non-zero vector, which is perpendicular toa+b+e. 
Now, if d =(sin x) (a x b) + (cos y)(b x c) + 2c Xa), 
then minimum value of x* + y” is equal to 


5 Tt 
(a) 0 (b) 5 
n° 5m" 
(c) ry (d) ae 


Ifa(a x b) + B(b x c) + y(c X a) = 0, then 
(a) a, b, c are coplanar if all of a, B, y #0 

(b) a, b, c are coplanar if any one a, B, y =0 
(c) a, b care non-coplanar for any a, B, y 

(d) None of the above 


Let area of faces, 
AOAB=i,, AOAC = 2,, AOBC =’, AABC =A, 
andh,, h,,h3,h,4 be perpendicular height from 0 to face 


AABC, A to the face AOBC, B to the face AOAC, C to the 
face AOAB, then the face 


1 i, 1 1 
—Nyjhg-—A5hg+—A3ho+—Kagh 
Cae Wie ie ae. 


(a) I [AB AC OA]| (b) | [AB AC OA]| 


(c) ; [OA OB OC]| (d) None of these 


Given four vectors a, b, cand d. The vectors a, b, c are 


coplanar but not collinear pair by pair and the vector d 
is not coplanar with the vecotrs a, b and c. If it is known 
that the angle between a and b is equal to that between 
b and ¢ each being equal to 60°. The angle between d 
anda is a and between d and b is 8. Then, the angle 
between the vectors d and c. 


‘(cos — cosa) 


(a) cos” 
(b) sin” '(cosB — cosa) 
(c) sin \(sinB — sinc) 
(d) cos '(tanB — tana) 
The shortest distance between a diagonal of a unit cube 
and a diagonal of a face skew to it is 

1 1 

= b) — 
oe (b) E 

1 1 

= d) — 
(c) a (d) Te 
Let V =2i+ j +kand W=i+3k. If Uisa unit vector, 


then the maximum value of the scalar triple product 
[U V W] is 


(a) -1 (b) V35 
(c) ¥59 (d) /60 


68. 


69. 


70. 


it, 


ys 


73. 
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The length of the edge of the regular tetrahedron ABCD 
is ‘a’. Points E and Fare taken on the edges AD and BD 
respectively such that ‘E’ divides DA and ‘F’ divides BD 
in the ratio 2: 1 each. Then, area of ACEF is 

a 


5a 
a sq units b sq units 
lias q OST q 

2 a 
Cc sq units d sq units 
Pras q ( Fes q 


If two adjacent sides of two rectangles are represented 
by the vectors p = 5a — 3b, q = —a — 2b and 
r=— 4a —b;s=—a + b respectively, then the angle 


1 
between the vectors x = —(p+r+s) and y =-(r+s) 
5 


2 
3 
(19 (19 
(a) T™ — cos (=) (b) cos [=] 
(c) cos") 


(d) x- cos"'( ze] 


Let a, b, care three vectors along the adjacent edges of a 
tetrahedron, if|a|=|b|=|c|=2anda-b=b-c=c-a =2, 
then volume of tetrahedron is 


1 2 
cos b) 
a wn 
V3 2V2 
nes gy ee. 
(c) 5 (d) - 
The angle 8 between two non-zero vectors a and b 


satisfies the relation 
cos0 =(a x i):(b x i) + (a x j):(b x j) + (a x k)-(b x k), 
then the least value of |a| + | b| is equal to (where 8 # 90°) 


a (b) 2 


(c) V2 


If the angle between the vectors a = i+ (cos x)j +kand 


(d) 4 


b =(sin® x —sin x)i —(cos x)j +(3-4sin x)k is obtuse 
Tt A Gc sorts 

andxeé (0 “| then the exhaustive set of values of ‘x’ is 
Zz 


equal to 


1 
(a)xe (0, *) 
(xe & =) 


If position vectors of the points A, B and C area, b,c 


respectively and the points D and E divides line 
segments AC and ABin the ratio 2:1and1:3, 
respectively. Then, point of intersection of BD and EC 
divides EC in the ratio 
(a) 2:1 

(c) 1:2 


(b) 1:3 
(d) 3:2 
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Product of Vectors Exercise 2 : 
~ More than One Option Correct Type Questions 


74, 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


If vectorsa and b are non-collinear, than = + b is 
(a) a unit vector Ja] |b 
(b) in the plane ofa and b 

(c) equally inclined to a and b 


(d) perpendicular toaxb 

Ifa x b(bx c)=(axb)xXc then 

(a) (cx a)xb=0 (b) cx(axb)=0 

(c) bx(cxa)=0 (d) (exa)xb=bx(cxa)=0 
Let a and b be two non-collinear unit vectors. If 
u=a-—(a.b)bandv=a xb, then|v| is 

(a) |u| (b) |u|+|u.a| 

(c)jul+|u.b | (4) |u| + ua +b) 


The scalars 1 and msuchla + mb =c, wherea,b andc 


are give vectors, are equal to 


(exb).(axb) 


aaa (b) 1 _(¢xa).(bxa) 


(axb)’ (bxa)’ 
(cxXa).(bxXa) (cxXa).(b Xa) 
= d a 
a (bxa)’ ve (bxa)’ 


Let r be a unit vector satisfying f xa =b, where |a|= V3 
and | b|=J2. Then, 
il 


(b) #=S(ataxb) 


(d) #=2(-atax b) 


(a) #—S(ataxb) 


(c) +=" Gah) 
3 

a}, 4,43 € R— {0} and a, +a cos2x +a; sin® x =0for 

all xe R, then 

(a) vectorsa =ai + aj ask and b= 41 + 29+ k are 

perpendicular to each other 


ajk and b=—i + j + 2k are 


(b) vectorsa = ai ayj 
perpendicular to each other 

(c) if vectors a= ai + ay] + a3k is of length V6 units, then 
one of the ordered triplet (a, ay, a3) = (1, — 1, — 2) 

(d) if vectors 2a, + 3a, + 6a3, then |a,i + a,j + ask| is 2V6 


Ifa and b are two vectors and angles between them is 0, 
then 

(a) |ax b|’+(a- b)*=|a|*|b|? 

(b) |axb|=(a-b), if@ = 2/4 

(c)aXb=(a- b)i (where fi is a normal unit vector), if6 = 71/4 
(d) |axb] - (a+b) =0 

If unit vectors a and b are inclined at an angle 20 such 
that |a—b|<1and0<@<=T7, then 6 lies in the interval 
(a) [0,2/6) (b) (6 2/6 7] 

(c) [m/6, 1/2) (d) (1 /2,57/6] 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


b and care non-collinear ifa x(bxc)+(a-b)b= 
(4—2x—sin y)b+(x? —1)c and(c-c)a=c. Then, 
(a)x=1 (b) x =-1 


()y =(4n +1) © nel (@) y=@n+1) "nel 


Win tiengie ABC ap=— "= gad acs 
|u| |v| |u| 

|u|#|v|, then 

(a) 1+ cos2A + cos 2B + cos2C =0 

(b) sin A = cosC 

(c) projection of AC on BC is equal to BC 

(d) projection of AB on BC is equal to AB 


Ifa, b and c be three non-zero vectors satisfying the 
condition a X b = cand b X c=a, then which of the 
following always hold(s) good? 


(a) a, b and c are orthogonal in pairs. 


(b) [abc] =| b| 
(c) [ab e]=|e¢/? 
(d)| b] =| e| 


Given the following information about the non-zero 
vectors A, Band C 


(i) (Ax B)x A=0 (ii) B-B=4 
(iii) A-B=-6 (iv) B-C=6 
Which one of the following holds good? 
(a) AXB=0 (b) A-(BXC)=0 (c)A-A=8 (d)A-C=-9 
Let a, b and care non-zero vectors such that they are not 
orthogonal pairwise and such that V, =a x (b X c) and 
V, =(a X b) x ¢, then which of the following hold(s) 
good? 
(a)a and bare orthogonal (b)a and care collinear 
(c) band care orthogonal (d) b=A (a x c) when A is a scalar 
Given three vectors 
U =2i + 3j —6k, V=6i+ 2) + 3k and W =3i— 6j—2k 
which of the following hold good for the vectors U,V and W? 
(a) U, Vand W are linearly dependent 
(b) (Ux V)x W=0 
(c) U, Vand W forma triplet of mutually perpendicular vectors 
(d) (Ux(V x W)=0 
Leta =2i- j+ k,b=i+2j—kandc=i+ j—2kbe 
three vectors. A vector in the plane of b and c whose 


bo as : : 2. 
projection ona is of magnitude . is 


(b) 21 +3} + 3k 
(d) 2i+ j+5k 


89. Three vectors a (\a| #0), b and care such that 
a X b=3a X e- Also, |al =|b|= 1 and] ¢|= If the angle 


between b and cis 60°, then 
(a)b=3c+a (b)b=3c-a 
(c)a =6c + 2b (d)a =6c —2b 

90. Let a, b, cbe non-zero vectors and |a|=1andrisa 
non-zero vector such that r xX a = b and r-c=1, then 
(a)a Lb (b) rLb 


1-la be] (d) [rab] =0 


(c)r-a= ob 


91. Ifa and b are two unit vectors perpendicular to each 


other andc=A,a+A,b+A3(a xX b), then the following 


is (are) true 
(a) A, =a-c 
(b) A, =|b xa 
(c) kg =|(a xb) xe 
(d) A, +A, +A3=(a+b+axb)-c 
92. Given three non-coplanar vectors 
OA =a, OB = b,OC=c 
Let S be the centre of the sphere passing through the 
points, O, A, B, C if OS = x, then 
(a) x must be linear combination ofa, b,c 


(b) x must be linear combination of b x c, c Xa anda x b 


(gx a*(b X c) + b*(c Xa) + c*(a x b) 


2[abc] 
(d)x=a+bte 


93. If a =i+j+kandb =i — j, then the vectors 
(a-i)i + (a-j)j + (a-k)k,(b-i)i + (b-j)j + (b- j)k and 
i+ j—2k 
(a) are mutually perpendicular 
(b) are coplanar 


(c) form a parallelopiped of volume 6 units 
(d) form a parallelopiped of volume 3 units 


94. Ifa = xi + yj + zk,b = yi + + xk,c= ai + xj + yk, then 


a X(b x c) is 
(a) parallel to (y —z)i + (z —x)j+(x—-y)k 


(b) orthogonal to i + j +k 
(c) orthogonal to (y + zit(zt+ x)j +(x+ y)k 
(d) parallel toi + j+k 


95. Ifa, b, care three non-zero vectors, then which of the 
following statement (s) is/are true? 
(a) a X(b X c), bx(c Xa),c x(a X b) form a right handed 
system 
(b) ¢,(a X b) X c,a X b form a right handed system 
(c)la‘b+b-c+c-a<0,ifa+b+c=0 
(a x b)-(b X c) Z 


(d) =-lLifa+b+c=0 
(b x c)-(a xX c) 


,a=|a|,b =|bl,c =|c| 
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96. Let the unit vectors a and b be perpendicular and unit 
vector cis inclined at angle & toa and b. If 
c=la+ mb + n(a X b), then 


(a)l=m (b) n? =1-2/? 
(c) n? =—cos2a (d) m’ = _— 


97. Ifa, b, care three non-zero vectors, then which of the 


following statement(s) is/are true? 

(a) a X (b X c), b x (c Xa), c X (a X b) form a right handed 
system 

(b) ¢, (a X b) X c,a X b form a right handed system 

(c)la-b+b-c+e-a<Oifat+b+c=0 

(a) (a x b)-(b x ce) - 
(b x c)-(a Xx c) 


-lifa+b+c=0 


98. Leta and b be two given perpendicular vectors, which 


are non-zero. A vector r satisfying the equation 
r X b=a, can be... 


@p-? (o)2» = 
axb (a x b) 
= d) |b|b — 
(c) |a| ib? (d) |b] ibe 


99. Ifa and bare any two vectors, then possible integers(s) 
: 3|a + bl : 
in the range OP: +2|a — blis 
(a) 2 (b) 3 
(c) 4 (d) 5 
100. If a is perpendicular to b and p is non-zero scalar such 
that pr+(r-b)a=c thenr 
(a) [rac]=0 
(b) p*r = pa —(c-a)b 
(c) p’r = pb —(a-b)c 
(d) p’r = pe ~(b-e)a 
101. In a four-dimensional space where unit vectors along 


axes are i,j,k andl] anda,,a,,a3,a,4 are four non-zero 


vectors such that no vector can be expressed as linear 
combination of others and 
(A —1)(ay —a2)+M (ay +a3)+Y(az tay —2a2) 


» +43 +da, = 0, then 
a)A=1 b)u=-— 
(a) (b) u : 


102. A vector (d) is equally inclined to three vectors 
a=i-j+k,b=2i+ jandc=3j-2k. Let x, y, z be 


three vectors in the plane of a, b; b, ¢, ca respectively, 


then 
(a)x-d=14 (b) y-d =3 
(c)z-d =0 


(d) r-d =0, where r = Ax + Ly + 6z 
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103. If a, b, care non-zero, non-collinear vectors such that a 
vctors such that a vector p = abcos (2m —(a,c)) ¢ and 

a q=ac cos(t-(a c)) then b+ q is 

(b) perpendicular toa 

(d) coplanar witha and ce 


(a) parallel toa 
(c) coplanar with b and e 


104. Given three vevtors a, b, c such that they are non-zero , 


non-coplanar vectors, then which of the following are 


coplanar. 
(ajat+tb,b+eacta (b)a-b,b+e¢,c+a 
(clat+b,b-c,ct+a (d)at+b,b+ce,c-—a 


105.1f r=i+ j+ A(2i+ j+ 4k) and r-(i+2j—k)=3are the 
equations of a line and a plane respectively, then which 
of the following is incorrect? 
(a) line is perpendicular to the plane 
(b) line lies in the plane 
(c) line is parallel to the plane but does not lie in the plane 
(d) line cuts the plane obliquely 


106. If vectors a and b are two adjacent sides of a 
parallelogram, then the vector representing the altitude 
of the parallelogram which is perpendicular to a is 


bxa a-b 
b b) — 
(a)b+ fae Oe 
b-a a X(b Xa) 
ae qo ee 
OP al 


Product of Vectors Exercise 3 


Statement | & Il Type Questions 


= Directions (Q. Nos. 110 to 121) Each of these questions 
contains two statements. 
Statement I (Assertion) and Statement II (Reason) 
Each of these questions also has four alternatives 
choices, only one of which is the correct answer. You 
have to select the correct choice, as given below. 
(a) Statement I is true, Statement II is true and Statement II is 
a correct explanation for Statement I. 
(b) Statement I is true, Statement II is true but Statement II is 
not a correct explanation for Statement I. 
(c) Statement I is true, Statement II is false. 
(d) Statement I is false, Statement II is true. 


110. Statement I A component of vector b = 4i+ 2j +3k in 
the direction perpendicular to the direction of vector 
=i+ j +kisi- j. 
Statement II A component of vector in the direction 
= =i+jt+ k is 2i+2j+2k. 


111. Statement I ai + ayj + ask, bri + boj + bk, and 
ci +, j +c 3k are three mutually perpendicular 


unit vector, then ai + bij + ck, api + boj + cok, 


107. Let a, b, c be three vectors such that each of them are 


non-collinear, a + b and b + care collinear with canda 
respectively anda + b + c= k. Then, (| k|,|k|) lies on 


(a) y’ = 4ax (b) x? + y* —ax —by =0 
(c) x? -y?=1 (d) |x| + |y| =1 
108. Ifa, b, care non-coplanar unit vectors also b, c are 


non-collinear and 2a x (b xX c)=b+c, then 
(a) angle between a and c is 60° 

(b) angle between b and c is 30° 

(c) angle between a and b is 120° 


(d) b is perpendicular to c 
109. Ifa = “(ai +3j+6k);:b -i(6i +2j—-3k); 


SIL AN] bd 
SI[ DN] Ww 


c=cyi+c,j+c3k and matrix A= 


Qa 
a 

QO 
i) 

Q 
w 


and AA'= TI, then c 
go °) = (b) “(Gi —6j + 2k) 


(0) 4-31 + 69 — ale) (a) ~2(6i + 6j + ale) 


and ayi + bsj +5 k, may be mutually perpendicular 
unit vectors. 
Statement II Value of determinant and its transpose 
are the same. 
112. Consider the vector a, b andc. 
Statement I ax b=(ixb).(b)i 
+(x a).(bjx(kxa 


Statement II c=(i : c)i + G . cj + (k .c) k 


A 


).b)k 


1) from the plane 
8 


(229 


Statement II Volume of tetrahedron formed by the 


V229 
= 


113. Statement I Distance of point D(1, 0,— 
1,-2.0), B(3,1,2) and C(—1,1,—1)is 


of points A ( 


points A, B,C and D is 


114, Statement I A=2i +3j+6k, B= i+ j—2k and 
C=i+2j+ k, then|Ax(AXx(AXB)).C|=243 
Statement II | A x(A x(A xB)).C|=|A|’ |[ABC]| 


115. 


116. 


117. 


Statement I The number of vectors of unit length and 
perpendicular to both the vectors i+ j and j j+ k is zero. 
Statement II a and b are two non-zero and non-parallel 
vectors it is true that a Xb is perpendicular to the plane 
containing a and b. 

Statement I (S,): If A(x,, y,), B(x2, v2), C(x3, y3) are 
non-collinear points. Then, every point (x, y) in the 
plane of AABC, can be expressed in the form 

kx, +1lx,+mx3 ky, +ly, +my3 

[ k+l+m k+l+m ) 


Statement II (S,) The condition for coplanarity of four 
points A(a), B(b), C(c), D(d) is that there exists scalars, 
I, m,n, p not all zeros such that 


la+ mb +ne+ pd=0 
where] +m+n+p=0 
If a, b are non-zero vectors such that | a + b| = 
then 


|a — 2b], 


is 2/2 —1 


Statement I Least value ofa-b + 


m7 +2 


Statement II The expression a-b + is least 


when magnitude of b is 2 tan =) 


|b\? +2 


118. 


119. 


120. 


121. 
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Statement I Ifa =3i-3j+k, b=-i+2j+ kand 

c= i + j + k and d= 2i - i then there exist real numbers 
o, B, y such thata =ob + Be + yd 

Statement II a, b, c,d are four vectors in a 
3-dimensional space. If b, c, d are non-coplanar, then 
there exist real numbers «, B, y such that 

a =ob+fc+ yd. 

Statement I Leta, b, c and d are position vector four 


points A, B, C and D and 3a — 2b + 5c — 6d = 0, then 
points A, B,C and D are coplanar. 


Statement II Three non-zero, linearly dependent 
coinitial vectors (PQ, PR and PS) are coplanar. 


Ifa =i+ j ~k, b=2i+ j — 3k and ris a vector satisfying 
ar+rxa=b. 

Statement I r can be expressed in terms of a, b and 

a Xb. 


1 A A A 
Statement II r = —(7i1 + 5j- 9k +a x b) 
vi 
A A Tv 
Let a and cbe units vectors at an angle — with each 
3 


other. If (a x (b x @))-(a X €) =5 then 


Statement I [a b ¢] = 10 


because 


Statement II [x y z]=0, ifx = y or y=zorx=z 


Product of Vectors Exercise 4: 


Consider three vectors p = i+ i< k, q= 2i+ 4j - 


Passage Based Questions 


Passage I 
(Q. Nos. 122-124) 


k and 


r=i+ i¢ 3k and let s be a unit vector, then 


122. 


123. 


124. 


p.q and rare 


(a) linearly dependent 

(b) can form the sides of a possible triangle 

(c) such that the vectors (q — r) is orthogonal to p 
( 


d) such that each one of these can be expressed as a linear 
combination of the other two 


If(px q)Xr=up+vq+twr, then(u+v+w)is 


equal to 
(a) 8 (b) 2 
(c)-2 (d) 4 


The magnitude of the vector 

(p-s)(q Xr) + (q's) (1x p) + (1's) (p x q)is 
(a) 4 (b) 8 

(c) 18 (d) 2 


Passage II 
(Q. Nos. 125-127) 


Consider the three vectors p, qand r such that 
p=i+ j+k and q=i- j+k: px r=q+cpand p-r=2 


125. 


126. 


127. 


The value of [p q rJis 
5/2c 8 
(a) - 


(b) - = 
(c) 0 


|r| 3 

(d) greater than 0 
If x is a vector such that [p qr] x= 
(a) c(i -25 + k) 
(c) indeterminate, as [p q r] (d) -G-2} + k)/2 


(p X q) Xr, then xis 


(b) a unit vector 


If y is a vector satisfying (1+ c) y = p X(q X r), then the 

vectors x, y andr 

(a) are collinear (b) are coplanar 

(c) represent the coterminus edges of a tetrahedron whose 
volume is c cu units 

(d) represent the coterminus edge of a paralloepiped whose 
volume is c cu units 
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Passage III 
(Q. Nos. 128-130) 


Let P and Q are two points on the curve 


y= 


log 1/2 (x — 0.5) + log» 4x? 4x41 


and P is also on the circle x7 + y? = 10, Olies inside the given 


circle such that its abscissa is an integer. 


128. The coordinates of P are given by 


(a) (1, 2) (b) (2, 4) (c) (3, 1) (d) (3, 5) 
129. OP- OQ, O being the origin is 
(a) 4 or 7 (b) 4 or 2 (c) 2 or 3 (d) 7 or 8 
130. Max {| PQ |} is 
(a) 1 (b) 4 (c) 0 (d) 2 
Passage IV 


(Q. Nos. 131 to 134) 


If a, b, care three given non-coplanar vectors and any arbitrary 
vector r is in space, where 


131. 


132. 


133. 


b-a c-a 


r-a a-a r-a ca 
A, =|r-b b-b c-b]; A, =\|a-b r-b e-b 
r-c be ce ac rec ce 
a‘a ba r-a a-a b-a c-a 
A3;=|a-b b-b r-b|; A=/a-b bb ce-b 
a-c be r-ce ac cc cece 
The vector r is expressible in the form 
Giese iad Pa, + Os 
2A 2A 2A 
ieee ty | 20 b+ sa c 
A A A 
(c)r=—a a b+ Z c 
A, A, A; 
ees as c 
A A A 
The vector r is expressible as 
ne [rbc] ‘, [rca] [rab] : 
2[abc] 2[abc] 2[abc] 
ie Pel, 2[rcb] 2[rab] 
[abc] [abc] [abc] 
(c)r= : ({rbc]la +[rca]b + [rab] c) 
[abc] 


(d) None of the above 
If vector is expressible as r= xa+yb+ gc, then 


(a) 2 —" ha ath We) Sh. Bieta) + ee) GSB) 


[abc] 
(b)a = 


[(a.a)(b xX c) +(b.a)(c Xa)+(a.a) (a Xb)] 
[abc] 


(c)a =(a.a)(b X c) +(a. b)(c Xa) + (c.a) (aXxb) 
(d) None of the above 


a b c 
134, The value of|a.p b.p c.piis 
a.q b.q c.q 
(a)(p x q) [ax bbxccxa] 
(b) 2(p xX q) [ax bbxcc Xa] 
(c) 4(p x q)[ax bbxeccexa] 
(d)(p x q) Vax bb xecxal| 


Passage V 
(Q. Nos. 135-136) 


Let g(x)= ie (347 + 2t+9)dt and f(x)be a decreasing 


function, V x= Osuch that AB= f (x)i + g(x)j and 

AC= e(x)i + Fj are the two smallest sides of a AABC 
whose circumcentre lies outside the triangle, V x> 0. 

135. Which of the following is true (for x > 0)? 


(a) f(x) > 0, g(x) <0 
(b) f(x) <0, g(x) <0 
(c) f(x) > 0, g(x) > 0 
(d) f(x) < 0,g(x) > 0 


x Ff (x)-g (x) 
136. lim lim ct (Eo-+* )) is equal to 
t30 x00 4 
(a) 0 (b) 1 
(c) e (d) does not exist 


Passage VI 
(Q. Nos 137-139) 
Let x, y, z be the vector , such that |x|= |y|= |z|= /2 and 
x, y,z make angles of 60° with each other also, 
xxX(yXz)=a 
y X (zx x)=b and xx y=c, then 
137. The value of x is 
(a) (a + b) x ce —(a + b) 
(b) (a + b) —(a+ b) xc 
(c) “(a + b) xe —(a + b)} 


(d) None of the above 


138. The value of y is 


(@) [a+ b)+ (a+b) xc] (b)2[(a + b) + (a + b) x c] 
(c) 4[((a + b) + (a+ b) xc] (d) None of these 
139. 


The value of z is 
(a) sltb akexGa Bi] 
(b) le ~a)+(at+b)xe] 


(c)(b—a) xX c+(a+b) 
(d) None of the above 


Passage VII 
(Q. Nos. 140-142) 
a, b, c are non-zero unit vectors inclined pairwise with the 
same angle 0. p, g, rare non-zero scalars satisfying 
axb+bxc= pa+qb+re. Now, answer the following 
questions. 


140. Volume of parallelopiped with edges a, b and cis equal 


to 
(a) p + (q+ 1r)cos® (b) (p + q+ r)cos® 
(c) 2p —(r + q)cosO (d) None of these 


Product of Vectors Exercise 5 


~ Matching Type Questions 


143. Given two vectors a = i+ 2j +2k andb=i+ j + 2k. 
Match the Column I with Column II and mark the 
correct option from the codes given below. 


Column I Column II 
A. A vector coplanar with a Pp. —3i+ 3j +4k 
and b 
B. A vector which is q. 2- 2j +3k 
perpendicular to both a 
and b 
C. A vector which is equally ie i+ j 
inclined to a and b 
D. A vector which forms a S. i- j + 5k 


triangle with a and b 


144, Volume of parallelepiped formed by vectors a x b, bx c 
and ¢Xa is 36 sq units. 


Column I Column II 


A. Volume of parallelopiped formed by _ p. 0 sq units 
vectors a, band cis 


B. Volume of tetrahedron formed by q.  12sq units 
vectors a, band cis 


C. Volume of parallelopiped formed by _r. 6 sq units 
vectors a+ b, b+ cand c+ ais 


D. Volume of parallelopiped formed by © s. 1 sq units 
vectors a— b, b— cand c—a is 


141. 


142. 


145. 


146. 
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1 + 2cosis equal to 


P 
(a) 1 (b) 2 [abc] 
(c) 0 (d) None of these 


|(p + q)cos® + r| is equal to 


(a) (1 + cos®),/1 —2cos 0 
(b) 2sin®| Ji + 2cos®| 
(c) (1 — sin®)|./1 + 2cosO | 


(d) None of the above 


Match the statement of Column I with values of 
Column II. 
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Column I Column II 


A. Let O be an interior point of AABC such p. 
thatOA + 20B + 30C = 0, then the 
ratio of the area of AABC to the area of 
AAOC, with O as the origin 


0 


B. A-B=A-C=0,B-C=3/2 q. 
A-A=B-B=C-C=1, [AB C]= 


C. Ifa, b, cand dare non-zero vectors such r. 
that no three of them are in the same 
plane and no two are orthogonal, then 
the value of the scalar 
(bx c)-(a x d) + (cx a): (bx d) ‘ 
(a x b)-(d x ¢) 


Match the statement of Column I with values of 
Column II. 


N} ple 


Column I Column II 


A. |aj=|bl=2,x=a+ by=a-—b p. 4 
If |x x y|=2 {A — (a- b)}"”, then 
value of A is 


B. The non-zero value of Xr for which q. 42 
angle between Ai + j + k and 


i+ Aj+ kis ® 
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Column I Column II 
C. The non-zero value of k for whichthe r. 16 
lines kx —4y+ 7z+ 16=0 
=4x+3y-2z+ 3and 
x—3yt+4z+6=0=x-ytztl 
are coplanar is 
D.  If|a|=|b)=1 and |e|=2, then s. 7 


maximum value of 


ja — 2b) + |b— 2c? + |e — 2al’ is 


t. 3 


147. Match the statement of Column I with values of 
Column II. 


Column I Column II 


A. Leta, b, cbe the three vectors such p. 5 
thata-(b+ c)= b-(c+ a)=ce-(a+ b) 2 
O and |a| = 1, |b] = 4, |e] = 8, then 


ja + b+ clis equal to 


Product of Vectors Exercise 6 
Integer Type Questions 


148. 


Let u, v and ware three unit vectors, the angle between 
wand V is twice that of the angle between u and w and 

Vv and w, then [a v w]is equal. to 

149. If a, b and care three vectors such that [a b c]= 1, then 

find the value of [a+ bb+cc+a]+[axbbxccxa] 
+[a+(bxc)bx(cxa)cx(axb)]. 

150. Ifa, b and éare the three unit vectors and o,f andy are 
scalars such that ¢ = aa + Bb + (a X b). If is given that 

4-b =O and ¢ makes equal angle with both a and b, then 


evaluatea’? +87 +’. 


151. The three vectors i + 5 j +kandk + i taken two at a time 


form three planes. If V be the volume of the tetrahedron 
having adjacent sides as the three unit vectors drawn per- 
pendicular to those three planes, then find the value of 


9./3V. 
Let ¢ be a unit vector coplanar with a = i- j +2k and 


152. 
b=2i- j +k such that Cis perpendicular to a. If P be 


the projection of ¢ along b, where P = “i then find k. 


153. 


Let a, b and care three vectors having magnitudes 1, 2 
and 3, respectively satisfy the relation [a b c]=6 If disa 


unit vector coplanar with b and ¢ such that b- d- 1, then 


evaluate |(a x c)-d|? +|(a x e)x d|?. 


154. 


155. 


156. 


157. 


158. 


159. 


160. 


Ifa,, a>, a3 are vectors reciprocalto  q. 9 
the non-coplanar vectors b,, b», b; 

then [a; ao a3 |[b; by b; Jis 

equal to 


ABCD is a quadrilateral with AB=a, r. 8 
AD = band AC = 2a + 3b. If its area 

is & times the area of the 

parallelogram with AB, AD as its 

adjacent sides, then is equal to 


Ifd=x(a x b)+ y(bxe)+z(exa) s. 1 
and[a be] =<, then 


x+ y+z=R (a+ b+ c)-d, where 
R =adjacent sides, then & is equal to 


Let A(2i + 3j +5k), B(-i + 3j + 2k) and C(Ai + 5j + wk) 
are vertices of a triangle and its median through A is 
equally inclined to the positive directions of the axes. 
The value of 2A — Ul is equal to 


If V is the volume of the parallelopiped having three 
coterminous edges as a, b and care the volume of the 
parallelopiped having three coterminous edges as 

a =(a-a)a + (a-b)b +(a-c)c, 

B =(b-a)a +(b-b)b + (b-c)c and 

y =(c-a)a + (c-b)b +(c-c)cis V*, then A = 

Ifa, b are vectors perpendicular to each other and 

|a| =2,|b| =3,c x a = b, then the least value of 2| c — a| is 
If M and N are the mid-point of the diagonals AC and 


BD, respectively of a quadrilateral ABCD, then 
AB+ AD+CB+CD=kMN, where k =...... . 


Ifa X b=c b X c=a,c Xa =b If vectors a, b and care 


forming a right handed system, then the volume of 
tetrahedron formed by vectors 3a — 2b + 2c, — a— 2c and 
2a — 3b + 4cis 


: ‘ . a 
Let a and c be unit vectors inclined at — with each other. 


If (a x (b X c))-(a X c) =5, then —[abc]—1= 
Volume of parallelopiped formed by vectors a x b, b x c 


and ¢ Xa is 36 sq units, then the volume of the 
parallelopiped formed by the vectors. 


161. 


162. 


Product of Vectors Exercise 7: 


If and B are two perpendicular unit vectors such that 
x = 8 — (Xx); then the value of 4|x|? is 

The volume of the tetrahedron whose vertices are the 
points with position vectors i+ j lle 


-i-3)+7k, i+2j- 7k and 3i — 4j+ Akis 22, then the 
digit at unit place of A is. 


Subjective Type Questions 


164. 
165. 


166. 


167. 


168. 


169. 


170. 


1/1, 


172. 


Prove Cauchy-Schwartz inequality (a.b)’ <|a|*-|b|’ 


Two points P and Q are given in the rectangular 
cartesian coordinates in the curve y = 2* +2 such that 
OP.i=—1and oq. i- 2, where i is a unit vector along 


the X-axis. Find the magnitude of OQ — 4OP. 


Ois the origin and A is a fixed point on the circle of 
radius a with centre O. The vector OA is denoted by a. A 
variable point P lie on the tangent at A and OP = r. 
Show that a. r =a”. Hence, if P(x, y) and A(x,, y;) 


deduce the equation of tangent at A to this circle. 


If ais real constant and A, Band C are variable angles 
2 2 

a’ —4tanA+atanB+,a° +4 tanC = 6a, then 

find the least value of tan? A + tan” B+ tan’ C. 


and 


Given, the angles A, Band C of AABC. Find cos ZBAM, 
where M is mid-point of BC. 

Find the perpendicular distance of A (1, 4, —2) from the 
segment BC, where B (2, 1,—2) and C (0, — 5, 1). 

Given angles, A, Band C of A ABC. Let M be the 


mid-point of segment AB and let D be the foot of the 
bisector of ZC. Find the ratio of eee” and 
Area of A ABC 


also cos 0 = cos ZDCM. 


In the AABC a point P is taken on the side AB such that 
AP: BP =1:2and a point Q is taken on the side BC such 
that CQ: BQ =2:1.If R be the point of intersection of 
lines AQ and CP, using vector find the area of A ABC, if 
it is known that area of AABC is one unit. 


If one diagonal of a quadrilateral bisects the other, then 
it also bisects the quadrilateral. 


163. 


173. 


174. 


175. 


176. 


177. 


178. 


179. 


180. 


181. 
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Volume of a tetrahedron whose coterminous edges are 
a, b and cis 3 and volume of a parallelopiped whose 
coterminous edges area + b—¢, a—b, b — cis V. Then, 
units digit of Vis. 


Two forces F, = {2,3} and F, = {4, 1} are 


specified relative to a general cartesian form. Their 
points of application are respectively, A = (1, 1) and 
B=(2, 4). Find the coordinates of the resultant and the 
equation of the straight line / containing it. 

A non-zero vector a is parallel to the line of intersection 
of the plane determined by the vectors, ii+ j and the 


plane determined by the vectors i-j and i +k . Find the 


angle between a and i- 2j +2k 


The vector i+ 2j +2k turns through a right angle while 
passing through the positive X-axis on the way. Find the 
vector in its new position. 


Let u and V are unit vectors and w is a vector such that 
uxXv+u=wand w Xx = Vv, then find the value of 
[uv w]. 

A, B and C are three vectors given by 2i+k, i+j +k 
and 4i — 3j + 7k Then, find R, which satisfies the 
relation RX B= CxBand R-A =0. 

If x-a=0,x:b=1, [xa b]=1anda-b #0, then find xin 
terms of a and b. 

Let x, y and z be unit vectors such that x+y+z = 

3 me oF 

go? 


4 
| a | = 2. Find x, y and z in terms ofa, b and c. 


ca:x and 


xX(y XZ) =b,(xxXy)xXz 
Let a, b and c be three mutually perpendicular vectors of 
equal magnitude. If the vector x satisfies the equation. 

a X {((x—b) x a}+b x {(x—c)x b} + cx {(x-a)x cc} =0 
then find x. 

Given vectors CB =a, CA = b and CO = x, where Ois 


the centre of circle circumscribed about A ABC, then 


find vector x. 
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Product of Vectors Exercise 8 : 
~ Questions Asked in Previous Years’ Exam 


(i) JEE Advanced & IIT-JEE 


182. Let O be the origin and let POR be an arbitrary triangle. 
The point S is such that 
OP-OQ + OR: OS= OR: OP + 0Q-OS 
= 0Q-OR + OP: OS 
Then the triangle PQR has S as its 
[Single Correct Type, 2017 Adv.] 
(b) orthocentre 
(d) circumcentre 


(a) centroid 
(c) incentre 


Passage 
(Q. Nos. 183-184) 


Let O be the origin and OX, OY, OZ be three unit vectors in the 
directions of the sides, OR, RP, PQ respectively of a APOR. 


[Passage Type Question, 2017 Adv.] 


183. If the triangle POR varies, then the minimum value of 
cos (P+ Q)+cos(Q+ R)+cos(R+ P) is 


3 3 5 5 
(a) - (b) 2 (c) 3 (d) 3 
184.| OX x OY|= 


(a) sin (P + Q) (b) sin (P + R) 
(c) sin(Q + R) (d) sin 2R 


185. Let a, b and c be three unit vectors such that 


x(bxXc)= 8 (b + c). If b is not parallel to c, then the 


angle between a and bis [Single Correct Type, 2016 Adv.] 


310 Tl 21 51 
(a) - (b) 2 (c) -s (d) 6 


186. Let a, b and cbe three non-zero vectors such that no two 
== |bllela. If 8 is 


of them are collinear and (a x b) x 


the angle between vectors b and ¢, ae a value of sin 0 


is [Single Correct Type, 2015 Adv.] 
Ne —2 2 -2V3 
eit a b) —~* = d) “*= 

(a) (b) : (c) ; ) = 


187. If a, b and care unit vectors satisfying 
|a—b|*+|b—c|? +|c—a|? =9, then | 2a + 5b + 5e| is 


equal to [Subjective Type Question, 2012] 


188. The vector(s) which is/are coplanar with vectors 
i+ j +2k and i+ 2j jt k, are perpendicular to the vector 


i+ j + k is/are [More than One Option Correct Type, 2011] 


(a) j-k (b) -i+j 
(0) i-j (4) -j+k 


189.Leta =i+j+k,b=i-j+kandc=i-j-—kbe three 


vectors. A vector v in the plane of a and b, whose 


projection on cis —, is given by 

V3 [Single Correct Type, 2011 Adv.] 
(a) i-3j+3k (b) -3i -3j-k 
(c) 3i-j+3k (d) i+3}-3k 


190. Two adjacent sides of a parallelogram ABCD are given 


by AB = 2i+10j+11k and AD =— i+2j+ 2k. The side 
AD is rotated by an acute angle & in the plane of the 
parallelogram so that AD becomes AD’. If AD’ makes a 


right angle with the side AB, then the cosine of the angle 
O is given by [Single Correct Type, 2010 Adv.] 


8 17 
(a) 9 (b) ip 
1 4V5 
05 acs 


191. Let P, Q, Rand S be the points on the plane with position 
vectors —2i— i 4i, 3i+ 3j and —3i+ 2j , respectively. The 
quadrilateral PORS must be a 

[Single Correct Type, IITJEE 2010] 
(a) parallelogram, which is neither a rhombus nor a rectangle 
(b) square 
(c) rectangle, but not a square 


(d) rhombus, but not a square 


and 


192. If a and b are vectors in space given by a = , 


_ 214+ 5+3k 
V4 


(2a + b)-[(a x b) x(a —2b)]is [Integer Type Question, 2010] 


, then the value of 


193.Ifa,b, cand dare the unit vectors such that 
(axb)-(cx d)=1anda-c= sp then 


[More than One Option Correct Type, 2009] 


(a) a,b, c are non-coplanar 

(b) a, b, d are non-coplanar 

(c) b, d are non-parallel 

(d) a, d are parallel and b, c are parallel 


194. The edges of a parallelopiped are of unit length and are 
parallel to non-coplanar unit vector a, b, ¢ such that 


A A 


Apabe— ein. Then: the volume of the 
2 


parallelopiped is [Single Correct Type, IIT-JEE 2008] 


1 1 
a) — cu unit b) —= cu unit 
a) 2 

3 1 
c) — cu unit d) — cu unit 
(c) 5 ar 


195. Let two non-collinear unit vectors 4 and b form an 
acute angle. A point P moves, so that at any time t the 
position vector OP (where, O is the origin) is given by 
a cost + b sint. When Pis farthest from origin O, let M 
be the length of OP and u be the unit vector along OP. 


Then, [Single Correct Type, IIT-JEE 2008] 
(a) a=" : and M =(1+4-b)!” 
ro 
(b) a = a> and M =(1 + 4-6)!” 
(a= 7 2 and M =(1 + 24-b)"” 
a+ 
(d) a= _ and M =(1 + 24-b)!”” 
A 


196. Let the vectors PQ, QR, RS, ST, TU and UP represent 
the sides of a regular hexagon. 
Statement I PQ (RS + ST) # 0. because 


Statement II PQ x RS = 0 and PQ x ST #0 
[Single Correct Type, 2007, 3M] 


(a) Statement I is true, Statement II is true and Statement II is 
a correct explanation for Statement I. 

(b) Statement I is true, Statement II is true but Statement II is 
not a correct explanation for Statement I. 

(c) Statement I is true, Statement II is false. 


(d) Statement I is false, Statement II is true. 


197. The number of distinct real values of A, for which the 
vectors — 7 i+jtk, tear jak and i oe 07k are 
coplanar, is [Single Correct Type, IIT-JEE 2007] 
(a) 0 (b) 1 
(c) +V2 (d) 3 

198. Leta, b, cbe unit vectors such that a +b+e¢=0. Which 


one of the following is correct? 
[Single Correct Type, IIT-JEE 2007] 


(a)axb=bxc=cxa=0 
(b)axb=bxc=cxa#0 
(c) bxb=bxc=axc=0 
(d) axb, bx c, eXa are mutually perpendicular 
199. Let A be vector parallel to line of intersection of 
planes P, and P, through origin. P, is parallel to the 


vectors 2j +3k and 4j- 3k and P, is parallel to j —kand 
3i + 3), then the angle between vector A and 2i +j ~2k 


is [More than One Option Correct Type, 2006, 5M] 
Tt T 

a) — b) — 

(a) 5 (b) A 
Tt 31 

c)— d) — 

(c) ; (d) r 
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200. Let,a =i +2j+k,b=i-j+kc=it+j- k. A vector 
coplanar toa and b has a projection along c of 
: 1 ‘ 
magnitude —, then the vector is 
V3 


[Single Correct Type, IIT-JEE 2006] 


4k (b) 41+ j-4k 
+k (d) None of these 


b-a b-a 
b, =b ya, b, =b+—~a, 
a lal 
c-a c-b c-a c-b, 
c;=c ya x b, €2 5 5 by, 
lal bl lal |b| 
ca a-b, ca 
C3 = ; ~ Do, Cy =a + a. 
jal |b, | lal 


Then, which of the following is a set of mutually 
orthogonal vectors? [Single Correct Type, IIT-JEE 2005] 
(a) {a,b;,¢;} (b) {a,b,c} 
(c) {a,bz,a5} (d) fa, bz, c4} 
202. The unit vector which is orthogonal to the vector 
3i+ 2j +6k and is coplanar with the vectors 2i+ j +k 


andi—j+kis [Single Correct Type, IIT-JEE 2004] 


21-6j+k 21-33 
a S41 ” V13 
3j-k 44+3)-3k 
(c) iG aa 


203. The value of a, so that the volume of parallelopiped 
formed by i i+ aj +k, j +ak and ai+ k become 


minimum, is [Single Correct Type, IIT-JEE 2003] 


(a) -3 (b) 3 
(c)1/ v3 (d) V3 

204.1fa=(i+ j + k),a-b=1 anda x b=j- k, then b is equal 
to [Single Correct Type, IIT-JEE 2003] 
(a)i-j+k (b) 2j-k 
(c)i (d) 27 


205. If V=2i+j- k and W=i+3k. If Visa unit vector, then 
the maximum value of the scalar triple product [U V W] 


is [Single Correct Type, IIT-JEE 2002] 
(a) -1 (b) 10 + V6 
(c) ¥59 (d) V0 


206. If a and b, are two unit vectors such that a + 2b and 
5a — 4b, are perpendicular to each other, then the angle 
[Single Correct Type, 2002, 1M] 
(b) 60° 


42 
(d) cos (?) 


between a and b is 
(a) 45° 


af 
(c) cos (:) 
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(ii) JEE Main & AIEEE 


207. Let a = 2i + j —2k,b=i+ j and c be a vector such that 
|c—a|=3,|(a x b)x c|=3and the angle between c and 
a X b is 30°. Then, a- cis equal to [JEE Main 2017] 
(a) — (b) 2 
1 
5 d) = 
(c) (d) ; 
208. If [a x bb x ccx a]=A [a b c]’, then A is equal to 
(a) 0 b) 1 [JEE Main 2014] 
(c) 2 d) 3 
209. Let a and b be two unit vectors. If the vectors c=a + 2b 


( 
( 


and d = 5a — 4a are perpendicular to each other, then the 
angle between a and b is [AIEEE 2012] 


v1 
(a) 2 (b) 


alana 


Tt 
(c) a (d) 


210. Let ABCD be a parallelogram such that AB = q, AD = p 


and ZBAD be an acute angle. If ris the vector that 
coincides with the altitude directed from the vertex B to 
the side AD, then r is given by [AIEEE 2012] 


Gacsqe 2e@ (b) r= a+(24}p 
(p-p) pp 

(c) r=a-(2-4]p (d) x age 2), 
p-p (Pp: p) 


me, ie A oe 
211. If a = —— (3i + k) and b = — (2i+ 3j — 6k), then the 
Ji0 4 


value of (2—b)-[(a x b) x (a +2b)] is [AIEEE 2011] 
(a) -3 (b) 5 
(c) 3 (d) —5 


212. The vectors a and b are not perpendicular and c and d 
are two vectors satisfying b x c= b xX danda- b=0. 
Then, the vector d is equal to [AIEEE 2011] 


a-c b-c 
@e+(*)p w+ [Pee 
we-[2]p @v-(P}c 
a-b a-b 
213. If the vectors pit+j+k, i+ qjt+kand iat rk 
(Where, p # q #r #1) are coplanar, then the value of 
par -(p+qtr)is [AIEEE 2011] 


(a) -2 (b) 2 

(c) 0 (d) -1 

214. Leta = j-kanda=i-j-k. Then, the vector 
b satisfying aX b+ c=0anda-b =3, is [AIEEE 2010] 

(a) -i+j-2k (b) 2i-j +2k 

(c) i-j-2k (d) i+ j-2k 


215. If the vectors a = i- j+2k, b=2i+4j+kand 
c= M+ jtuk are mutually orthogonal, then (A, [L) is 


equal to [AIEEE 2010] 
(a) (- 3, 2) (b) (2, - 3) 
(c) (- 2, 3) (d) (3, - 2) 


216. If u, v and w are non-coplanar vectors and p, q are real 


numbers, then the equality [3u pv pw]—[pv w qu] 
—[2w qv qu]=0holds for [AIEEE 2009] 


(a) exactly two values of (p, q) 

(b) more than two but not all values of (p, q) 
(c) all values of (p, q) 

(d) exactly one value of (p, q) 


217. The vector a = oi + 2j + Bk lies in the plane of the 


vectors b = i+ j and c= j +k and bisects the angle 


between b and c. Then, which one of the following gives 


possible values of & and B? [AIEEE 2008] 
(a) ©=1,P=1 (b) a =2,— =2 
(c) a=1,B =2 (d) a =2,B=1 


218. If u and v are unit vectors and @ is the acute angle between 
them, then 2u x 3v isa unit vector for [AIEEE 2007] 


(a) exactly two values of 8 
(b) more than two values of 8 
(c) no value of 8 

(d) exactly one value of 8 


219.Leta =i+ j+ kb =i- j+2k and ¢= xi +(x—2)j— k. If 
the vector c lies in the plane of a and b, then x equal to 
(a) 0 (b) 1 [AIEEE 2007] 
(c) -4 (d) -2 

220. If (a x b) x c=a X(b X c), where a, b and care any three 
vectors such that a-b #0, b-c #0, then a and care 


Tl 
(a) inclined at an angle oe between them [AIEEE 2006] 


(b) perpendicular 
(c) parallel 


(d) inclined at an angle of . between them 


221. The value of a, for which the points, A, B,C with 
position vectors 2i 44. k, i =3j —5k and ai — 3j dhe 


respectively are the vertices of a right angled triangle 


with C =~ are [AIEEE 2006] 
2 

(a) -2 and -1 (b) -2 and 1 

(c) 2 and -1 (d) 2and1 


222. The distance between the line 
r = 2i—2j+3k+A(i-—j+ 4k) and the plane 


r-(i+5j+k)=5is [AIEEE 2005] 
@) > b) + oo Ge 


10 33 9 


223. For any vector a, the value of 


(a xi)? +(ax j)? +(axk)’ isequalto —([AIEEE 2005] 
(a) 4a” (b) 2a” 
(c) a” (d) 3a? 


224. If a, b,c are non-coplanar vectors and A is a real number, 
then[A(at+b) A’?b Ac]=[ab+cb] for 


(a) exactly two values of X 


[AIEEE 2005] 


(b) exactly three values of A 
(c) no value of A 
(d) exactly one value of A 


225. Leta =i—-k,b= mai+jt(i— x) k and 
c= yi + xj +(1+ x—y)k. Then, [a b c] depends on 
[AIEEE 2005] 
(a) Neither x nor y 
(b) Both x and y 
(c) Only x 
(d) Only y 
226. Let u, v, w be such that |u |= 1,|v |=2,|w|=3 If the 
projection v along u is equal to that of w along u and 
v, w are perpendicular to each other, then |u—v+w| 


equal to [AIEEE 2004] 
(a) 2 (b) v7 
(c) V4 (d) 14 


227. Let a,b and c be non-zero vectors such that 
(a Xb)x c= |b ||c|a. If@ is an acute angle between the 
3 


vectors b and ¢, then sin 0 is equal to [AIEEE 2004] 


1 2 
(a) 3 (b) =. 
2 2V2 
(c) 3 (d) _— 
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228. A particle is acted upon by constant forces 4i+ j 3k 
and 3i + j ~k which displace it from a point i+ 2j +3k 
to the point 5i+ 4j +k. The work done in standard units 


by the forces is given by [AIEEE 2004] 


(a) 40 units 
(c) 25 units 


(b) 30 units 
(d) 15 units 


229. If u,v and w are three non-coplanar vectors, then 
[AIEEE 2003] 


(u+v-—w)-:[(u-—v) X(v—w)] equal to 
(a) 0 (b) u-vxXw 
(c) u-wxv (d) 3u-vxw 


230.a, b, c are three vectors, such thata +b+c=0, ja|=1, 
|b|=2,|c|=3, thena-b+b-c+c-a is equal to 
(a) 0 (b) -7 [AIEEE 2003] 
(c) 7 (d) 1 

231. A tetrahedron has vertices at O(0, 0,0), A(1, 2, 1), B(2, 1,3) 


and C(—1, 1, 2). Then, the angle between the faces 
OAB and ABC will be [AIEEE 2003] 
(b) cos! (27) 


4 (19 
(a) cos (2) 
(d) 90° 


(c) 30° 
232. Let u =i+ j,v =i- jand w=i+2j+3k. Ifnisa unit 


vector such that u:-n =0and v-n =0, then|w-n| is 


equal to [AIEEE 2003] 
(a) 0 (b) 1 
(c) 2 (d) 3 


233. Given, two vectors are i— j andi+2j, the unit vector 


coplanar with the two vectors and perpendicular to 


first is [AIEEE 2002] 
lis 34 Tm 

(a) ae +j) (b) ae +)) 

(c) + a4 (d) None of these 
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Exercise for Session 1 


Ls cos (3) 23 i 4.r= 
7 4 
ried 5 1-2 
2 114 2 
0 92% 10.a>2 
3 
2G it ik) 12. 5 ait + + 2k); —(20i + 8] + 16k) 


13. 40 


Exercise for Session 2 
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1.19./2 2.= Sand == 
3.94 6.3 7 
6 

a ge ite he® 
4 V3 V3 V3 
1.5 (7i-4j- 4k) 12. = (160 i — 4i — 704) 

13.4 2(bxo) 14. : 65 sq. units 

15. - sq. units. 17.14 2j + 4k 

18. 2i- 7j - 2k 19.— 201 + 16] + 12k 


Exercise for Session 3 


1.4 2. 4 cubic unit 3. ; 
4. 4 cubic unit 5. 2V38 
19 
6. a, b, cform a right handed system. 9.6 
Exercise for Session 4 
1.0 2.3 (C7it 8j-k) 
V114 


cf a= i Ci+ k), b’= 


= yb=(axb) 
b a- 


Chapter Exercises 


1,*4,% 1 
—(-j+ kK)andc¢ =—(it+ j 
ao ) 5 j 


1. (d) 

7. (a) 
13. (a) 
19. (a) 
25. (b) 
31. (c) 
37. (d) 
43. (c) 
49.(a) 
55. (d) 
61. (d) 


2. (a) 

8. (b) 
14. (c) 
20. (b) 
26. (b) 
32. (a) 
38. (c) 
44. (a) 
50. (d) 
56. (c) 
62. (d) 


3. (a) 

9. (b) 
15. (c) 
21. (d) 
27. (c) 
33. (c) 
39. (a) 
45. (d) 
51. (b) 
57. (d) 
63. (a) 


4. (d) 
10. (d) 
16. (a) 
22. (c) 
28. (a) 
34. (a) 
40. (a) 
46. (b) 
52. (a) 
58. (b) 
64. (a) 


5. (d) 
11. (d) 
17. (a) 
23. (b) 
29. (c) 
35. (a) 
41. (a) 
47. (d) 
53. (c) 
59. (c) 
65. (a) 


k) 


) 


10. 1 


W0.r=——(axet mb) 


6. (b) 
12. (d) 
18. (c) 
24. (b) 
30. (a) 
36. (b) 
42. (b) 
48. (a) 
54. (c) 
60. (d) 
66. (a) 


Answers 


67.(b) 68. (d) 69. (b) 70. (d) 71.(c) 72. (b) 
73.(d) 74. (b,c,d) 75. (a,c,d) 76. (a,c) 77. (a,c) 78. (b,d) 
79. (a,b,c,d) 80. (a,b,c,d) 81. (a,b) 82. (a,c) 
83. (a,b,c) 84. (a,c) 85. (a,b,c) 86. (b,d) 
87. (b,c,d) 88. (a,c) 89. (a,b) 
90. (a,b,c) 91.(a,d) 92. (a,b,c) 93. (a,c) 94. (a,b,c) 
95. (b,c,d) 96. (a,b,c,d) 97. (c,d) 98. (a,b,c,d) 
99. (b,c,d) 100. (a,d) 101. (a,b,d) 
102. (c,d) 103. (b,c) 104. (b,c,d) 105. (a,c,d) 
106. (c,d) 107. (a,b) 
108. (a,c) 109. (b,c) 110.(c) 111.(a) 112. (a) 113. (d) 
114.(d) 115.(d) 116. (a)—*‘117. (a) «118. (b) 119. (a) 
120. (a) 121.(b) 122.(c)—-123.(b)_—-124. (a)_—«125. (b) 
126.(d) 127.(c) 128.(c) 129. (a) _—-130.(d)_-131. (d) 
132.(d) 133.(c) 134. (b) —-135.(d)__- 136. (a) 137. (a) 
138. (a) 139.(b)  140.(a)—-141.(c) ‘142. (b) 
143. (A) > (pn), (B) > (q), (C) > (s), (D) > (p) 
144. (A) > (), (B) > (8), (C) > (), (D) > (p) 
145. (A) > (s), (B) > @), (C) > (@) 
146. (A) > (), (B) > (p), (C) > (s), D) > (@) 
147. (A) > (q), (B) > (s), (C) > (p), (D) > @) 
148.(0) 149. (3) 150.(1) = -151.(2) 152. (6) 153. (9) 
154.(2) 155. (3) 156.(3) 157.(4) -158.(2) 159. (9) 
160. (5) 161. (2) 162.(3) 163.(8) 165. (10) 
166. xx, + 2yy, =a = 167. (12) 


sinC + sin B- sin A 


168. 
Vsin2 B+ sin?C + 2sinB-sinC-cosd 
169, 3926 170,94 8 gy 4 cay wits 
7 2(sin A + sin B) 28 
173. (6, 4} and 4x— 6 y+ 13 =0 174.6= 2 
175. ap ee ae | 176. 1 
( J2° 2 

1977; == 8) 42k 178. ab ; 
(a:b)? —a? b” 

179. % ==Ga+4b+ 80) f=—4e2== c-b) 

180.x= 2% 5+© 

242 2 2,2 2. 
ist god SW Ee gt 
22(a? b’)—(a-b)? ~~ 2 (a? b*)— (a: b)? 

182.(b) 183.(a) 184. (a) «185. (d) 186. (a) 187. (3) 

188.(a) 189.(c) 190.(b) 191. (a) 192. (5) 193. (c) 

194.(a) 195.(a)  196.(c)  197.(c) 198.(b) 199. (b,d) 

200. (a) 201.(b) 202. (c)  203.(c) 204. (c) 205. (c) 

206. (b) 207.(b)  208.(b) 209.(c) 210. (b) 211. (d) 

212.(c) 213.(a)  214.(d)—-215.(a)-216.(d) 217. (d) 

218.(d) 219.(d) 220.(c) 221. (d) 222. (c) 223. (b) 

224.(c) 225.(a)  226.(c) 227.(d) 228. (a) 229. (b) 

230.(b) 231.(a)  232.(d) ~—-233. (a) 


11, 


12. 


. Let r=xnt+y + Zi 


Solutions 


. Since,a lb => a-b=0 


|a—b|? =(a—b)* =a? + b’ —2a-b=254 25 
=> |a—b|=5v2 


.|a+bl|>|a—b| 


On squaring both sides, we get 

a’ +b’ +2a-b>a’+ b’—2a-b 
> 4a-b>0 = cos0>0 
Hence, 8 < 90° (acute) 


Tt 
. Given that,a = b + cand angle between b and c is = 


So, a=b*+c’%+2b-c 

+ a? =b? +c? +2 b|| | cos 

= a =b?4 e240 2 
a=b’+e7 


. 2 2 
1.e., a’=b'+c 


» Obviously, a and b are unit vectors. 


. Angle between i + j + k and iis equal to 


Pree se es | 
cos [feet oo cos (= 


Similarly, angle between i + j + k and jis 


B= cos'($| and between i + }+ kandkis 


V3 


yor ( 
a=B=y¥ 


Hence, 
xrej=yrk=z 
2 


> rei 


=> (ri? t(r-jP + kPa ty +22=r 


. |a—b| =,/1? +17 —2-1% cos® = ,/2(1 — cos) 


ade ede dn oan” => go 
2 2 2 2 


» The component of vector a along b is 
(a-b)b 18 ,, 6 
=— @j+ 4k 
LG ae ) 
: Hound ease ate) 7 
|bj// ja] |b] 3 
97 , |jaca a-b 
. (ax b)° =a°b* -(a. b)° = 
b-a b-b 
Torque = r X For CPXF 
i jk 
rxF=/2 -1 1/=-5i-5j+5k 
1 2 3 


13. OA =31 + 2} -9k, F =(91 + 6j — 2k) x* 
cae 
Moment = 0A Fs”. 3.2 -9 
9: 6: 2 
6» a, 150. on 
= 501 —75j)= 21-3) 
ri are ee) 
14, Force (F) =2i + j— k and its position vector = 21 — j. We 
know that the position vector of a force about origin 
(x) = (21 — J) —(01 + 0j + 0k) or r = 21 — j Therefore, moment 
of the force about origin 
ij k 
=rxF=/2 -1 0 |=i+2j4+ 4k 
2 1 -=2 
15. a= BSE a _ ahaa -1_ ¢Xa 
[abc] [abc] [abc] 
2p is be. (es \(axb) 
[abc] \ [abc] [abc] 
bxce a 1 
= : #0 
{abe] [abe] [abc] 
16. a-bxe | b-axc_ [abc] | [bac] 
“exab c:axb [cab] [cab] 
_ [abc] 7 [abe] _ 
[cab] [cab] 
17. b x cis a vector perpendicular to b, c. Therefore, a x(b X c) is a 
vector again in plane of b, ec. 
18. Let a=xityjtzk 


19. 


20. 


21. 


u=ix(a x i)+jx(axi)+kx(axk) 


=(i-i)a—i(a-i)+(j-ja-Ja-j) 


+ (k- k)a—K(a- k) =3a —a =2a 


ij k 
ax(bxc)=ax|2 -1 1 |=ax(-21+3}+7k) 
1. 3. —1 
; oe 
=) 1 2 -2)=20i-3}+7k 
ea ae 
a x(bxc)=0 
> a||(b x c)orbxc=0 
ie., b|| cora=0 


Let the required vector be & = d+ doj + dk 
where, d? + dj + d} =51 (given) 


Now, each of the given vectors a, b and c is a unit vectors. 


_ da = d-b— dee 
|d|ja| |d||b| |dijc| 
or d-a=d-b=d-c 


cos® 


| d| = 51 cancels out and|a|=|b|=|¢|=1 


Hence: +l 2d, 4 2ds) = Ad + 0d, =ad, ad, 


...(i) 
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22. 


23. 


24. 
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> d, —5d, + 2d, =0 
and 4d, + 5d, + 3d, =0 
Ce 


(say) 


On solving, we get = = - 
: : 2 =1 =—5 

Putting d,, d, and d; in Eq. (i), we getA =+ 1 
Hence, the required vectors are + (51 — j — 5k) 
Let OA = Pi, CB=— Biand OB=— Bi+ Pj 


OB-j 
ee cos60° 


ak (—Ri+ Pj): j_1 


VB? +P? 2 
=> 2P =./P? + P? 
=> P= Pv3 
| OB|=,/P? + B? =,/P? + 3P? =2P 
x+y+z=0 > x=-(y+z) 
|x|? =(y + 2)-(y +2) 
= IxP=ly P+] 2)? +2y-z 
= Ixl’=ly [P+] 2)? +2] y || z| cose 
=> 4=4+4+2x2x2cos0 
=> cos = — => 0=120° 
*. cosec*120° + cot? 120° 
-(2) +( Ljatstns 
i) No Way 3 38 
For acute angle a-b > 0 


1.e., —3x+2x7+1>0 
=> (x-1)@x-1)>0 
For obtuse angle between b and X-axisb.1<0 > x<0 


25. Since, d = Aa + ub + ve 


d-(bxc)=Aa-(a Xc)+Ub-(b x c)+ ve -(b X c) 
=i [abc] 
= = [dbc] _ [bed] 


[abe] [bea] 


3p + q)-Gp —3q)=0 
or 15p’ —3q’ =4p-q ..(i) 
(2p + q)-(4p —2q) =0 or 8p’ =2q° 
> q’ =4p’ (ii) 
Now, 24 

Iplia| 
On substituting q’ = 4p’ in Eq. (i), we get 
=> 3p? =4p-q 

a oe P’ oo gegen 
4 |pl2|p| 8 8 


27. A=ait a2j + ask, 


28. 


29. 


30. 


PB 2D 
where, ay + a3 + a3 =1 


u:n=0 > at+a,=0 


Also, v-n=0 > a-—a,=0 
Hence, a, =a, =0 

a; =1 or —1 

a=k or -k 

|w-n|=3 

To find(a —b)-a D(b) C(e) 
es, ja|?-a-b ...(i) 
Now, atb=c 


=> jal?’ +|b|?+2a-b=| |’ ...fii) A(origin) Bia) 


On substituting the value ofa - b from Eq. (ii) in Eq. (i), we get 


a’ —=(c” —a’ —b’) 
3a° + b? —c? 
=> 
2 
AXB=-AxB Cc B 
AXxXB=0 
either A=0 
v4 
or B=0 
or A and Bare collinear 
Given, V+iV,=V, Ver) a 
Also, V-V, =20 
(V,)’ =(V,-V)? and V-V,=0 
Also, IVI=|Ml=|V2l=A (say) 
Hence, NM? = 227 — 227 cosa 
1 
=> cos O@ = — 
2 
Given, |b|=|b-—c|=8 and |c|=12 (i) 


b 


Abs" sadhese= 
4 4 


...(ii) 


From Eq. (i), | b| =8,| ¢ | =12 
|b-e|? =|b/? 
=> |b? +|e|?-2b-c=|b/ 


=> b-c=72 
b | bi’ b- 
and c zj¢j24 J! : 
4 |16| 2 
=1444+ 4-36=112 
b 
c-—|=4v7 
4 
From Eqs. (ii), (iii) and (iv) 
144-10 3v7 
cos 8 = ————— = ——_ 
12x4/7 8 


32. BN: CM =0 


2 2 2 
Ee ka? 2 ; =0 
2 3 
a a, 
6 
5k _1 = 
6 6 
33. Given, 15| AC|=3|AB|=5|AD| D(a) oe 
Cc 
Let |AC|=A>0 
| AB| =5A 
| AD| =3A 
BA-CD Y 
Now, cos (BA- CD) = —W¥__—__ = 
( ) | BA || CD| A(a) origin 
= Peld=<) 
|b||d-c| 


Now, numerator of Eq. (i), we get 


b-e—b-d =|b||e|cos = —|b|| d | cos —™ 


1 1 
(6A) (A) 5 + SA(3A) 5 


507 + 1507 
= 10A? 


Denominator of Eq. (i) 
=|b||d—e| 
Now, |d—c|’=d? +c’? —2c-d 


=9n2 + 22 —2() GA) > 
=10A? -347 =747 
|d—c|=V7A 


Denominator of Eq. (i) 


= (5A) (7A) =5V70" 


1072 
cos (BA- CD) = —, = — 
5V72 7 
34, a=-i-2j-k 
b=1-5j-7k 
axb 
jaj= AXP! aleve 


...(iii) 


A (origin) 


Bib) 


...(i) 
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Q(0, 6, 8) a R(1,4,7) 
|axb|? =a” b? (a b)? =(6) (75) 


—(-1+10+7)? = 450 — 256 =194 


ja x b| = /194 
oa 
6 3 
p+q=100 
- (p+ q)(p+q—-1) _100X99 _ 0.) 
2 2 
2. —1, =—1 
35. V=-c?[uvw]=-c’?|1 -1 2 
1 0 =1 
=-—c[2(1 — 0) -1(1) + (-2-1)] 


=—c7[2-1-3]=8 


2c? =8 = c=2or-2 


36. Let c =a Xb) 


Hence, A(a x b)- (i + 2] = 7k) =10 


2-3 1 
AJ1 -2 3 |=10 
1: 2 27 
> ’=-1>5c=-(axb) 
a =2i -3}+ kandb =i —2}+3k 
ij k 
2 -3 1/=(-9+2)i-(65)j+(-44+3)k 
1-2 3 
> (©74,55,=1) 


V, =31+2j-k 
V; =c=0a+ Bb=a(i + j) + Bj +k) 
=ai+a+B)j+Pk=c 
Since, V,, V2, V3 are coplanar. 
1 =2 1 
Now, | 3 2 
a a+rp B 


—1/=0, using C, >C, —(C,; + C3), we get 


1 -4 1 
3 0 -1]/=0,hence 438 + a) =0 
a o 8B 
> 3B +a =0 
Qa 


—=-3 


B 


J 
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39. a 


40. 


41. 
42. 


43. 
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© =|o|a=100+5+k) 


Now, v=OXr=10(+ J k)x(xi+ yj+ zh), 
where r is the position vector of the point whose locus is to be 


determined. 


Hence, 


x)k] 


x)? 


yi -(@ —x)jJ + 
| v|=10\(x-y)’ + (y -z) +@ 
Hence, 2(x? + y? +z” — xy —yz —zx)=4 


v =10[(z 


=> ety +z? xy —yz—- zx -2=0 


which is the equation of a cylinder. 


. itjtk Os 1 2 
= 50 =—(i+2j+ 2k 
; gees 
idk 
v=eoxr=2]1 2 2/=24i-j-f 
3 3 
23°55 
| v|=—v18 =@V2 
b-a+b-c=b-b+a-c 
Yy 
A 
D 
3} 
B (origin) 4 Cai - 
or b-(a-—b)-c -(a-—b)=0 
or (b—c)-(a—b)=0 
= BC and ABare perpendicular. 
Now, find angle between AM and BD. 
where, AM =2i — 3), 
BDe 
2 
oe AM: BD -1 
| AM||BD| 5v13 
1 
> @ =m —cos ! | —— 
(75) 
: _ 1 n1v3 V3 
[npm] =sin 8 cos > =sin cos : a 
6 2 2 4 


V=(axb)xa+(axb)xb 
=b-(a-b)a +(a- b)b —a=(b —a) +(b —a) (a: b) 
V =(b-a)(1+a-b)=A(b—a) 
Since, a and b are perpendicular, hence a, b anda x b are 


non-coplanar. Hence, any vector say (r X a) can be expressed 
as 


ae rXa=xa+yb+ za xb) ait) 
dot witha 0=x+04+0 > x=0 

dot withb [rab]=0+y+0 => y=[rab] 

dot with r O=xa-r+yr-b+2z[rab] 


44, 


45. 


0=[rab](r-b)+z[rab] > z=-(r-b) 
rx a=[rab]b—(r-b)(axb) 
rxa=[rab]b+(r- b) (bx a) 


Hence, 


Since, i + 2j + 2k is rotated so as to cross Y-axis, the vector in 
new position. Let the required vector be xi + yj + zk 


where, x+y? 427 =9 sisi) 


x+2y +2z=0 ..(ii) 
and 


...(iii) 


On solving Eqs. (i), (ii) and (iii), we get 
2 4e 5, Penis, 4 


ar V5 
.. Required vector, is aa + V5j- =i 
V5 V5 
Set A > Set B 
(Parallel) (Non-parallel) 
4 6 
ways > 


(i) 3 from B > °C, 
(ii) 2 from B, 1 from A > “C, x °C, 
(iii) 3 from A > *C, 
Total number of ways 
= "GCG, * Ca) + °C, 
n(E) = °Cyz3 + *C, + (2C, x °C) 


and n(S) = "°C, 
6 4 6 4 
Zs P(E) = C3 + ae C) 
Cs 
46. @xx)+b=x 
> ax(axx)+(4xb)=axx 


47. 


(a-x)a—(@-4)x+(axb)=x-b 
Projection of x along 4 is 2 units 


(a- x) ‘ 
> =2 => a-x=2 


| a | 


So, x=) [2 —b +(@xb)) 


We know, a X (bx c) =(a- c) b—(a- b) c 
Component ofa x (b x c) along b is 


is b= @ He} an 7 ( c)(b- b) — (a: b) (b- a) ’ 
| | b|’ | | b|’ 


So, component ofa x (b X c) perpendicular to b is 


a X(b xc) [eee Bae Mee), 
| b| 
=a x (b xc) “ebesee ey 


48. 


49. 


50. 


51. 


52. 


53. 


r-a=20,5x+ 2y+z=20,x%y,z EN 
The number of non-negative integral solution are 
VO4 PC, 4 'C; =81 
b 4a 


oa-p=—+—+1 
B a b 


b 4a 
as -+— 


So, = =1 
5+a-B) 


The system of vectors is coplanar. 


+125 


*: Their sum is zero. 


AB-AD _ 8 


~ |ABI|AD| 9 


cos"'{2) += 2 by hypothesis 


: 8 
sing = — 
9 
64/17 
cosa = ,{1 — — = — 
81 9 
BA + AC =BC 
> BA =BC —- AC 


e f 2e [2 ) 
> = t 
lel |f] |e lel |f 


Now, BA-BC -(: ; r\(e-4)-« 
lel |f|/ lel lel 


> ZB=90 
=> cos 2B =—-1 
and cos2A + cos2C =2cos(A + C)cos(A —C)=0 


(A+ C= 90°) 


=> cos2A + cos2B + cos2C =—-1 
We have, c:a = c-b = cos0,a-b = 0 
Now, c=da+ Bb+ y(a x b) 
Taking the dot product of both sides with a, we get 
c:a = =cos0 
Similarly, B = cos 
Now, taking the dot product with a x b, we get 
[ca b]=y|axbl? =y 
Now, [cab]? =[a bc]? 
a-a a-b a-ce 1 0 ~ cos0 
=|b-a b-b b-c/=| 0 1 cos® 
ca ab cc cos@ cos0 1 
=1-—cos’6 + cos@(—cos0) 


Thus, o =B = cos0,y” = —cos20. 


(.|a/’ =1,a-b = 0) 
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54. The mid-points of sides are D (1, 0, 0), F (0, 0, n). 


ae BC? 


=> BC? =4(m’ +n’) 


AB? + BC? + CA? _ 


P4+m tn? 


55. Eliminating m, 
2(l+n)’? + nl =0 


or (21 + n) (1 + 2n) =0 
n=-21 > m=-2l 
or l=-2n => m=-2n 
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The d.r’s 1, —2,-—2 and — 2, —2, 1. The lines are perpendicular. 


56. cos’@ + cos’@ + cos*y =1 


> cos” ¥ = — cos20 


=> cos20 <0 > 0e E 4 


97. ax(a x b) =c>Jal|a x b| =|e| 
1(1 x 5)sin0 =3 


3 3 
sin® = — gives tan0 = —- 
5 4 


58. From the figure the vector equation of OP is r = A(i + J + k) 


OM = projection of OC on OP 


1 
= OC: OP = — 
V3 
1 2 
Now, CM? = OC? —- OM? =1-—=— 
3°. 3 
2 
CM =, |- 
3 


59. Pp X q, p, q are non-coplanar vectors 
> b-c=0,c-a=0,a-b=0 
=> a=b=c 


= Ais equilateral. 
60. (a x b) x (€ x d) =[abd]c — [a b c]d 
=4c-—4d 


= —8i perpendicular to Y-axis , Z-axis 
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61. 


62. 


63. 


64. 


65. 
66. 


67. 


68. 
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Translating the axes through A(1, 2, 3). 

A changes to (0, 0, 0) B changes to (8, 6, 2). 
..Coterminous edges are of lengths 8, 6, 2. 
Volume of parallelopiped = 8-6-2 =96 cu units 


a, b, c are non-coplanar => [a, b, c] #1 Also,a x b, bX c,c Xa 
are non-coplanar given 

d =sinx (a x b) + cosy (b X c) + 2(c Xa). 
Taking dot product witha + b + c, we get 

O=sinx[a b c] + cosy[a b c] + 2[a bc] 
=> sinx + cosy +2=0 
=> sinx + cosy =—2 


1 
> oe a a a aE 


2 


—T 51 
for least value of x’ + y’, x = 5 y = 7 and least value is 7 


We have, a(a x b) + B(b xc) + y(e Xa) = 0 
Taking dot product with c, we have 

ala bc]+ B[bcc]+ y[cac]=0 
ie. a[abe] + 0+0=0 

ala bc]=0 

Similarly, taking dot product with b and c, we have 

Y [abc] = 0, B [abc] = 
Now, even if one of , 8, y # 0, then we have [abc] = 0 
=> a, b, care coplanar. 


sfahs + shah + : Azh, 4 ; X.4h, = 4 area the tetrahedron 
OABC. 
@ = cos ‘(cos — cosa) 


Equation of OO’ — - 7 >r=at+ tb 
1 1 
=I 
Equation of AB: ~ j sre =>(a)r=c+ sd, 


wherea =0,b=i+j+kc=i,d=-i+j 
\((c—a)-(bxd)|_ 1 


Shortest distance = 
|b x d| v6 


vxXw=31-5j-k 

Maximum value of [uvw] =|u| |v x w| =1-V35 = 35 

|a| =|b| =|¢! 

|b —a| =|b-—c|=|c-—al=a 
a-b=b-c=c-a=AB-AC =CA-CB=BA-BC 


2 1 
=a" cos— 
3 


69. 


70. 


71, 


2 


=> EE) =" Sree 
oe als 
| CF| =|CE| = via and |CM|= 
where ‘m’ is middle point of EF. 
D (origin) 
E 
A C 
a Cc 
Bb 
Area of ACEF = 5 IBF |CM| 
ats Bo ae OO sq units 
2 v3 iw 
p:q=0Oandr-s=0 
=> (5a — 3b)-(—a — 2b) = 0 
6b’ —7a-b —5a” =0 
> (—4a — b)-(-a + b) =0 
4a’ — b” —3a-b =0 
Now, x=(p +34) 
x= "Ga 3b — 4a —b—a+b) 
1 1 
x=-b,y =-(r+s)= 5a)=-a 
y zt ) = ) 
Angle between x and y i.e cos = sae ae =? 
Ix|ly| [al || 


From Eqs. (i) and (ii), we get 


ial= | Jab and i= [Jab 


lal fb) = 25% 43 By = 19 _ a-b 
19 5/43 |a||b| 
19 
> cos® = —— 
5/43 
19 
@ = cos ‘| ——— 
Ga 
Volume of tetrahedron = ae be] 
a-a a-b a-c| |4 2 2 


Now,[abc]’=\b-a b-b b-e/=/2 4 2 
ec 22 4 


ca eb 


= 4(12) + 2(-4) + 2 (-4) 


2/2 


1 
Volume = — x 4/2 =—** 
6 3 


Given, cos 8 =(a x 1)-(b x 


Consider, (a x i)-(b Xi) = 


i) + (at j)-(bx J) 


[(a x i)b i] 


+(axk)-(bxk) ... 
=((axX1)xb)-1 


...(i) 


...(ii) 


72. 


73. 


74, 


((a-b)i) — @- b)a)i = (a- b) (i-i)-(i-B) (ai) 
=a-b—-a,b, 
Similarly, (a x j)-(b xX j) =a-b —ayb, 
and (axk)(bxk)=a-b —ayb; 
..From Eq. (i), we get 
cos® = 3a: b — (a,b, + ayb, + a3b3) 


=3a-b-—a-b 
-b 
a” =2a-b = |al|b| 
|a| | bj 
Now, use AM = GM onJa|,|b| 
a|+ |b = 2 
2 v2 
=> al + |b| > V2 
va-b<0 
=> (sin? x —sinx) — cos’ x +3 — 4sinx <0 
=> 2sin’® x —5sinx +2 <0 
— (sin x — 2) (2sinx —1) <0 
(-)ve 
=> 
3at+b 
Positive vector of point E = : 
+2 
Position vector of point D = ls 
Let point F divides ECin ):1 and BD inw:1, 
3at+b 
b+ fa +26) pe aps 
then 3 = 
ut+i1 A+1 
[ WL | 3a +b 
[pegs ae Ac + (u + 1) 


Comparing the coefficient of a b and c. 
WA +1) _ 3 +1) 
3 4 


b 
Obviously, * 4 isa vector in the plane ofa and b and 


Ja] |b| 


hence perpendicular to aX b. It is also equally inclined to a and 


bas it is along the angle bisector. 


79. 


76. 


77. 


78. 


79. 
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a X(bx c) =(ax b)xc 
or (a-c)b-—(a-b)c=(a-c)b—(e-b)a 
or (a-b) c—(c-b)a=0 


or bx(cxa)=0 
or (cx a) xX b=0 
or bx(cx a) =(cx a) X b=0 


Let angle between a and b be ® 
v=axb=|a||b|sinOn 


(a x b) 


| v | =sinO, 
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en 1,|b|=1,n 


u =a —(a-b) b=a —cos0 b 


jaxb| 


a 


(.a-b=|a]|| b| cos® = cos®) 


u-u=|u fe =1+ cos’ —2cos@ = sin’ 
| u| =sin® 
u-a=a-a =—cos @a-b =1-cos’6 =sin’@ 
u-b=a-b-—cos8 b- b = cos0 — cosO = 0 
u-(a+ b) =(a—cos@ b)-(a+ b) 
= 1+ cos —cos*0 — cos 
=1-cos’0 =sin?0 
Here, (la + mb) x b= cxb 
> lax b=cxb 
= I(axb)? =(cxb)-(ax b) 
_ (cx b)-(ax b) 


> l 
(ax b)’ 
Similarly, m= eee Ess) 
(bx a) 


axX(rxa)=axb 


3r-(a-r)a=axb 


Also, |rxa|=|b| 

2 
> sin’@ =— 

3 

2 
or (1 — cos*@) == 

3 

1 2 

or soe >ar=t1 
> 3rta=axb 

f 
or B= Rhea) 


a, + a) cos2x + a;,sin?x=0, VxER 


or (a, + ay) + sin? x(a, —2a,) = 0 

= a, + ay = 0and a; — 2a, = 0 
or 2 2th p75) 
-1 1 2 

=> a =—h, a) =A, a3 =20 


80. ax b=|a| |b] sindbé 


or |ax bl] =|a| |b] sind 
ing = 12x 
|a| x|b| 


or 
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saa cosO = lal _lel 
= eee ii) Ve) 
|a||b| => |a|=|c| and |b] =1 
From Egg. (i) and (ii), => axb-c=|a||b||c|=|al?=|e]? 
sin’@ + cos’ =1 (children will assume a= i; b=} and c= k but in this case all 
=> |ax b |? + (a-b)? =|al?|b]? the four will be correct which will be wrong). 
If6 = 2/4, then sin® = cos@ = 1/2. Therefore, 85. Given,| A ||B| cos @ =—6;|B|=2 (given) 
asc ea naae ane! B-C =|B||C| cos 6 =6 
V2 V2 and (Ax B)x A =0 
jax b| =a-b (A: A)B-(B-A)A =0 
axb=|aliblanen = 17! a (AA) =—6A --l) 
.. A and Bare collinear and @ between A and Bis 7. 
=(a-b)n > AxXB=0 
81. We have, |a—b|? =|a|? + |b|’ —2(a-b) = (a) is correct. 
or |a— bl? =|al? + [bl? —2Ial|b| cos20 ae Sah sail el nena 
; => (b) is correct. 
or |a—b|*° =2—cos20 (." [al =|b] =1) Aigo. A-B=~6and|B|=2 
=4sin’@ or |a—b | =2|sin9| | A||B| cos x =—6| A|-(2) =6 
Now, ja—b|<1 => |A|=3 > A-A=9 
= 2|sin@| <1 or |sin®| <— leas nek conece 
2 Again, A-C =? 
> 8e[0, 7/6) or 8 € (52/6, 7) dot with C in the Eq. (i) 
82. a x(bxc) +(a-b) b 9(B-C)=—6A-C 
=(4—2x —siny) b+ (x? 1) ¢ Tie) = 6A) = ee 9 
=> (d) is correct. 
or (a-c) b—-(a-b)c+ (a:b) b 
= F 2 86. Vv, =V, 
=(4-2x—siny)b+(x°-1)e 
Now. (ease, 4 oo, 
Therefore, (c-c)(a-c) =(c-c)ora.c=1 ae dig : ae oh =e? 
=> 1+a-b=4-2x-—siny, x* —-1=~—(a-b) ; oe Je bee)s : ; 
7 P => Either c anda are collinear or b is perpendicular to botha 
or 1=4-2x-siny + x" -1 arid‘é 
or siny = x” —2x+2=(x-1)? +1 > b=A (axc) 
But,siny <1 > x=1,siny=1 > y=(4n+1) * nel 87. It may be observed that 
2 toy 26 
83. AB+ BC= AC [UVW]=|6 2 3 |=34340 
_ 2u u,jv_u Vv 2 6 2 
pel a sy Tv =U, Vand W are non-coplanar, hence linearly independent 
AB-BC = u Vv u “| Further Ux V= W and Vx W=U 
jul |vj/\jul fv They form a right handed triplet of mutually perpendicular 
=(a—-%)-(@+ %) =1-1=0 vectors and of course! 
mn ZB =90° => (Ux V)x W=0 and Ux(Vx W) 
=> 1+ cos 2A + cos2B + cos2C = 0 88. Let the required vector be d = xi + yj + zk. For this to be 
84, Clearly,a-c = 0 and b-c = 0. Also,a-b =0 coplanar wih band c, we must have 
axb=c x y z 
dot with b=>b-c=0 1 2 -1/=0 
Similarly, bxc=a 1 1 -2 
dot with b>a-b=0 
=> 4+1)+ 1+2)4 1—-2)=0 
dot with c>a-c=0 at y+ wy yan ) 
-3xt+y-z=0 
=> a-b=b-c=c-:a=0 |a-d| 
. |a||b/=|ce| The projection of don a is ; 
Again, ———_—— |al 


|b||c|/=|al 


89. 


90. 
91. 


92. 


93. 


94. 


95. 


So, fe =hee-y +2 
3 V6 
> 2x-ytz=+2 
The choices (a) and (c) satisfy the Eqs. (i) and (ii). 
a X(b—3c)=0 
> b-3c=h)Aa 
> |b —3ce| =|Aal 


11 
=> 14+1-61-—--=|A) SAL 
3 2 


b-3c=ta 
(aXc)-(r Xa) =(a Xc)-b 
(a) is proved if we take dot product of both sides with a. 
(b) If we take dot product with b, we get 
A.=b-e 
=> Option (b) is not true. 
(c) If we take dot product of both sides with a x b, we get 
[c ba] =A,[a x b]? 
=> A3 =[a bc] ore-(a xb) 
=> Option (c) is wrong. 
(d) is correct since A; +A, +A, =c-at+b-c+ [abc]. 
(a) Since, a, b, c, are non-coplanar, option (a) is true. 
Since, b X ¢, ¢ Xa, a X bare also non-coplanar. 
(b) is also correct. 
Since, x = A(b X c) + W(c X a) + V(a X b) 


We have, A=—*_, (on taking dot product with a) 
[abc] 
u and v have similar values. 
Also, |x| =|a — x| 
2 
=> a-x =—, etc. 
2 


=> Option (c) is correct. 
If (c) is correct (d) is ruled out. 


a =(a-i)i + (a-j)j + (a-k)k =a =(1,1,1) 
B =(b-i)i + (b-j)j + (b-k)k = b =(1, -1, 0) 
y =(1, 1, -2) 
a-B=B-y=y-a=0 
=>, 8, y are mutually perpendicular a, 8, y =6 
=>, B, y form a parallelopiped of volume 6 units. 
a X(b X c) =(a-c)b —(a- b)c 
=(xz + yx yz) (yA + gq xk) 
(xy + yz + zx) (ai + 994 yk) 
=(x2 + yx + yz) ((y —2)i + @— x)} + (x y)k) 


Clearly, perpendicular to i + j + k and also to 
(ytz)it(z+ x)jt(xt y)k as dot products are zeros. 
Clearly, parallel to (y — z)i + (z — x)j + (x - y)k 
A7>ax(bxc)+bx(cxa)+ex(axb)=O 


=> Vectors are coplanar, so do not form RHS 
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B- (a Xb) X c,a X b,¢ = 0 in that order form RHS 


= c,(a x b) X c,a X b also form RHS as they are in same cyclic 
order. 


Cr at+b+e=0 = (at+btec)’=0 
— a? +b’ +c’? =-2%a-b+b-c+ c-a) 
Hence, a-b+b-c+cec-a<0 


D>a+b+c=0 
=> axb=bxc=cxXa 
Using this we get result. 


96. a-b=0,c:a=c-b=cosa 


97. 


98. 


99. 


Take dot products with a,b and c, respectively. 
l=mn?+l? +m? =1 
1+ 2 
n” =—cos 200, m? oa 
2 

A->ax(bxXc)+ b(c Xa) + c(a x b) =0 
= Vectors are coplanar, so do not form RHS 
B- (ax b) x ¢a x b, cin that order form RHS 


=> ¢, (a X b) x c,a X b also form RHS as they are in same 
cyclic order 


Cro at+bic=0 
=> (at bt+c)’=0 


> v+btc= 


2(a-b+ b-c+c-a) 
Hence,a:b+ b-c+c-a<0 
D>aa+b+c=0 
> axb=bxc=cxXa 
Using this we get result. 
Since a, b, a X b are non-coplanar, 


r=xa+ yb+z(axb),rxb=a 


> xa X b+ z(axb)xb=a 
> x(a X b) + z(b-a)b —(b- b)a =a 
=> x(a x b) —a(1 + |b|?z) = 0 
= SG ee 
[bP 


r=yb- a x b), where y is any scalar. 


| b| 


Let angle between a and b be 8. 
We have, ja|=|b| =1 


0 ) 
Now, |a + Dj = Pees oud ja—bj =e 


Consider, F0 = 2 (2 cose + a[2sin® 
2 2 2 
FQ@)= Scose + asine.6 €[0, 2] 


FQ@)= =n + bees” 
2 2 2 


Now, F(@)=0 
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>X 
Y 
Clearly, F(0) =3 
r(9 =2tan | *) -3(2] (=) a4 Be? 25 
3 5 5 5 5 
F@=n)=4 
Range = [3, 5] 


Hence, possible integer(s) in the range of F(®) in 
[ 0, t ] are 3 viz, 3,4 and 5. 


100. Let r = xa + yb + z(a x b) with b 


r-b=0+ y\bl? 
a(r-b) = y(b)’a 
> c— pr =y\|bl’a 
2 
_1,_ vib, 
P P 
[rac] =0 
Now, r pee b 
P 
b-c 
y|b|? =— 
r=+¢-+(b-cja 
Pp 
101.(X —1) (a, —a,) + Wa, +a5) + yay + aq —2a,) +a; + 5a, =0 
Le. (A—1)ay+(1-A +p -2y)a,+(u+ yt 1a; 


+ (y+ S)a, =0 
Since, a;, a2, a3, a4 are linearly independent 
A-1=01-A+p-2y=0NU+A41=0 


y+6=0 
ie. A=1p =2yu+y+1=0,y+5=0 
2 1 1 
i.e. A=1u=--,y=—--,6 
ve ? ral 3 3 


102. Since [a b c] =0 
..a, b and c are complanar vectors 
Further since d is equally inclined toa, band c 
wd-a=d-b=d-c=0 
wd-r=0 
103. p = abcos(2n — ®)c, where @ is the angle between a and b and 


q =accos(% — >)b where @ is the angle between a and b now 
p + q =(abcos8)ec — accosob = (a: b)c — (a: c)b =a X(c X b) 
= BandC 


104. Verify v, + v2 =v; in order to quickly answer 


105. Since, (21 + 5+ 4k)-(i + 2] -—k) =0 
and (i+ j)-\(+2j-k),1+2=3 


=> Line lies in the plane 


106 op = 8b) 
lal’ 
B Cc 
b 
O Da A 
= DB=b-op=p-@ 
la| 
a-a)b—(a-b)a_ax(bxa 
_(a-a)b—(a-b)a_ax(b 
lal’ lal’ 
107.a+ b=Ac; b+ c=a 
a-—c=Ac—wa 
a(1 +p) =c(1 + A) 
but a and care non-collinear >u =- 1,4 =-1 


a+b+c=0=k =|k\/=0 
=>(k, k) =(0, 0) all the given curves pass through (0, 0) 


(Rabe ties! §,ia-e-3}-d{a-b+2}=0 
2 2 2 


1 1 
> a-c=—anda:c=—— 
2 2 


109. AA’ =I >a ,b ,c are orthogonal unit vectors 


tj k 
e=axbele a 6 l=teat esto 
49 7 
6 2 -3 


=> e=4-6i 6j + 2k) 


110. Component of vector b = 41 + 23 + 3k in the direction of 


> 4. "2, a-bea bot of 
a=i+jt+kis fallal or 31 + 3) + 3k. Then, component in the 
a||a 


direction perpendicular to the direction of a =i + j+ kis 
b-31+3j+3k=i-j 


111. Le the three given unit vector be 4, b and @ Since, they are 
mutually perpendicular, a: (b x c) =1. 


4 a, 
Therefore, [b, by, b3/=1 

G Cy C3 

a hb GY 

a, by Co) =1 

a; bz C3 


Hence, a,i + b,j + ck, ai + byj + cok and asi + b,j + ck may 
be mutually perpendicular. 
112. Statement II is true (see properties of dot product) 
Also, (i xb): b = i-(a x b) 
= axb=(i.(axb))i+(j-(axb)) j+ (k-(a xb) k 


113. AD =2j — k, BD = —2i —-j —3k and 


CD =2i-j 
1 
Volume of tetrahedron = en BD CD] 


0 2 -1 
1 
= 2 1 3] = 
6 
2 -1 0O 


; * & 

1 1 > a 299 

=-|2 3 2]=-|-9i-2j+ 12k|/= 

2 2 2 

2 3 1 
8 1 F 
Then, 5 = 5 x (Distance of D from base ABC) 
x (Area of triangle ABC) 


Distance of D from base ABC = 16 / 229 
114. Ax(A-B) A—(A- A) B)-C 


=| Ax(A-B) A -—(A-A)AXB]-C=-|A|’ [ABC] 
zero 


Now, |A|’ =4+9+ 36 =49 


23 6 
[ABC]=|1 1 -2/=2(1+ 4)-1(3—12) + 1(-6 -6) 
12 1 


=10+6-12=7=10+9-12=7 
|-|A|? [AB C]| = 49 x7 =343 


11522 in and b 
axb 


.. There are two such vectors 


k I ; m _ 


116. 


“ktlim k+l+m. k+l+m 
=> Point lies in the plane of A ABC. 
117. a? + b? + 2a-b =a’ + 4b® — 4a-b => 6abcos@ =3b* 


ween 
2 
2 2 
ee E _P+2 | 2 ' 

2 dbo +2 2 b° +2 
[»2 1 

egg 4 as? 1=VJ2(22)-12>~2-1 
| 22 b +2| 


b? +2 
It is least when =1 
2V2 


=> b = 2(V2 -1) =./2tanz/8 


118. Both the statements are true and statement II is the not 
correct explanation of statement I. Because b,c, din 


statement I are coplanar. 
119. 3a — 2b + 5c — 6d =(2a — 2b) 
+ (—5a + 5c) + (6a — 6d) = —2AB + 5AC —6AD =0 
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.. AB, AC and AD are linearly dependent, hence by 


statement II, the statement I is true. 


120. + = xa + yb + z(a Xb) 
121. (a x (b x @))-(4 x @) = (4: ®[bae] =5 


=> [baé] = 10 = [Abe] = — 10. 


Solutions (Q.Nos. 122-124) 
122. (i+ 3} -—4k)-(i+ + k)=14+3-4=0 
vce: aan 


(q-r) 
1 2 1 
Since,[qpr]=|2 4 -1 
1 1 3 
=(12+ 1)-1(66+1)+12-4)=13 
=> (a) (b) (d) are wrong. 


123. (px r)xr=(p-r) q-(q-r) p 


> u=—(q:r)=—-(2+ 4-3) =-3 
v=p-r=1+1+3=5andw=0 


Hence, u=-3,v=5,w=0 > u+vt+w 


124... p,q andr are non-coplanar, therefore 


qXr, rx p and px q are also non-coplanar 
Hence, s=I(q Xr)+ w(r X p) + n(p X q) 
s-p _ sq _ sr 


(pqr] [pqr] [pqr] 


Hence, s[p qr] =(s-p) (qx r)+(s-q) 
(rx p) +(s-r) (p xq) 
\(s-p)(q Xr) +(s-q)(r xX p) +(s-r)(p X q) 
=|s[pqr]|=[p qr] (as|s | =1) 
ul 


1 
2 
1 


Pook oR 


3 


Solutions (Q.Nos. 125-127) 
125. Given, 


p=i+j+kq=i-j+k 
pXr=q+tcp and p-r=2 


151 


1/=(12 + 1)-1(66 +1) +1(2-4)=13-7-2=4 


p X(p Xr)=pXq(q+cp) and p-(pxr)=p-(q + cp) 


(p-r)p-(p-p)r=pxq+cO 
0=p:q+c(p-q) 
(p:p)r=(p-r)p-—pxq 


oo Pd 
P'p 
But p-p=|p|=p =3 
p:p=1-1+1=1 
1-3 k 
pXq=|1 1 1/=2i-2k 
ta 4 


Using Eqs. (iii), (iv) in Eq. (i) and Eq. (ii), we get 


> ~ 1 
a a aaa 


r=_ (i + 23+ 2k -2i + 2k] 


...(vi) 
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r= Re + 2k) ...Avii) 


1 1 
Now, [pqr]=|1 -1 
0 


= 
2 
2 8 
[pe Nee Sa 
126.[pqr]x=(pxq)xr = SX =(P-t) 4-(4-¥) P 
=> ( *) x=2q-7P 


3 2 lies % 
x= --(3 =—(31-3j,+3k-1 
eat P) in J 


(q:r= - verify yourself) 


j-k) 


=~ 201-45 + 2k 


x=~5 0-2) + k) 


127. Asc = oe from Eq. (vi) 


-y =2q -(1)r [As p-q =1 from Eq. (iv)] 
Sf 6. ae 24 44) 31-84 hk) 
=| 21-2j+ 2k k |= 
. 3 4 ri si 2 3 
y =31-4j+k 
1 1 
a Go 
1( 16 2 
xyr]J=|3 -4 1 |= 1(4)--(2 
[xyr] 4 1f-2{- 2) -1)-2@) 
3. 3 
[xyr]=3-4-1=-2 
1 
—[xyr]|=|--|=I|e 
Etxynl|=[3\-le 


=> x, y, r are the coterminous edges of a tetrahedron whose 
volume is |c|. 


Solutions (Q.Nos. 128-130) 
128. y = logua(x - :) + log, y(2x -1)° 


But, x> ; = loge # = :) + log,(2x — 1) 
yal 
P =(3,1) 
129, OP =3i+} 


Q=(1,1) or(2,1) 
OQ=i+j and 21+] 
OP-0Q=3+1=4 and 6+1=7 
130. PQ= OQ- OP =~-2i or i 
|PQ| =2 or 1 


Solutions (Q.Nos. 131-134) 
131. Since, a, b, c are non-coplanar vectors, then 
[abc] #0 > [abc]’ #0 
a-a b-a ca 
=> [abc]’=|a-b b-b c-b/¥0 
a-c be ce-e 
Since, any vector r in space can be expressed as a linear 
combination of three non-coplanar vectors. 
So, let r=la+ mb+nc ...(i) 
taking dot product by a, b, c successively, we get 
r-a=la-a+mb-a+ne-a ...(ii) 
r-b=la-b+mb-b+nce-b (iii) 
r-c=la-c+mb-c+ne-c ...(iv) 


Now, eliminating /, m and n from above 4 relations, we get 
r a b c 
r-a a-a b-a cca _ 
ob ab bay bl 
r-c a-c bc cee 


Now, expanding along first row, we get 
Bveiiaeys 
A A A 


132. Since, a, b, c are three non-coplanar vectors, then 


On three exists scalars x,y,z, such that 
r=xa+yb+ze ...(i) 
Taking dot product by b X c, c Xa anda X b successively, 
we get 
r-(b X c) =(xa + yb + zce):(bxc)=x[abc] 
r-(cXa)=y[bea] 
r-(a x b) =z[cab] 
_[rbe] [rea] _ [rab] 
aber label ae 


On substituting the values of x,y,z in Eq. (i), we get 
ve [r bc] ve [rca] oe [rab] 7 
[abc] [abc] [abc] 


{{r bc]la+[rca]b+[rab]c} 


or r= 


[abc] 
133. We know that, 
[ax b bx ccxa]=[abc]’ 


[ax bbxeccxa] #0{[ab c]# 0} 
= axbbxc cx aare non-coplanar. 


Clearly, 


We also know that any vector in space can be expressed as a 
linear combination of any three non-coplanar vectors, so let. 


a =I(b xX c) + m(c Xa) + n(a Xb) ...(i) 
On taking dot product on both sides by a, b, ¢ successively, 
we get 
a-a=l[abc|] 
a-b=m[cab] 
c-a=n[cab] 
1-23 _ a:b sd 


,m = 
[abc] [abc] [abc] 


On substituting these values in Eq. (i), we get 


aca a-b a-c 
“— be + abe ape 
or a= {a-a(bx c)+a-b(cxXa)+a-c(axb)} 
[abc] 


134, Let a =a,i + ayj + ask, b = bi + b,j + bk, 
c=qi t+ cj t csk, P=pit pojt pak, 


and q = git qj + qak, 
a b c 
Then,/a-p b-p c-p 
aq bq cq 
Qitajtak bit bj+ bk 
Ap, + Arpr+ asp, bp, + bop. + bsp3 cp + Caps + caps 
AG + Arq2 + A393 digy + baq2 + bags Cig + C2g2 t+ C343 


cd + cof + ck 


ij k| la, a, a3 
Pi Po p3|:}B be Cs 


HM d2 93) |a C2 C3 


=(p x q) [abc] 
= y[abe]*(p x q) 
=./[a x bb x ce Xa] (p X q) 
Solutions (Q.Nos. 135-136) 
135. 9’ (x) =3x? +. 2x+0>0,V x20 
= g(x) is an 7 ing function. 


If circumcentre lies outside, then triangle is obtuse angle 


triangle and angle containing the given sides is obtuse angle. 


Therefore, 
(f(x)i + g(x)j)-(g(x)i + f(x)j) < 0 
> F(x): g(x) <0 
= &(x) T forx > 0 
> 2(x) > g(0)Vx > 0, Also, g(0) = 0 
> &(x) >0Vx > 0, (i) = f(x) <0 


f(x) < Oand g(x) >0V x>0 


136. If x — 0 then &(x) > cand f(x) is some negative number, 


then 
f(x)-g(x) 
— 
T 
lim lim} cot] —( — t”) =0 
t90 x00 4 ~~ 
ies end 


it 


Solutions (Q.Nos. 137 to 139) 


We have |x| =|y| =|z| = V2 and x, y, z make angle of 60° with 


each other. 


x-y =|x| |y|os60° = /2(/2)-5 =1 


y-2=|y||z|cos60° = V2 V2) () =A 


137. (a) 
Solutions (Q.Nos. 140 to 142) 
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and x-2=|x| 2}cos60° = v2(\2)( 5) =1 


x-x =|x|’ =2 

yy =ly|’ =2 and z-z=|z|? =2 
Now, x X(y Xz) =aandy x(z x x) = b (given) 
=> (x-z) y —(x-y)z=aand(y-x)z—(y-z)x =b 


> y —z=aandz-—x=b 
=> y-x=a+b 
Thus, we have 
y-z=a ...(i) 
z—-x=b ...(ii) 
y-x=a+b (iii) 
Now, xxXy=c (given) 
> x X(x X y) =x X c (taking cross-product with x) 
> (x-y) xX x —(x-x)y =x Xe 
> x -2y=xxc (iv) 
Again, xXy=c 
> y X(x X y) =y X c (taking cross product with y) 
= (y-y)x —(y-x)y =y xe 
> 2x-y=yxXe (iv) 


On subtracting Eqs. (iv) and (v), we get 
x—y =(y Xc)—(x xe) 
= xXxy =(y—x)Xe 
= x+y=(a+b)xc ..(vi) 
Adding Eqs. (iii) and (vi), we get 
2y =(a +b) +(a+b)xay =—[la+ b)a+b)xe 


Substituting the value of y in Eq. (iii) in Eq. (i), we get 
x = [la +b) +(a +b) x e]—(a +b) 


= x= "la +b)xe-(a+b)] 
z= "lla +b) +(at+b)xc]—a 
z=“ [(b-a) + (a+b) xe] 
138. (a) 139. (b) 


Taking dot products with a, b, c respectively with given 
equation 


[abe] = p + (q+ r)cosO vas) 
0=(p +r) cos + q ..(ii) 
[abe] =(p + q)cos6 + r ...(iii) 
1 cos@ cos0 
Also, [abe]’ = | cos0 1 cos® 


cos8 cosO 1 
=2cos’@ —3cos*@ + 1 =(1 — cos®)’ (1 + 2cos®) 


v =|[abe]| =|1 — cos@||,/1 + 2cosO| 
=2sin*S| Ji + 2cos8| 
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From Eqs. (i) and (iii) p = r; substituting in Eq. (ii), we get 3p ,Py és 
2pcosd+q=0 => 2+42c0s0 =0 %, Remees RDEes Seat 2 Bl ng 
P |ex al Ip| Ip| 
140. (a) 141. (c) 142. (b) 
‘ : : 1 0 0 
143. (A) We know that 3 vectors are coplanar, ifxa + yb+ze=0 : 2: eB Be 3 
Clearly, -3 1+ 3j+ 4k and i+ j are two vectors lie in the (B) [ABC] = B-A BB B-Cj=/0 1 2 
plane (a + banda — b). C-A C-B C:C 3 
(B) a X bis a vector which perpendicular to both a and b. : “27 : 
i j k ine [ _ *) a £ 
axb=(+-1 2 2/=1(4-2)-j(-24+4)+k(-1+4) ~ 4) 4 
aa [ABC] = ; 
=2i -2}+ 3k 
ae b-a_ b-a 
(C) c is a vector which is equally inclined to a and b (C)(bx c)-(ax d) = Sa es 
* c-a=c-b — ; ; 
Clearly i — 3+ 5k satisfies the condition. ounllaly seamiplite olhers Whichieives() 
= Jal? 2 
(D) a, b and c are from the triangle 146. (A) x-y =|a|" —|b|" = 0 
=> AB+ BC= AC x is perpendicular to y. 
C Ix x yl’ =[x/"lyl” 
LX {jal + |b]? + 2a-b}} {lal? + [bl — 2a-b} 
A B 5 ; 
144. Given, [axbbxccxa]=36 =64— lab)" = 4416 —(a-b) 
[abc] =6 hcae 
=> Volume of tetrahedron from by vectors a _ 
Soil B = 
ahenten hells ( secre cre 2 
[at bb+ cc+a]=2[abc]=12 A2r+1)=r +2 
a— b, b- cand c— a are coplanar a= 0h aor 
= ah ee a= X = 4is non-zero value. 
1 : : 
= b+ bx ct (C) If the lines are coplanar, all the 4 planes will have a 
145. (A) Area of AABC _ ha aia common point. 


Area of AAOC — dase Solving 4x + 3y —2z +3 =0 
2 x-3y + 4z+6=0 


Now, a+ 2b+3c=0 x-y+z+1=0 
Cross with b,a X b+ 3c X b=0 1 ~11 
an aX b=3(bxXc) We get x = =o = 3z= 


Cross with a, 2a x b + 3a x c= 0 Substituting in kx — 4y + 7z + 16 =0 


=> axb= (exa) We get k =7 
e (D) E =a —2b|? + |b — 2c)? + |e — 2al? 


=5(\a|’ + |b|’+ |e|”) — 4[a-b + b-c+ c-a] 


Let (cXa)=p =5:-6-—4[a-b+b-c+c-a] 
Rhee! obxes! ohieewe = 
2 2 
A (a) Also, ja+bt+e|’>0 
6+ 2[a-b+b-c+c-a]>0 
64 =F lao 


12+ 30-E20 
422E 
E 2 42 


147. (A)a-b+a-c=b-c+b-a=0 


1 
>b-c=a-c=-a-b=- i 


= |at+b+cl= a? +b’ +c? —2a-b) = 
(B) [a b c], write in terms of (a, a, a3 b,b,b;) 
raef] =| PX° cXa axb]_ 1 
| [abe] [abc] [abe] | {abc ] 


= [abc] [def] =1 


(a= ar(ABCD) 
ar(parallelogram) 
1 1 
—|a X(a + 3b)| + —|2a + 3b) xb 
lax(@a+3by + [@a+3b)xb] 
ja x b} 2 
oie d-c oe 
label” (abc) [abc] 
d-(a+ b+ c) 
x+y+z= 
[abc] 
[abc] 


148. Let the angle between u and v is @ and w and u is @ 


“| 


2 
=> 
2 
=> 


[avwPa|t-a FF tw 
wit wv wew 


1 cos20 cos0 | 
cos20 1 cos8 |= 0 
cos8 ~cos@ 1 


i 


Le aaa +0=2x14+1°=3 


150. a- -€=cos0 
¢=04 + Bb + (+ b) 

Taking dot product with a both sides cos® =a 

Taking dot product with b both sides cos® = 8 

Taking dot product with c both sides 
1=0.cosa + BcosO + ¥ [4b é] 

[1 0 cos0 | 
But [abe]? “| 0 1 cos 


cos8 cos0 1 


=1-2cos’0 
So, 1 =cos’0 + cos’0 + 1 —2cos’6 
> y= 1 —2cos’0 


So, 0° +B? +y? =1 


151. The three adjacent sides of tetrahedron is given by 


G+j)xGtk) G+k(k+i)  (k+iG+j) 


|G + 3) x G+ k)| (G+ k) x(k+ i) [(k+i) x(i+ 3) 
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- i+j+k i+j-k -i+j+k 
, V3 > v3 OB 
1 -1 1 
ake sks a 
6 3V3 93 
So, 93V =2 


152. Let @=xa + yb, where x and y are scalars. 


=> @=x(i-jt+ 2k) + y(2i j+k) 
=> = i(x + 2y)+ j(-x—y) + k(x + y) 


But, ¢-a=0 
6x 
6x+5y=0 > es 
ee 4, Axe 
So, re al ta aa 
5 5 5 
49x° + x? + 16x? 25 
We have, - me a ee ee 
25 66 
5 (-7, 1, 
c= it k 
al a: 
vit 
a a ae 
11 
So, Vil Lg => k=6 
P 
143. Let the angle between a and b is andax band cisf. 
I[a b e]| =6 
> sinacosB =1 => sina =1, cosB =1 
> a =90°,B =0° 


= a,b and care mutually perpendicular. 
Again, [bc d] =0 


4 0 1 
=> 0 9 edl=0 
1 c-d 1 
~ 33 
> ed a43¥3 
2 
We have, a-b=0 
1 0 0 
a 33 
axe-d/?=|0 9 ws 
3/3 
0 3v3 1 
2 
27 9 
=9-—-—=— 
4 4 
\(ax c) x d|? =|(a-d) ce —(e-d)al’ 
2 
3V3 27 


x x 36 
So, axed’ +|(axc) xd’ =" =9 


155 
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154. Pyctp se” “4a gga PEE 
2 Zz 
een ea j=* 
2, 2 
‘ ‘ L TA 
But directions of AD should be —~,-~,-=. 
3 V3 V3 
X-4 - 
=> ee ee 
2 2 


A (2i+3j+5k) 


B C 


(4+3j+2k) (Ai +5j-+uk) 
X =6,p1 =10 
24 -—uU =2 
155. v = [abc] 
a-‘a a:b a-c 
[op y]=|b-a b-b b-cl[abc] 
ca cb cc 
= [abc] [abc] [abc] = v° 
ats A =3 
156. c xa =b > |c xal=|b| 
> |e| ja] sin® =3, 
|c| = |e —al? =|c|? + |a|? —2c-a 
2sin0 
=|e|? + 4-2)e¢}/alcosé 
= z + 4-2: z -2-cosO 
4sin°0 2sin8 
= 44+ cosec® — 6cot8 
2 
-2 + (Zeoto -2) 
+ 2 
|c-al2>2 
4 
=> eae 
2 
> ajc —al 23 


“.Min. of 2|¢ —a| =3 
157. In AABD, N is the mid-point of BD. 

Ee AB + AD=2AN 

In ACBD,N is the mid-point of BD. 

Fe CB + CD=2CN 

Adding Eqs. (i) and (ii), we have 
AB + AD + CB + CD=2AN + CN) 

In A ANC, M is the mid-point of AC 

fe AN + CN =2MN 

From Eq. (iii), we get 
AB + AD + CB+ CD =2(2MN) = 4MN 


i) 


...(ii) 


(iii) 


A 
158. |a| =|b| =|¢| =1;[abe] =1 


1 
Volume of the tetrahedron = z 


3 =—2 2 
=| 0 -2|[abe]|=2 
6 
2 -3 4 
159. [a x(b Xc)]-(axXc)=5 
=> [(a-c)b—-(a-b)c]:(axc)=5 = (a-c) [bac] =5 
> [abc] = —10 
> —[abe] -1=+10-1=9 


a-a a-b a-c 


160.|\b-a b-b b-c/=[abc]’ =[axbbxccxa]’ =36 


c-a c-b ce 


Also, & xX = G4 xB-6 x (& x x) 
a xB —(G-x)& + |al?x 


B-x=axp+x or 2x =B-a xh 


=> 
=> — 4|x|’ =|B)’ +|a x Bl’ -28-@ xB) =2 
= Ix =5 =} 4x) =2 
—2 —-4 6 
162.1}0 1 -8 |=22 > 2=133 
2 -5 A-l 
(1, 1, 1) 
(-1, -3, 7) (3, -4, A) 


163. : [abe] =3 => [abe] =18 


V=[a+b-ca-bb-c] 


=(a + b-c):(a—b) x(b—c) =a-(b X c)= [abc] = 18 


164. Let © be the angle between vectors a and b. Then, 
a-b =|a||b|cos® 
> (a:b) =|a||b|’ cos”0 
Now, cos’?@ <1 = |a|*|b|’cos’@ <|a|*|b]” 


(a:b) <|al’|b)? 


165. Let P(x, y,) and Q (x2, y2) be the two points on y = 2** 7 
OP - i = Projection of OP on the X-axis 


=> Gq Sci (. OP .1 =—1) 
Also, (x;, y;) lies on y = 2% *? 

i y, =2"*? => y, =2 

Also, OQ - i = Projection of OQ on X-axis. 

> X, =2 (given OQ. i =2) 
As (xp, yz) lies ony =2**? 


yo 2"? 5 yp, =16 
Thus, OP =xi+ y,j=-1+2j 
and OQ = x1 + yoJ =21 + 16) 
=> OQ-40P =61+ 8) 
= |0Q-40P|=./36 + 64 =10 
166. Let A(x, y,) in XY-plane. 
‘ OA =a=xi+yJ 


OP=r=xityj 
*: Point P lies on the tangent to the circle. 


..OA is perpendicular to AP. 


> OA -AP=0 > a-(r-a)=0 
ie., a-r-—a-a=0 

or a-r=a-a 

=> a-r=a’ 

= (xi + yij)-(xi + yj) =a” 
> xx, + yy, =a’* 


which is the equation of the tangent to the circle at the 
point A. 


167. The given relation can be rewritten as, 
& 
(ja” — 4i + ajt+ sla? + 4k) (tan Ai + tanBj+ tanCk) =6a 


=> (a? - 4) +a? + (a? + 4) 


tan’ A + tan’B + tan’C .cos@ =6a (a. b =|a\|b|cos®) 


3a. tan? A + tan’ B + tan’C . cos0 =6a 
=> tan? A + tan? B + tan’C =12sec’0 ...(i) 
Also, 12sec"@ > 12 (« sec”@ > 1) ...(ii) 
From Eqs. (i) and (ii), tan’ A + tan’ B + tan’C >12 
.. Least value of tan? A + tan? B + tan?C =12 
168. Here, M is the mid-point of BC. 
AM = AB+ (AB + AC) (using AB + BC = AC) 


AB ||(AB+ AC) 
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A 
o 
7 G 
Let angle BAM = 
oe AB-(AB+ AC) |AB|’ + AB- AC 
26< 2 
| AB|| AB + AC| cb? +c? + 2becosA 


- c’+c-bcosA - c+bcosA 
eye? + b? + 2becosA je? +c? + 2bcosA 
b- sinB 
and -—= = => cosd 
c sinC 


_ sinC + sinB sinA 
sin? B + sin’C + 2sinB sinC cosA 


169. Let p = BA and q = BC 
Now, required perpendicular distance 
= AM =(BA)sin®@ 
=|p|sin® ..-(i) 
Consider ,|q x p| =|q ||p| sin 
On dividing by |q| 


RS ae Ai) 
Iq| 
A (1, 4,-2) 
P 
0 ia : ¢ 


Bi2,1,-2) M q (,-5,1) 


From Eggs. (i) and (ii), required perpendicular distance 
_lqaxpl 
lq 
q = BC = OC - OB =-2i -6j + 3k 
P = AB= OA - OB=-i+3j 


...(iii) 


where, 


|q|=4+36+9=7 ...(iv) 
i j k 
and qxp=|-2 -6 3|=-9i-3j-12k 
-1 3 0 
|q x p| = /81+9 + 144 =3/26 (Vv) 


From Eqs. (iii), (iv) and (v), we get 


3/26 


Perpendicular distance = ——— 


170. Here, AM = MD and CD is angle bisector of ZC. 


cpa 2th 
at+b 
and cue * 
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Where,a =CB andb=CA 
Consequently, 


Mexofh COM= “(cp x CM) 
_ 1(ab + ba) x (a+ b) 


S 1(a + b) 
_ a(b Xa) + a(b Xb) + b(a Xa) + b(a xb) 
(a + b) 

_(b-a)(axb) 
Aa +b) 


(usinga Xa = b X b=0andb Xa =—ax b) 


i (=) 
~2(at+b)\ 2 


b-a 


= (Area of A ABC) 
2(a + b) 
_Areaof ACDM_ (a—b) _ sinA—sinB 
“Area of AABC. 2(a+b) 2(sinA + sinB) 


Also, CD || (ab + ba) and CM || (a + b) 
(ab + ba)-(a+ b) 
lab + ba||a + b| 
a|b|’ + bla|* + [al |b] (a + b) cosC 
{20°b? + 2a°b” cosCy a’ + b’ + 2abcosCA 
(Where, a| =aand \D| = bd] 
(a + b) cos(C / 2) 
{a + b? + 2abcosC 
_ (sin A + sin B) cos(C / 2) 
sin? A+ sin’ B + 2sin A sin BcosC 


171. Let A (O), B(b), C (ec), P(p), O(q), R(r) 


We have, p = 


and 


Equation of the line AQ, r = (7 z ‘) 


3 


Equation of the line CP, r =¢ + i.f* - c] 


R is the point of intersection of AQ and CP. 
= For point R , we have 


1, PEE) =e he (® c} 
3 3 


(comparing coefficients of b and c) 


5 22 _ de 
3 5 
and —=1-A, 


On solving, we get 
My =3/7,A2 =6/7 


sas R == (2b + ¢) 
Nowe: eg ee en 
7 7 
RCs = (tb + ¢) = S22) 


|RB x RC | = ab c) x (6¢ — 2b) 


| Gob xerBeKh\=— eo 
49 49 


> |IRBXRE |=" [bx ofa” [(area of A ABC) -2] 
49 49 
(. area of A BRC = 1) 


1 49 49 
= Area of A ABC =-|RB x RC|-— =(Area of A BRC): — 
2 28 28 
49 ‘ 
Area of AABC = 36 sq units. 


172. Let OABC be a given quadrilateral such that its diagonal OB 
bisects the diagonal AC let OA =a, OB = b, OC = c. 


+ 
ati of AC lies on OB, there exits a 


Since, the mid-point 


scalar t such that, 


Area of AABC a tbh > a+c=2tb 


On multiplying both sides with b, we have 
(a+c)xb=2tbxb 


> axb+cxb=0 

=> axb=bxc 
1 1 

=> —|a x b| =—|b xc| 
2 2 


=> Area of A OAB = Area of AOBC 
Hence, the diagonal OB bisects the quadrilateral. 


173. The coordinates of the resulting force F = F, + F, = (6, 4}i.e., 
resultant F are 6 and 4. Now, let M (a, y) be a arbitrary point of 
1. Then, the moment of the resultant about point M is equal to 
ZeXo. 


174. 


175. 


This moment is equal to sum of the moments MA x F, and 
MB x F, of component forces (the cross product of vectors is 
distributive.) 

Since, MA =(1 — x,1—y), MB = {2 — x, 4— y}, if follows that 


(MA xR) i + j) =3(1— x) -2(1-y) 
=1-3x+2y 
(MB x F,)-(i + })=(2 - x)-4(4-y) 
=-14-x+4y 
Hence, the equation of straight line / is 
(1-—3x + 2y)+(-14-—x+ 4y)=0 
=> —4x + 6y —13=0 
> 4x —6y +13=0 
Leta=n+yj+zk 
Now, a, i and i+ j are coplanar anda, i—jandi+ kare 
coplanar. 
=> faii+j]=Oand[ai-ji+k]=0 
x y Zz x y Zz 
=> |1 O O/=Oandj1 -1 0|=0 
1 1 0 1 0 1 
z=Oand-x-y+z=0 
> z=Oandx+y=0 
=> y=-x 
= 
i-j 
> a=—— 
V2 
Let the angle between a and i—2j+ 2k be 0. 
Cty 
jit 2j+2k| 
_G=)) (=2)42k) 
v2 Ji+4+4 
_(-j)G-2j+2k) 1+2 1 
2-3 3/2 V2 
9-7 
4 
In the new position, let the vector be dt yj + zk. Since, it is 


perpendicular to the given vector. 

(xi + yj + zk)-(i+ 25+ 2k) =0 
> x+2y + 2z=0 (i) 
The magnitude is the new position which also remains the 
same. 
=> ..-(ii) 
The given vector, the vector in new position and the X-axis are 
coplanar. 


x+y +77 =14444=9 


1 0 0 
=> 1 2 2/=0 
x y Zz 
> y =zand x =— 4y (using x + 2y + 22 = 0) 
Hence, x + y? +2°=9 
> loy’+y?+y"?=9 


176. 


177. 


178. 
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5 4 1 
= are aa) 
> x=+t2V2 
It is given that the vector passes through the positive X-axis. 
1 

> x =2 2 and y =0 pn? 
Hence, required vector is (2 J2i- =i 7 = ky 
u+v+u+wandwxt=v 
> (a4+0¥4+0)xd=wxt 
=> (a+v)xa+axti=Vv 
=> (a-a)v-(V- Wat axad=F% 

(using G-G =1 and a xt = 0, since unit vectors) 
=> v-(V- aa = 
=> (a-v)a=0 > a-V=0 


tl 
S 


a-(*xw) >a: [+ x(@xt+ H)] 
(given w= XV + 0) 


> a-[vx(@xv)+vxa] 
> a-[(¥-v)a-(¥- 0) V+ 0x4] 
[. a: v = 0 from Eq. (i)] 
> |+|? (@- a) — a-(% x a) 
=> | #7)? | al? 0 (- [a # w] = 0) 
(la]=|9[ =) 
> [a vw]=1 
We have, 
RxXB=CxBandR-A=0 
> AxX(RXB)=Ax(C XB) 
=> (A-B)R —(A-R)B=(A-B)C —-(A-C)B (i) 
where, A=2i+k,B=i+j+k 
and C = 41-334 7k 


A-B=2+1 
Hence, Eq. (i) reduces to 
3R —0-B=3C —15B 
or R =C -5B=(4i —-3} + 7k) —5(i+ j+k) 
R =-i-8}+ 2k 


3,A:-C=84+7=15 


Since, a, b and a Xb are non-coplanar vectors. 

Let x=A+ b+ yaxb) 222(i) 
x-a=)a-a+uUb-a+ yaxb)-b 

> 0 x Afal? + wa-b ...(ii) 


Again from Eq. (i), 
x-b=Aa-b+ub-b+ yaxb)-b 
1=)a-b + ub|’ (iii) 
From Eq. (i) 
x-(axXb) =Aa-(ax b) + ptb-(a x b) + Ya x b)? 
[x a b] =Alaa b] + [ba b] + y(axb)’ 
1=y(a x b)* ...(iv) 
From Eq, (ii), w(a-b) = Alal? => p=- lal 
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From Eq. (iii), 


212 
(jays) SURE 
a: 
2 2p 2 
- 1 ay {@:>Y Aalib | 
a-b 
ah _ a-b 
(a-b)* —a*b? 
X+yY+Z=a ..-(i) 
a-Xt+a-y+a-Z=a a=l =4 
3.7 3 = 
t—-+a-Z=4> a-Z= ...(ii) 
2 4 + 
wee “ % 2 
From Eq. (i), ¥-(K+y+zZz)=x = 
be he on Ske thie oe em OS 
= x ae are 
Pare oe 
> 1+x aa 
Ae eee er, 
> yen ...(iii) 
Fei ae A 7 
From Eq. (i), a a ae 
R-94149-a22 
y y 4 
ee ee, ; 
xyty = ...(iv) 
From Eq. (i), (&+9+2) =(a) 
= RRAY- H+ S-Z+AR-H+H-2+2-%) =a’ 
34+AK-y+ty-zZ+z-x%)=4 ...(v) 
From Eqs. (iii), (iv) and (v), we get 
1 3 
y:z2=0,%-Z=--,x%-y= 
« 4 2 4 
Now, KX X(y Xz) =b 
(R-2)9 ~(K-Ya=d 
1 3 
—-y--z=b Avi 
a (vi) 
Again, (x xXy)xXZ=c 
(&OY-G-DR=@ + -T¥ =e 
y =—4e [from Eq. (vi)] 
z=—(c-—b) 
From Eq. (i), X =a-y-Z 
& = “Ga-+ 4b+ 80) 
x <1 
ae abet) 
y =—4ce;z=-—(c—b) 
Here, 


a x {(x —b) Xa} + bx {(x —c) xb} + eX {(x 
(a-a) (x —b)—{a-(x —b)}a+(b-b) (x —c) 


a)xc}=0 


181. 


—{b- (x — c)} b+ (c-c)(x —a) —{e-(x —a)} c=0 
b) —{fa-x —0}a+A*(x—c) —{b-x-0}b 
+ XV (x —a) 0)}}=c=0 
(using a-b = b-c =c-a = 0and|a| =|b| =|c| =A) 
=> W{x-b+x-c+x-—a} 
={(a-x)a +(b-x)b+(c-x) c} 
Let x =Qa+Bb+ ye 


=> A(x 


(c-x 


(x is linear combination ofa, b and c ) 


> a-x=OQa-a > a-x=QX’ 
b-x =Ba? 
cx=y 


From Eq. (i), 4” 8x —(a + b + c)} (a-x) 
a+(b-x)b +(c-x)c 
and from Eq. (iii) 
a-x=)\*0,b-x=ABec-x =A’ 
Above equation reduces to 


7 3x —(at+ b+ c)}=AV(aa + bf + cy) 


> 3x —(a-—b+c) 
=> 2x=at+bic 
a+bte 
=> x = —— 
2 
Here, OC = x, CA = b, CB=a 


OA =(b—x) and OB =a-x 


Now, OA’ = OB’ = OC’ 
x’ =(a—x)* =(b—x)’ 
> x-x =(a—x):(a—x) =(b-—x)(b—x) 
> X-X =a-a-—2a-x+x-x=b-b-2b-x+x-x 


2 2 
a 

a-x =— andb-x = — 
2 2 


Now, if we take x = Aa + Ub, then from Eq. (i) 
2 


ha? +p-a-b= 
2 
b? 
and ia-b+ub? ary 
.On solving Eqs. (ii) and (iii), 
__a’b’ — b’ (a-b) 
2 (a*b’) —(a-b)’ 
re a’b? — a*(a-b) 
2(a*b*) —(a-b)” 
_1a’b’—b’(a-b)_ 1 a°b’ —a*(a-b) 


4 
7 2 ab) aby 2@’b) —a-by 


and 


182. 


183. 


184. 
185. 


186. 


187. 


OP. 0Q+ OR-OS= OR-OP+ OQ: OS 
= OP(OQ- OR) + OS(OR — OQ) =0 
> (OP — OS)(OQ — OR) = 0 
=> SP-RQ=0 
Similarly SR-PQ=0 and SQ-PR=0 
.. Sis orthocentre. 


cos(P + Q) + cos(Q + R) + cos(R + P) 
=—(cosR + cosP + cosQ) 


3 
Max. of cosP + cosQ + cosR =— 


2 
Min. of cos(P + Q) + cos(Q + R) + cos(R + P) is 
3 
~ @ 
sin R =sin(P + Q) 
Given, |4|=|b |=|¢|=1 
and ax(b x)=" 6+@) 
: A eee 3 
Now, COnSCES ath eae) 
=> @-ab-@-b)e-23 64 Be 
2 2 
On comparing, we get 
a ba [arb eee 
2 2 
3 bea tk 
=> ans [-|a|=|b|=1] 
> cos = cos (x ~™) = 9 =°% 
‘ 1 
yen ehh || je|a 
1 
> ga aa eer 
> —(c-b)-a+(¢-a)b=2|blela 


| 1b| lel +(e:b)]a=(e-ayb 


Since, a and bare not collinear. 


1 
ol ce and c-a=0 


= Je|| b| cos + | b|| e|=0 
1 
= [b||e| cos +=) =o 
= cos + = 0 (: |b] #0,| ¢| #0) 
> cos § = ; sin@ = =n 


If a, b,c are any three vectors 
Then, |atb+e|*>0 


=> ja|°+|b|?+]¢ |? +2(a-b+ b-c+e-a)20 


188. 


189. 


190. 
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5 a-b+b-c+ea2—(a/*+|b/?+le|") 

Given, |a—b |’ +|b—c |? +|ce—a |?=9 

=> |a|?+|b |?-2a- b+|b |? +/¢ |?-2b-c+]e |? +a |? -2e-a =9 
= 6-2(a-b+b-c+c-a)=9 [“|a|=|b |=|c |=1] 


= a-b+b-ct+c-a= ; ..(i) 
== 2 2 2 
Also, a-b+b-c+e-a2—(a|’+|b|’+/¢/") 


— 
2 


From Eggs. (i) and (ii), |a+ b+ |=0 
as a-b+ b-c+ c-ais minimum when |a+ b+ c|=0 
=> at+bt+c=0 

2a+5b+5e|=|2a+5(b+ c)|=|2a—5al =3 
Leta =i+j+2k, b=i+2j+k 


...(ii) 


ande=i+j+k 

.. A-vector coplanar toa and band perpendicular to c 
=A(axb)xc =A {(a-c) v—(b-c)a} 
=A {+14 4)G4+2}+ k)-(14+241)(4 j4 
= {6i+12} +6k-6i —6j- 12k} 
=A j-6k}=orj -k 


1 
For, A = 2 = Option (a) is correct. 


and for A =— . = Option (d) is correct. 
Let v=a + Ab 
v=(1t+A)i¢(1-A) J+A) k 
Projection of vone =~ 
Ly MEO 
le] 3 
aa (l+A)-G-A)-4+A)_ 1 
V3 3 
> 14A-14+A-1-A= 
= ASS 
= x =2 


AB =2i+10j+11k 
AD =-i4+2}+2k 


D C 
10 
A 
A B 
Angle ‘0’ between AB and AD is 
es@)-= AB- AD 
| AB] | AD] 
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-2+20+22| 8 , v17 
= =— = sin(0)= 
(15)(3) 9 
Since, O@+0=90° 
cos() = cos(90° — 8) = sin(®) = uw 
1 
191. Mpo , Msp F Mro = —3, Msp = —3 
S(-3,2) R(3,3) 
P(-2,-1) Q 4, 0) 
=> Parallelogram, but neither 


PR =SQnor PR L SO. 


So, it is a parallelogram, which is neither a rhombus nor a 


rectangle. 


i 
192. From the given information, it is clear that a = 


ot 
V5 


> 


|a|=1,|bl=1,a-b =0 


Now, (2a+ b)-[(a x b) x(a —2b)] 
=(2a+ b)-[a*b —(a-b)-a 


2 b’-a—2(b-a):b] 


= [2a + b]-[b + 2a] = 4a’ 4 


=4-:14+1=5 


193. Let angle betweena and b be 6,, 


bxd be. 


Lb? 
[asa-b =0] 
ec and d be @, andax band 


Since, (axb)-(cxd)=1 = sin6, -sinO, -cos@ =1 


=> 
=> alb,cld,(axb)||(cxd) 
So, 
= (axb)-c=k(cxd)-cand(a 


=> [abc]=0 and [abd] 


8, =90°, 0, = 90°, 8 = 0° 


a Xb =k(cxd) andaxb =k(cxd) 


xb)-d =k(exd)-d 
=i) 


= a,b, canda, b, d are coplanar vectors, so 


options (a) and (b) are incorrect. 


Let b || d =>b=td 
As (axb)-(exd)=1 = (axb)-(cxb) =41 
=> {axbcb]=+1 => [cbaxb]=+1 
=> c[bx(axb)]=t1 => c-[a-(b-a)b] =+1 
> ca=t1 [a:b =0] 
Which is a contradiction, so b 
option (c) is correct. 
Let option (d) is correct. 
=> d=t+a and c=tb 
. a 
As (axb)-(exd) =1 60° 
=> (axb)-(bxa)=+1 
Which is a contradiction, so option (d) is d re 


incorrect. 


Alternatively options (c) and (d) may be observed from the 


above figure. 


194. 


195. 


196. 


197. 


The volume of the parallelopiped with coterminous edges as 


A, b, ¢ is given by [a b¢] =4-(bxé) 


Zz, 


ZL Y| 


Ya 7 
xX 
a-A a-b 4-é 1 1/2 1/2 
Now, [4bé?? =|b-4 b-b b-é]=) 1/2 1° 1/2 
@-A @¢b &@é 1/2 1/2 1 


2 fa bay =a[1 “| (3 \et(! 1) =3 
4) 2\2 4 2\4 2 2 
Thus, the required volume of the parallelopiped 


1 : 
=—cu unit 


V2 


Given, OP =4 cost + bsint 


= | OP| = (4-4) cos” t + (b-b) sin’ t + 24-b sin t cost 


= | OP| =,/1+ 4- bsin 2t 


7 T 
=> | OP|nx. =M=.1+4-b atsin2t=1 > =F 
T 1 “ 

At t=—, OP =—~(a+b 
; ag ) 
a+b 
Unit vector along OP at | t= — | = x 
|a+b| 
Since, PQ is not parallel to TR. 
T Ss 
U R 
P Q 


. TR is resultant of RS and ST vectors. 

PQ x(RS + ST) #0. 

But for Statement II, we have PQ X RS =0 
which is not possible as PQ not parallel to RS. 


=> 


Hence, Statement I is true and Statement II is false. 


Since, given vectors are coplanar 
-Vo1 1 
1 -A 1 J=0 
1 1 -- 
> ° -30? -2=0 


=> 1+V)?(2-2)=0 SA H=4V2 


198. 


199. 


200. 


201. 


202. 


Since, a, b, c are unit vectors anda+b+c = 0, then 
a, b,c represent an equilateral triangle. 
axb=bxc=cxa#0. 


Let vector AO be parallel to line of intersection of planes F, 
and P, through origin. 
Normal to plane p, is 
n, =[(2] + 3k) x (4j -3k)] =-18i 
Normal to plane pz is 
n, =(j—k) x Gi + 3j) =31-3j-3k 
So, OA is parallel to + (n,; xn.) =54 j — 54k. 
.. Angle between 54 (j— k) and (2i+ j— 2k) is 


54 + 108 1 
iO) oi 
3-54. /2 V2 
nq 30 
g=—,-* 


> 


4 4 


Hence, (b) and (d) are correct answers. 


Let vector r be coplanar toa and b. 
r=a+tb 
=> r=(i+2j+k)+t(Gi-j+k) 
=(1+ 01+ 2-dj+0+0k 
The projection of r on c -= : [given] 
ss ree 1 
|e} vB 
- }1-+f#)+1-(2-t)-1-+a)|_ 1 
V3 V3 
=> (2-f)=+t1 > t=1 or 3 
When, t = 1, we have r=2i+j+2k 
When, t =3, we have r = 41 —} + 4k 
Since, b, = b— 2a, b, = b+ a 
\a| lal 
and c=c <3 val a <3 sails 
lal’ |bI la| |b| 
c-a_ c-b, c-a 
C3 = b,, c, =a-— a 
Sah bP al? 


which showsa-b,=0=a-c=b,-c, 
So, {a, b,, ec} are mutually orthogonal vectors. 
As we know that, a vector coplanar to a,b and orthogonal to c 
is {(a X b) X c}. 
.. A vector coplanar to (21 + j + k), i - j+ k) and orthogonal 
to3i + 2) + 6k 
=A [{2i+j+k)xG-j+ bk} xGi+ 2} + 6k] 
=) [(2i —j —3k) x (3i + 2] + ok)]=A (21j — 7k) 

(213 — 7k) 

(21)° + (7)? 
@j-f) 

10 


«. Unit vector =+ 


=+ 


203. 


204. 


205. 


206. 


207. 


208. 
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We know that, volume of parallelopiped whose edges are a,b,c 
=[abc]. 


1 ail 
[abe]=|0 1 al=l+a>-a 
a 01 


Let f(a)=a°—-a+1 
= f’(a)=3a°-1 = f(a) =6a 


For maximum or minimum, put f’(a) = 0 


1 1 
= a =+ —, which shows f(a) is minimum at a = —= and 
3 f B 
1 
maximum at a = — —. 
B 


We know that, a x (a x b)=(a- b)a—(a-a)b 
G+ j+kx G-b=(G + j+ & -(v3)’b 


=> —24+j+k=i+j+k-3b => 3b=+3i 
a b=i 
Given, V=2i+ j-k and W=i+3k 


[UVW]=U-[(2i + j —k) x (i+ 3k)] 
=U -(3i — 7} — k) =|U||3i — 7} — k|cos0 
Which is maximum, if angle between U and3i —7j — kis 0 


and maximum value 


=|3i — 7} — k|=./59 


Since, (a+2b)-(5a—4a) =0 
=> 5|a|°+6a-b—8|b|’=0 
=> 6a-b=3 [*«|a|=|b|=1] 
=> cos = => @=60° 
We have, a =2i + j —2k 
=> jal=/4+14+4 =3 
and b=i+j>|b|=/1+1=~2 
Now, c-a|=3>|c-al’=9 
> (c —a)-(c—a) =9 
=> e|’+a|?-2e-a =9 (i) 
Again, axb|xc|=3 
> aXb||clsin30°=3>]|c|= : 
jaxb| 

; ak 
But axb=|2 1 -2/=2i-2j]+k 

1 1 0 

Je| a =2 (ii) 


From Eqs. (i) and (ii), we get 
(2)? + (3)? -2c-a=9 > 44+9-2c-a=9 > c-a=2 


Use the formulae, ax(b x c)=(a- c)b—(a-b) ¢, 
{abc]=[bca]=[cab] 

and [aa b]=[ab b]=[acc]=0 

Further, simplify it and get the result. 
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Now, [ax bb x cc Xa] 
=axb-((b xc) X(c Xa)) 
=axb-((k xc Xa)) 
=a xXb-[(k-a) c—(k-c)a] 
= (a xb): ((b x c-a) c—(b Xc- c)a) 
=(a x b)-([bca]c)—0 
=axb-c[bca]=[abc][bca] 
=[abc]’ 


Hence, [ax bbxccxa]=A [abc]? 


[Here, k = b x c] 


[.. [b x c-c] = 0] 


{.[abc]=[bca]} 


=> [abc]* =A [abc]? 
> A=1 
209. Given that, 
(i) aand bare unit vectors, 

ie.Ja|=|b|=1 

(ii) c=a+ 2bandd =5a — 4b 

(iii) ce and d are perpendicular to each other. 
ie.c-d=0 

To find Angle between a and b. 


Now, e-d=0 > (a+2b):6a—4b)=0 
=> 5a-a-—4a-b+10b-a-8b-b=0 

=> 6a:b=3 

> a-b= 


So, the angle between a and b is —. 


210. Given, 
(i) A parallelogram ABCD such that AB = q and AD = p. 
(ii) The altitude from vertex B to side AD coincides with a 
vector r. 
To find The vector r in terms of p and q. 
Let E be the foot of perpendicular from B to side AD. 
AE = Projection of vector gon p=q- p= qP 


|p| 
Cc 


AE = Vector along AE of length AE 


-|ar|az-(4-2| _(4-P)P 
|p| |p| 
Now, applying triangles law in AABE, we get 
AB+ BE= AE 
= aa r= (4 P)P . (q-P)p 
|p| |p| 
=> r= a+(22)p 
Pp 


1 1 
211. rT 
(2a — b)-{(a x b) x (a + 2b)} 
= (2a — b)-{(a x b) Xa+ (a x b) x 2b} 
=(2a —b)-{(a-a) b—-(b-a)a 
+2(a-b)b—2(b-b)a} 
=(2a — b)-{1 (b) —(0)a + 2(0) b—2(1)a} 
{asa-b=Oanda-a=b-b=1] 
= (2a — b) (b — 2a) 
=—(4|a|? —4a-b+|b|’)=—{4-04+1}=-5 


(31+ k) and b=—(21+3 j-6k) 


NI 


212. Given, a-b #0, a-d=0 ...(i) 
and bxc=bxd 
> b x(c—d)=0 
b||(c—d) 
> c—d=Ab 
> d=c-—Ab ...(ii) 


Taking dot product with a, we get 
a-d=a-c-—Aa-b 


> 0=a-c—A(a-b) 
io (iii) 
an 
deee > 
(a -b) 


213. Given,a=pi+j+kb=i+q+kandc=i+j+rkare 
coplanar and p#q #r #1. 
Since, a, b and ¢ are coplanar. 


> [ab c]=0 
p11 
=> 1 q 1\;=0 
1 1 FF 
=> p(gqr-1)-1(r-1)+10-q)=0 
> pqar-p-rt+1+1-q=0 


5 par -(p+qtr)=-2 
214. We have, axb+c=0 
ax(axb)+axc=0 

(a-b)a—(a-a)b+axc=0 

3a-2b+axc=0 

2b=3a+axc 

2b =3j-3k-2i —j -k=-2142j 

b=-i+ j-2k 


VUUUY 


215. Since, the given vectors are mutually orthogonal, therefore 
a-b=2-44+2=0 


a-c=A-1+2u =0 


and bc=2A4+4+uN=0 ...(ii) 
On solving Eqs. (i) and (ii), we get 

bl =2andA =-3 
Hence, (A, WL) =(-3, 2) 


216. Since, [3u pv pw]—[pv w qu] —[2w qv qu] =0 
. 3p"[w- (v x w)] — pq [v-(w x u)] 
—2q° [w -(vxu)]=0 


217. 


218. 


2719. 


220. 


221. 


=>  (3p° — pq + 2q°)[u -(v x w)] =0 


But [uvw]+#0 
=> 3p — pq + 2q° =0 
. p=q=0 
Given that, b=i+ jand c=j+ k. 


The equation of bisector of b and c is 


=— (i+2j+k) ...(i) 


Since, vector a lies in plane of b and c. 
a=b+uc 


ye 4 1 
ge ere) 


On equating the coefficient of i both sides, we get 


Xn 
—=1 N=~2 
pres 


On putting A = V2 in Eq. (i), we get 


=> 


r=i+2j+k 
Since, the given vector a represents the same bisector equation 
f. 
a=1 and B=1 


Since, (2u X 3v) is a unit vector. 
=> |2u x3v|=1 
> 6|u || v|| sin 8|=1 
1 
= sin @ =~ [~ Jul =|v| =1] 


Since, 8 is an acute angle, then there is exactly one value of © 
for which (2u x 3v) is a unit vector. 


Since, given vectors v, b and care coplanar. 

1 1 1 

se | 2|=0 

x x-2 —1 
= 1{1-2(x-2)} -1(-1-2x)+1(x-24+ x)=0 
=> 1-2x+4+1+2x+2x-2=0 
> 2x=-4 > x=-2 
Since, (ax b)xc=ax(bx c) 

(a-c) b—(b-c) a =(a-c) b—(a-b) c 
=> (b-c)a =(a-b)e 
= ae ail 
(b-c) 


Hence, a is parallel to c. 
Since, position vectors of A, B, C are 2i- j + k, i- 3y —5k and 
ai—3j+ k, respectively. 


Now, AC =(ai-3j}+k)-(i-j+k) 
=(a—2)i-2j 
and BC=(ai—3j+k)-(i-3j—5k) 


=(a—1)i+6k 
Since, the AABC is right angled at C, then 
AC-BC =0 


222. 


223. 


224. 


225. 


226. 
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=> {(a—2)i-2}}-{(a-1)i +6k} =0 
=> (a —2)(a—1) =0 


* a=1 and a=2 
Line is parallel to plane as 
(i-j+4k)-(G+5j+ k)=1-54+4=0 
General point on the line is 
(A +2,—-A —2, 4A + 3). 
For A = 0, a point on this line is (2, -2, 3) and distance from 


r-(i+5j+k)=5 or x+5y+z=5is 
2+ 5(-2)+3—-5 —10 10 
4 = |245C2) > d=|—2l= 
| ji+254+1 | 3V3| 313 


Leta =a,1i + ayj+ as k 
Then, 


axi=-—ak +a; j 

ax j=ak-a;i 
axk=-—a,jtapi 

. (axi’+(ax jy +(axk)’ 

=a;+az;t+a;+az,t+a;t+a; 


=2(a7 +a34+a%)=2a 


Given that, [A(a+b) (’b Ac]=[a b+e b] 
Ma, +b) Maz +b.) Ala, + b3) 
2b, 2b, 2b, 
Ac Ae» Acs 
a a2 a3 
=|b+c bo tc. by +63 
b, by bs 
a az, a3 a az, a3 
=> AMib b, bj/=-|b, by by 
CG C2 C3 CG C2 C3 
=> Me=-1 


So, no real value of A exists. 


Given, vectors are 
a=i-k, b=xi+j+(1—-xk 


and c=yitxjt+(+x-y)k 
1 0 = 
{abc]=|x 1 1-x 


Yo xe Tek y 


Applying C; — C; + C, we get 


1 0 0 
=|x 1 1 j=10+x)-x=1 
y x 1+x 


Thus, [a b c] depends upon neither x nor y. 


Since, |ul|=1,|v|=2,|w|=3 
The projection of v along u = iT 
u 
and the projection of w along u = 1 
u 
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According to given condition, 
vuowu 
juj ful 
=> vu=wu ..-(i) 
Since, v, w are perpendicular to each other. 
vw=0 ...(ii) 
Now, |u-v+w/?=|ul’? + |v)? +] wl? 


—2u:v-2v-w+2u-w 


=> ju-vtwl? =14+44+9-2u-v+2v-u 
[from Eqs. (i) and (ii)] 
=> ju-v+w)’=14+449 
=> |u-v+w| = /14 
227. Given that, s [bllela =(@xb)xe 

We know that, 

(ax b) X c=(a-c) b-(b-c)a 

5 Ib cla =(a-c) b—(b-c)a 
On comparing the coefficients ofa and b, we get 


Pall c|=—b-c anda:c=0 


= = [bl lel= Ile ee 
1 sites al 
=> cos 8 ; => 1-sin°@= 
> doe” 
9 
sin = 282 he neeen! 
3 [ 2 | 


228. Total force, F =(4i+ }-3k)+(3i + j —k) 
F=71+2j-4k 
The particle is displaced from A(i + 2j + 3k) to B(5i + 4jt+ k). 
Now, displacement, 
AB=(51+ 4j+ k)-(14+2j+3k)=414+2j-2k 
-.Work done = F: AB 
=(71 +2} -4k)- (41 +2) -2k) 
=28+ 4+ 8= 40 units 
229. (u+v—w): [(u—v) x(v—w)] 
=(u+v-—w):[ux v—uxw-v Xv vxw] 
=u-(uXv)— u-(uX w)+ u-(vxXW)+ v-(ux v) 
-v -(ux w)+ v-(vx w)—w: (ux v)+w(uxw) —w(vxw) 


=u-vXw-v-uXw—w-uXv {[a, a b] = 0} 
=U-VXWt+W-UXV—-W'UXV= UV XW 
230. Given that, |a|=1,|b|=2,|¢|=3 
and a+b+c=0 
Now, (a+b+te)?=|a|’ +|b|’? +|c|’ + 2(a-b+b-c+c:-a) 


0=17 +27 4+37+2(a-b+ b-c+c-a) 


2(a-b+b-c+c-a) =—-14 
a-b+b-c+c-:a=-7 


Yuu 


231. Vector perpendicular to face OAB is m,. 


232. 


233. 


Z 2 ox 
ij k 
=OAxOB=|1 2 1/=5i-j-3k 
a i 
Vector perpendicular to face ABC is nz 
: 3 te 
=ABxAC=|1 -1 2/=i-5j-3k 
—2 -1 1 


Since, angle between faces is equal to the angle between their 
normals. 


nen, 5X1 +(-1) x (-5) + (-3) x (-3) 
allt) as oy aces i ere y 


5+5+9 19 =; (2) 
= - => 0=cos 
V35 35 35 35 


. cos§ = 


i-j,w =142543k, 


Given that, u it+j, Vv 
u-n=0 and v-n=0 
7 uxv 
Le. 

|ux v| 

1.4 % 
Now, uxv=|1 1 0|=0i-0j-2k=-2k 

1 -1 0 

jw-uxv|_ |-6k| 

|w- n| =3 
Jux v| |-2k| 
[ w-(u x w) =(4 + 23 + 3k) - (— 2k) = - 6k] 

Hence, |w-n|=3 
Given two vectors lie in XY-plane. So, a vector coplanar with 
them is a=xityj 
Since, a L(i-j) 
> (xi+y})-G@-j)=0 
> x-y=0 
=> x=y 


a=xit+xj 


and dja|= fx? + x? = x2 


.. Required unit vector 
a _xit+j)_ 1 
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Session 1 


Introduction, Position Vector of a Point in Space, Shifting 
of Origin, Distance Formula, Section Formula,Direction 
Cosines and Direction Ratios of a Vector, Projection of the 
Line Segment Joining Two Points on a Given Line 


Introduction 


Let OY and OZ be two perpendicular lines which intersect 
at O and let a third straight line OX be perpendicular to 
the plane in which they lie. The three mutually 
perpendicular lines form a set of coordinate axis. They 
determine three mutually perpendicular planes called 
coordinate planes. 


Signs of Coordinates of a Point in Various Octants 


Octant/ 
Coordinates 


OXYZ OX’YZ OXY’ Z OXYZ OX’YZ OX’'YZ’ OXY’ Z’ OX’Y’ Z’ 


x 


y 
Zz 
Note 

Any point on X-axis = (x, 0, 0) 
Remarks y-axis = (0, y, 0) 
1. The axes to coordinate form a right handed set (in the figure) Z-axis = (0,0, z) 
i.e. aright handed screw, driven from O to X would rotate in the XY-plane =(x, y, 0) 
sense from OY to OZ. ¥Z-plane = (0, y, Z) 
2. The points A Band Care the orthogonal projections of Pon the ZX-plane = (x, 0, Z) 


X,Y and Z-axes. % OP =x? + y? +2? 


3. Points L, Mand WN are (x, 0, z), (xX, y, 0), (0, y, z) and A Band C 


are (x, 0,0), (0, y, 0), (0, 0, z), respectively. Example 1. Planes are drawn parallel to the coordinate 
planes through the points (1,2, 3) and (3,—4,— 5). Find 
Position Vector of a Poi nt the lengths of the edges of the parallelopiped so formed. 
° Sol. Let P = (1, 2,3), Q = (3,-4,-5) through which planes are 
in Spa ce drawn parallel to the coordinate planes shown as, 


Let i, i Kk be unit vector (called base vector) along OX, OY 
and OZ, respectively. 
Let P(x, y, z) be a point in space, let the position of P be r. 
Then, r= OP= OM+ MP 
= (OA+ AM)+ MP = OA+ OB+ OC 
r=xityj+zk 


Thus, the position vector of a point P is, xit yj +k. x 


..PE = Distance between parallel planes ABCP and FQDE, 
ie. (along Z-axis) 

=|-5-3|=8 

PA = Distance between parallel planes ABQF and PCDE, 
ie. (along X-axis) 
=|3-1|=2 

PC = Distance between parallel planes BCDQ and APEF, 
ie. (along Y-axis) 


=|-4-2|=6 
.. Lengths of edges of the parallelopiped are 2, 6, 8. 


Shifting of Origin 


Shifting the origin to another point without changing the 
directions of the axes is called the translation of axes. 


Let the origin O(0, 0, 0) be shifted to another point 

O’(x’, y’,z’) without changing the direction of axes. Let 
the new coordinate frame be O’ X’Y’ Z’. Let P(x, y,z) bea 
point with respect to the coordinate frame OXYZ. Then, 
coordinate of point P with respect to new coordinate 
frame O’ X’Y’ Z’ is (x1, 1,21), where x; =x-x’, 


Vi =V V5.2, 2-2" 


Example 2. If the origin is shifted (1,2,— 3) without 
changing the directions of the axis, then find the new 
coordinates of the point (0,4, 5) with respect to new 
frame. 

Sol. In the new frame x’ = x — x1, y’ =y— y,,z =z — Z, where 
(x;, V1, Z,) is shifted origin. 
> x =0-1=-1, 

y =4-2=2,7 
Hence, the coordinates of the point with respect to the new 
coordinates frame are (— 1, 2, 8). 


5+3=8 


Distance Formula 


The distance between the points P(x,,y,,z,) and 
O(x,V2,Z2) is given by 


PQ =(x2 — x1)? +(y2 —1)? #22 - 21)” 
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Proof. Let O be the origin and let P(x,, y,,z,) and 
O(x2, 2,22) be two given points. 


> 


Xx 

The, OP=x,it+y,j+z,k 
OQ=x .ity.j+z2k 
Now, PQ= Position vector of Q — Position vector of P 

= OQ- OP 

=(x,ityoj+Zok)-(x,i+y.j+z,k) 

= (x2 — x) + (ye — yi) + (22 - 21 )k 

PQ=|PQ| 
=V(x2—x1)' #2 — 1)? +@ 21)” 


Hence, PQ =1{(x2 -x,) +(V2 -y,) +(Z, —2z,)’ 


Example 3. Find the distance between the points 
P(—2,4,1) and Q(1,2, — 5). 


Sol. We have, PQ = (1 +2) +(2- 4)? +(-5-1) 
PQ = 3? +(-2)° +(-6) 
= 944436 
= {49 =7 


Example 4. Prove by using distance formula that the 
points P(1, 2, 3), Q(—1,—1,—1) and R(3, 5,7) are collinear. 
Sol. We have, 


POs (61-1) 46122) 461-3)" 
= [E494 16 =\29 
OR =(3 + 1)? +(5 + 1)? +(7 + 1)? 
= ie+36 bed 
= 116 =2,/29 
and PR =|(3 — 1)? +(5 —2)? +(7 -3)? 
= [4494 16 = 25 


QR =OP + PR 


Therefore, the given points are collinear. 


Since, 
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Section Formula 


1. Section Formula for Internal Division 


Let P and Q be two points whose position vectors are r, 
and r, respectively. Let R be a point on PQ dividing it in 
the ratio m:n. Then, the position vector of R is given by 
mr, + nr, 


m+n 


ae 
RQ n 


=> nPR=mRQ 

=> n(OR- OP) =m(OQ— OR) 
=> n(r—r,)=m(r, —1r) 

> (m+n)r =mr, +nr, 

a _ mr, + nr 


m+n 


Corollary 


Mid-point formula Let P and Q be two points whose 
position vectors are given by r, and r, respectively. Then, 
the position vector of the mid-point R of PQ is given by, 
tn 
a e 


2. Section Formula for External Division 


Let P and Q be the points whose position vectors are r, 
and r, respectively. Let R be a point on PQ dividing it 
externally in the ratio m:n. Then, the position vector of R 
is given by, 
mr, — nr, 
a= eh 
m-n 

Proof. Let O be the origin. Then, OP= r,, OQ= r, and 
OR=r 

PR 


m 
Now, —_ = — 
OR n 


=> nPR=mQR 
> n(OR- OP)=m(OR- OQ) 
> n(r—r,) =m(r-r,) 
> (m—n)r =mr, —nr, 
= ra Meh 
m-n 
Rp 
rA a 
< 
lp 
é : e 


Corollary 1. If R(x, y, z) is a point dividing the join of 

P(x1,V1,Z,) and Q(x», y2,Z) in the ratio m:n. 

_ mye tHy1 
m+n 


MX +NX, mz, +nz, 
Z= 


Then, x = 


m+n m+n 


Corollary 2. The coordinates of the mid-point of the joint 
of P(x, 71,21) and Q(x», y2,Z2) are 
XytX2 Vito 21 +22 


> > 


2 2 2 


Corollary 3. The coordinates of a point R which divides 
the join of P(x,, y,,Z,) and Q(x», y2,Z2) externally in the 


ratiom:nare 
(m TNX, My. —Ny1 


m—-n 


m—-n m-n 


MZ —NZ, ) 
Corollary 4. The coordinate of centroid of triangle with 


* +X,+X3 Yi tyoty3 2% ta 445) 


> > 


3 3 3 


Corollary 5. Centroid of tetrahedron with vertices 
(X1,¥1521), (X25 Ya5Z2), (X3,3,23) (X4, 4,24) is 
XytX2tX3FX4 Vi tV2tV3 ta 


2 > 


4 4 


Z1 +Z2 +23 24 
4 i 


Example 5. Find the ratio in which 2x+ 3y + 5z =1 
divides the line joining the points (1, 0,— 3) and 
(l= 3,2} 
Sol. Let 2x + 3y + 5z = 1 divides (1, 0, — 3) and (1, — 5,7) in the 
ratio of k :1 at point P. 


k+1 —5k 7k-3 
k+1 k+1 k4+1 
2x+ 3y +5z=1 


k+1 —5k 7k -3 
= 2 +3 +5 =] 
k+1 k+1 k+1 


> 2k+2-—15k + 35k-15=k+1 


Then, P -( which must satisfy 


2 
> BNE at fem 


“2x + 3y + 5z =1, divides (1, 0, —3) and (1, — 5, 7) in the ratio 
of 2:3. 
Example 6. If A(3,2,—4), B(5,4, — 6) and C(9,8, — 10) 


are three collinear points, then find the ratio in which 
point C divides AB. 


Sol. Let C divide AB in the ratio A : 1. Then, 
“(+ 4h +2 -60—4 


‘ , =(9, 8, — 10) 
A+1 A+1 Atl 


Comparing, 54 +3=9A + 9or 4A =-6 
3 
N= = 
2 


Also, from 4A + 2=8A+8and—-6A —4=-10A 
the same value of 2. 


.. C divides AB in the ratio 3 : 2 externally. 


10, we get 


Example 7. Show that the plane ax +by + cz+d=0 


divides the line joining (x;, y;,Z,) and (x2, ¥2,Z2) in 
ax, +ay,+cz,+d 


the ratio of | — 
ax,+by,+cz,+d 
Sol. Let the plane ax + by + cz + d =0 divides the line joining 


(x,y, 2) and (xy, V2, Z2) in the ratio k:1as shown in 
figure. 


@—____}+—_# ----/----- --- 
A B 
(4, 1,24) (Xo, Yo Za) 


axt+tby+cz+d = 0 


.. Coordinates oto ss ec 4) 


k+1° k+1° k+1 


must satisfy ax + by + cz +d =0 


ee (a aes 5) ease ep fecre +d=0 
k+1 k+1 k+1 


= alkx, + x) +b(ky2 + y,) +e(kzy + z,)+ d(k +1) =0 
=> = k(ax, + by, + cz, +d) +(ax, + by, + cz, +d)=0 
(ax, + by, + cz, + d) 
(ax, + by, + cz, + d) 


=> 


Similarly, 
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Remark 


Students are advised to learn above result as a formula i.e. 


ax + by + cz + d =0 divides join of (%, y;, Z,) and (Xo, Yo, Zo) in 


eb os (ax, + by, + CZ, + qd) 


(4X9 + bY + CZ +d) 


Example 8. Find the ratio in which the join of (2,1, 5), 
(3,4, 3) is divided by the plane 2x+2y —2z -1=0. 

Sol. Using above result, 

{(2 (2) +2 (1) —2 6) - 1} 


Required ratio = 
{2 (3) + 2 (4) —2(3)— I} 


_ {6-11} 5 
(47. 9 
=> 2x + 2y —2z —1= 0 divides (2,1, 5) and (3, 4, 5) externally in 


ratio of 5:7. 


Direction Cosines and 
Direction Ratios of a Vector 


1. Direction Cosines (DC's) 


If a, B and y are the angles which a vector OP makes with 
the positive directions of the coordinate axes OX, OY and 
OZ respectively. Then cos &, cos B and cos y are known as 
direction cosines of OP and are generally denoted by 
letters I, m and n, respectively. 


4 


Py, 2) 


>~Y 


Thus, 1=cos a; m=cos B ;n=cos y. The angles a, 8 and y 
are known as direction angles and they satisfy the 
condition 0 <a, B, y <7. 


It can be seen form the figure 


cos Q =—_ 
OP 


cos B =—— 


Zz 
cos Y =—— 
: OP 
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a 
O x 


>~X 


Where, OP is the modulus of positive vector of P. 


Clearly, OP =,/x? +y? +2? 
So, 2 +m? +n? =cos”? « +cos” B +cos” Y 
ge bay? ee? ge” ey? he® ; 
7 OP? x? yay 
? +m* +n? =cos’ a +cos’ B+cos” y =1 
«If OP= r=xi+yj+zk 
Then, t=li+mjtnk 


By definition it follows that the direction cosine of the 
axis x are cos 0°, cos 90°, cos 90°, i.e. (1, 0, 0). 

Similarly, direction cosine of the axes Y and Z are (0, 1,0) 
and (0,0, 1), respectively. 


2. Direction Ratios (DR's) 


Let J, m and n be the direction cosines of a vector r and a, b 
and c be three numbers such that a, b and c are 
proportional to /,mandn 


l 
ie. =" HK 
a bc 
or (l,m, n) =(ka, kb, kc) 


=> (a, b,c) are direction ratios. 


1 1 1 ‘ ; , 

If} —~, —, —= |Jare direction cosines of a vector r, then 
V3 V3" V3 

its direction ratios are (1, — 1,1) or (—1,1,—1) or (2, —2, 2) or 


(A, —A, A)... ete. 


It is evident from the above definition that to obtain 
direction ratios of a vector from its direction cosines, we 
just multiply them by a common number. 


“That shows there can be infinitely many direction ratios 
for a given vector but the direction cosines are unique”. 


To obtain direction cosines from direction ratios. 


Let a, b and c be direction ratios of a vector r having 
direction cosines J, m and n. Then, 


l=Aa,m=Ab,n=dc 
+m? +n? =1 


= aN 40° +0 =1 


(by definition) 


i 
ia +b? +e 
+ 


1 
2 
a 
afar 4h? +e 
b 
2° 
c 


> Xn 
l 


So, 


ar +b? +c¢ 


a+b? +c? 


m=t 
n=t 
For example, let the direction ratios of a point be (3, 1, — 2). 


=> Direction cosines are 
3 1 —2 
43? +1 +(-2)° fx +1? +(-2)? ie +1 +(=2) 


( a oe 

V14' 14° 14 

3. Angle between Two Vectors in Terms of 
Direction Cosines and Direction Ratios 


Let a and b be two given vectors with direction cosines 1,, 
m,,n, and 1,,m,, nz respectively. Then, 


a=l,i+m,j+n,kand b=l,i+m,j+nk 


pe aap ee the angle between a and b. 
a . 

Lhitm,jtnk|-|Litmj+tnk 
=> eee: i ik} 1h a 2k 

\litm,jt+n,k||lLi+m,j+n,k| 

lg +mym, +nyn 

= ‘ote 142 iMz +MN2 

J +m? +ni WE +m, +n; 
> cos 9 =1,l, +m,m, +n, ny (cP +m? +n? =1] 
Also, sin® @=1-cos” 0 


=(P +m: +n?) +m; +n) 
—(L,l, +mym, +nyny)° 


=> sin’ 0 =(m,n, —myn,)° +(n,l, - ay +(1,m, =i 


= ant a —m)n,)” +(nyL, =nyl,)’ 


+(1,m2 — bm) 


Remarks 
1. Acute angle 8 between the two lines having direction cosines 
4,17, and /5, Ms, MN is given by 
cos 8 =| |y/lo +MM. + Mr | 


sin@ = Vine —Im4)® + (MM — Mor)? + (Milo— Nol)? 
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2. Ifa, b), Cc, aNd a, dy, Co are the direction ratios of two lines, then Example 9, What are the direction cosines of a line 
the acute angle @ between them is given by ses Seco ; 
which Is equally inclined to the coordinate axes? 
fae + Obs + hich is equally inclined to the coordinate axes? 
cos 8= 
jee +b + Gy ee # he te Sol. Ifa, B and y are the angles that a line makes with the 
ah 2a eG = hee coordinate axes, then if they are equally inclined. 
2 — ay 2 — OC 
> a=Bp= 
i (Cy — Coa)? 2 : - 2 
sin8 = = = 57S 5 5 Also, [“+m'+n°=1 
jee +c jae +e i % 2 
3. The two lines with direction cosines /,, ™, 7 and = noe Siaason Da coe pt 
lo, Mo, No are perpendicular to each other if 8 -* > cos’ & +cos” & + cos? @ =1 
ze 
> COS 8 =h/o + MMs +N =0 = oe Se 
4. The two lines with direction cosines /;,,,m% and = coppers = 1 = C08 B= cos Y 
I, Mo, Np are parallel to each other if @ =0 
or T=>sinO8=0 a ; 
=>(MNn = Moth)? + (Myly — Mpl:)? + (4iMo —/om)* =0 .. Direction cosines are [ oa) 
S hem om : 
eats - ee) 
5. The angle between two lines having direction ratios a, b, c 
d a, bp, Co is given b ; F 
sas ee ANY a hh Oe, Example 10. If a line makes angles , B and y with 
cos 8= . 
(a+ be + ce fae + be + c2) e coordinates axes, prove tha 
th dinat that 


sD . 2 2a, 
Thus, the two straight lines are perpendicular, if al Se) B+ sin” y= 2. 


a + Didy + CyCo =0 Sol. Let |, m and n be the direction cosines of the given vector. 


The two straight lines are parallel if Cee Then, / = cos a, m= cos B,n = cos Y 
a by Co , ae 
Now, [+m +n =1 
e ° ° => cos’ & + cos” B + cos” y=1 
Projection of the Line Segment Pp ae a 
«6 2 A > 1-sin* a +1 -sin* B + 1—-sin* y=1 
Joining Two Points on a Given - dit oat eudtye 
Line Example 11. A line OP through origin O is inclined at 


30° and 45° to OX and OY, respectively. Find the angle 


The projection of the line segment joining two given aesahieh ikae-ine ined Wrz 


points (x1, y1,Z,) and (x2, yz, Zz) on the line having 


direction cosines l, m, nis given by Sol. Let |, m and n be the direction cosines of the given vector. 
2 2 2 
Ux. —x,)+m(y2 —y,) +n(z_ —Z,), which is clear Pema =) 
from the vector. where, a = 30°, B = 45° 
Q(X, Yo, Za) fy cos’ & + cos’ B + cos’ y=1 
4 ¥4 24) > cos” 30° + cos* 45° + cos’ y =1 
1 A 1) 5 ; ; 
=> v3 +(Jp) + cost y=1 
2 V2 
3 1 
A Lm,n B => cos’? y=1—-—-= 
4 2 
Clearly, = PQ=(x, — x, )it+(y2 —y1)J+(@2 —21)K & cos? y= 
and the line AB = li + mj + nk ‘ 
2 . 3 c 
me => =—— which t ble. 
The projection of PQ on AB a a aa ea 


_ PQ: AB _ Kx, —x,)+my2 —y,) +n(z2 - 2) .. There exists no point which is inclined to 30° to X-axis and 
45° to Y-axis. 
| AB | JP +m? +n? 


=x —x,)+m(y2 —y1) +n(Z2 -Z1) 
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Example 12. Find the direction cosines of a vector r as 492" = 

which is equally inclined to OX, OY and OZ. If |r | is aed 
f : => K=F- 

given, find the total number of such vectors. 7 


Sol. Let 1, m and n be the direction cosines of r. 4. Direction cosines ate E = F 2 + *) 
7 7 


Since, r is equally inclined with X, Y and Z-axes. 


Past ag? ay But it makes obtuse angle with X-axis > [1 <0. 


23 6 
= 31° =1 (sl=m=n) .. Direction cosines are (- nee ‘| 
i a) 
: a an A 
~ bee Also, r=|r|(i+ mj+nk) 
2, 3, 6-0 
i at i 7 ‘Be _ 
.. Direction cosines of r are + —, + —, + —. => r 2i{- : i+ J : k| (given, | r | =21) 
3 3 3 
Now, r=|r| (li + mj+nk) r =3(—21 + 3} —6k) 
1;,, 1,4, 1¢ So, the component of r along X, Y and Z-axes are — 61, 9j and 
=> r=|r|/+ i+ —jt+—k tae : 
v3 V3° (V3 18k, respectively. 


Since, ‘+’ and ‘’ signs can be arranged at three planes. 


Example 15. Find the angle between the lines whose 


direction cosines are _N3 Z _N3 and 
Example 13. If the points (0,1, — 2), (3,4,-1) and Aa” 2 


(uu, — 3,—4) are collinear, verify whether the point = 4 d 
4’4’ 2} 


There are eight vectors (i.e. 2 x 2 X 2) which are equally 
inclined to axes. 


(12, 9,2) is also on the same line. 
Sol. Let the points be A, B and C, whose coordinates are 
(0, 1,-2), (3,4, -1) and (u, -3, - 4) respectively. 
Let D =(12, 9, 2) cos 8 =A], + mmy + nny 
a a 


=> DR’s of AB =(3 — 0,4 —1,-1+ 2) 3 PUG 
16 16 4. 2 


Sol. Let 6 be the required angle, then 


= (3, A-1,1) 

DR’sof AC =(1—0,-3-1,-4-(-2)) cos =— > = Q = 120° 
=U, — 4-2) 

Since, A, B and C are collinear. Example 16. 

as a A-t 1 (i) Find the angle between the lines whose direction 
boo-4 —2 ratios are 1, 2, 3 and —3, 2, 1. 

= W=-6,A=3 (ii) Find the acute angle between two diagonal of a 


.. Direction ratios of AB are (3, 2, 1). 
Now, direction ratios of AD are (12 — 0,9 — 1, 2 —(2)) or (12, 8, 4) 


3.2 4 
Here, —=-=— 
12 8 4 


Since, AB and AD lie on same straight line. 


Hence, the point (12, 9, 2) is on the same line. 


Example 14. A vector r has length 21 and direction 
ratios 2, — 3, 6. Find the direction cosines and 
components of r, given that r makes an obtuse angle 
with X-axis. 

Sol. Here, direction ratio’s are 2, — 3, 6. 


.. Direction cosines can be written as (2A, — 3A, 6A). 


(2A)° + (—3A)? +(6A)? =1 


where, 


(- 1 +m? +n? =1) 


cube. 
Sol. (i) Let 8 be the required angle, then 


1xX-3+2x2+3x1_ 4 2 
cos 8 = =—= 
Jlt44+9J1+44+9 14 7 
-if2 
=> 0 = cos"? 
uy 


(ii) From the figure given below, the direction ratios of the 
diagonals OP and CD of a given cube are given by 


a-—0,a-—0,a—0 
and a-0,a-—0,0-a 
and hence their respective direction cosines are 
a a -a 
{a +a ba a tea ja +a +a? 


1.6; 


a 
V3 V3 v3 


Z 
C (0, 0, a 
( ) . 
7 (0, a, a) 
F or 
(a, 0, a) 
0, a, 0 
a B(0, a, 0) y 
D 
A(a,0, 0) a, a, 0) 
x 
a a 4 


and ; , 
j@tata® Ja ta?ta® fa?ta? +a’ 
: je a 
Le. ~, —~, = 
V3’ V3" V3 
Let 8 be the angle between these diagonals, then 
er ee ee ee eee Oe ee ee ae 


BB BB BB 33 3.3 
=cos | 2 
=>60=co (:) 


Example 17. Find the angle between the lines whose 
direction cosines are given by /+m+n=0 and 
217 + 2m? —n* =0. 


cos § = 


Sol. 1? +m? +n? =1 


...(i) 


l+m+n=0 


2l* + 2m? —n’ =0 ...(ii) 
(1? + m”)-n? =0 

21—n?)=n? => 3n?=2 > n=t ie ..-(iii) 
a(l? + m?) =n? =(-(1+m))* ...(iv) 


> 21? +2m? =I? +m’ +2lm 


= [° +m’ -2lm=0 


> (l-m)’=0 > l=m 
— [2 
> l+m=F,|- 
3 
— {2 
> 2l=F ,/- 
3 
[=4 4, m=+— 
6 6 


Direction cosines a eee Ae and eye AP 
irectio ines are => n => 
6’ Jo’ V3 vo’ v6’ V3 


“(eee eB 


s 1 
The angle between these lines in both the cases is cos ' (- +} 
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Example 18. If the direction cosines of a variable line 
in two adjacent points be J, m, n and /+48/,m+6m, 
n+ 6n, show that the small angle 68 between the two 


positions, is given by §97 =8/7 +8m?+6n?. 
Sol. We have, 1? +m? +n? =1 
(1+ 81)? +(m + 8m)? +(n + 8n)? =1 
1? +m? +n + (81)? +(6m)? +(5n)* + 21151 + mim + nbn) =1 
=> 1+(81)* +(6m)* +(6n)? + 2 (151 + mSm + ndn)=1 
= (81) +(6m)* +(6n)’ =—2 (151 + mim + nbn) (i) 


and 


Let 60 be angle between the two positions. 
cos 60 = 1(1 + 61) +m(m+ 5m) + n(n + 6n) 


=> 1-2sin? =1+ 151+ mim +ndn ...(ii) 
From Eqs. (i) and (ii), we get 


(81)? + (8m)? +(8n)? = 4 sin? * 


2 
> 4 (>) = 161 + m6m+ nbn 
=> 181 + mim +ndn = (86)’, 


(since sin - > = as 60 is very smal! 


Example 19. If /,,m,,m and /, mz, 2 are the 
direction cosines of two mutually perpendicular lines, 
shows that the direction cosines of the line 
perpendicular to both of them are m,n) — m)n,; 
Ml — Ng); |;my —1,m,. 

Sol. Let 1, m and n be the direction cosines of the line 

perpendicular to both the given lines. 
ll, +mm,+nn,=0 and Il, + mm, + nn, =0 
m oS n 


Solving them, we get 
mm mth km 


m, Mm, Mm 21, 1, m 
l m n 


> — = =k 
MN, — mn Ml,—nl, Lm, —lm, 


1 =Kk(mnz — mn), m =k(nl, — nol), n = k(L,m,2 — 12m) 
On squaring and adding, we get 
tm? +n? =k7{(myny — mon)? + (ly — nol,)?} +(m, —lym,)’ 
=> 1=k*{sin? 6} 
where, 8 is the angle between the given lines as we know, 


sin 0 =\(ab, ayb,)” +(Byc2 — bye)” + (Cag — cya)” 


where, a), b,, c, and dy, bz, cy are direction cosines. 
=> 1=k?-1 (. 8 =90°, given) 
> k=1 


Hence, direction cosines of a line perpendicular to both of 
them are mn) — myn, Ml. — M2, mz — l,m. 
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Example 20. Find the direction cosines of the line 
which is perpendicular to the lines with direction 
cosines proportional to (1,— 2, — 2) and (0,2, 1). 


Example 21. Let A (—1, 2, 1) and B(4, 3, 5) be two 
given points. Find the projection of AB on a line which 


Sol. 


If 1, m and n are the direction cosines of the line perpendicu- 
lar to the given line, then 


1 -(1) + m-(—2) + n-(—2) =0 


makes angle 120° and 135° with Y and Z-axes 
respectively, and an acute angle with X-axis. 


Sol. Let & be an acute angle that the given line make with 
X-axis. Then, cos” @ + cos” 120° + cos” 135° =1 


=> 1-—2m-2n=0 (i) » be Gea Af 
and 1-0+m-2+n-1=0 7 Re a= 4 2 4 4 
0+2m+n=0 (ii) re 
> os & = + — but o is acut 
Then, from Eqs. (i) and (ii) by cross multiplication, we get 7 2 . ne 
[_mii_n cos & =+ve 
2 1 2 
=> cos O cos 60° = & =60° 
lo om i_on 
=> = eS 
2 -1 2 Thus, the direction cosines of the given straight line are 
Pamtn® 1 cos 60°, cos 120°, cos 135° ee eae 
= = (2 +m? +n? =1) 2 V2 
J4+1+4 3 — 
Hence the projection of AB on the line 
1 
= (=o ye, ee ee ee ae ee ae 
‘ 2 2°) 2-2 


= (2 — 22) units 


Exercise for Session 1 


1. In how many disjoint parts does the three dimensional rectangular cartesian coordinate system divide the 
space. 


Find the distance between the points (k,k + 1k + 2) and (0, 1, 2). 
Show that the points (1, 2, 3), (— 1, — 2, — 1), (2, 3,2) and (4, 7,6) are the vertices of a parallelogram. 
If the mid-points of the sides of a triangle are (1,5, — 1), (0,4, —2) and (2, 3, 4). Find its vertices. 


Find the maximum distance between the points (3 sin 6, 0,0) and (4 cos 8, 0, 0). 


oa KR OND 


If A=(1,2, 3), B =(4,5, 6), C =(7, 8, 9) and D, E, F are the mid-points of the triangle ABC, then find the centroid of 
the triangle DEF. 


7. Aline makes angles a, B and y with the coordinate axes. Ifa + B =90°, then find y. 


If, B and y are angles made by a line with positive direction of X-axis, Y-axis and Z-axis respectively, then find 
the value of cos 2a + cos 2B + cos 2y 


9. \f cosa, cos B, cos y are the direction cosine of a line, then find the value of cos? « +(cos f + sin y) 
(cos B —sin? ¥). 


10. Aline makes angles a, B, y, 6 with the four diagonals of a cube, then prove that 

cos” o, + cos* B + cos? y + cos” § = 
11. Find the direction cosine of line which is perpendicular to the lines with direction ratio[1,— 2,— 2] and [0, 2, 1]. 
12. The projection of a line segment on the axis 1, 2, 3 respectively. Then find the length of line segment. 


Session 2 


Equation of a Straight Line in Space, Angle between 
Two Lines, Perpendicular Distance of a Point from 
a Line, Shortest Distance between Two Lines 


Equation of a Straight Line 
in Space 


A straight line in space is specified basically in two ways 


(i) A line passing through a given point and parallel to a 
given vector. 


(ii) A line passing through any two given points. 


1. Vector Equation of a Line Passing Through 
a Given Point and Parallel to a Given Vector 


To find the vector equation of a straight line which passes 
through a given point and is parallel to a given vector. 


A Ab P 
> > 
aa a 
Pali 
ria b 
O'- > ° 
E ia 


Let A be the given point and let EF be the given line, then 
through A draw AP parallel to given line EF. 
Let b any vector parallel to the given line. Take any point 
O as the origin of reference. Let a the position vector of 
the given point A. 
Let P be any point on the AP and let its position vector be 
r. Then, we have 

r= OP= OA+ AP=a+Ab (where, AP = Ab) 
Hence, the vector equation of straight line 

r=a+Ab (i) 


Remarks 
1. Here, ris the position vector of any point P(x, y, z) on the line 
r=xi+ yjt+zk. 


2. In particular, the equation of the straight line through origin 
and parallel tobisr = Ab. 


2. Cartesian Equation of a Line Passing 
Through a Given Point and Given 
Direction Ratios 


Let the coordinates of the given point A be (x, y,,z,) and 
the direction ratios of the line be a, b and c. Consider the 
coordinate of any point P be (x, y, z). Then, 


r=xi+yjt zk 
a=x,ity,jtz,k 
and b=ai+bj+ck 
Substituting these values in (i) and equating the 
coefficients of i, j and k, we get 
x=x,+ha 
y=y,+Ab 
z=z,+Ac 
These are parametric equations of the line. 


Eliminating the parameter A, we get 


XTX _ YTV _ 1 
a b c 
Remarks 
1. Parametric equation of straight line 
BEG a NO Me Eh ay 
a b Cc 
> X=xX + Aa y=y,+Ab,z=2,+ Ac 
(where, A being parameter) 
2. Since, X,Y and Z-axes pass through origin and have direction 
cosines (1, 0, 0), (0, 1,0) and (0, 0, 1). 
-. Their equations are 
Equation of X-axis, ad PS Rog Sa 
1 0 0 
> y =0andz=0 
Equation of Y-axis, ~ = 
1 0 
=> x =O andz=0 
Equation of Z-axis, ~ se ead 
0 0 1 


=> x =Oand y=0 
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Example 22. Find the equation of straight line 


parallel to Ji it 3k and passing through the point 


(5,—2,4). 


Sol. Vector form Let P = (5, — 2, 4), then OP= si= 2j +4k= 


Also, b=2i-j+3k 


So, equation of straight line passing through a and parallel to 


straight line whose direction ratios are b is given as 


r=a+Ab 
r= (5i—2j+ 4k) + A(2i-j+3k) 


Cartesian form Here, (x, y;, z,) =(5, — 2, 4) and parallel to 
straight line whose DR’s are (2, — 1, 3), so equation of the 

. ee 6 MOD _ Pt 2 2— 4 
straight line is = = . 


= 3 


=> 


Example 23. Find the vector equation of a line 


passing through (2, —1, 1) and parallel to the line whose 


_., X73 yt zZ-2 
equation is = = 
- = 


Sol. Since, the required line is parallel to 


K=3 Yl 22 
2 7 


—3 

it follows that the required line passing through 

A(2i— j+ k) has the direction of 2i+ 7j—3k. Hence, the 
vector equation of the required line is 


r=2i- it k+ A(2i+ 7j - 3k) where A is a parameter. 


Example 24. The cartesian equation of a line are 
6x —2= 3y +1=2z —2. Find its direction ratios and 
also find the vector equation of the line. 

Sol. We know that, 


leet ee = 1 7 771 ig cartesian equation of straight line. 
a c 
6x-2=3y+1=2z-2 
1 1 
= (x )=(y- )=a2 1) 
3 3 
1 ie 
Be el tas = 
= 3 3 _z-1 
1 1 
3 2 
1 a3 
X- > yto 
-1 
~ 3." 32 
1 2 3 


1 1 
which shows given line passes through (;: =F : and has 
direction ratios (1, 2, 3). 


.. Its vector equation is 


3. Vector Equation of a Line Passing 
Through Two Given Points 


The vector equation of a line passing through two points 
* whose position vectors a and b is 


r=a+X(b-a) 


Let O be the origin and A and B be the given points with 
position vectors a and b, respectively. 
Then, OP= r, OA= a and OB= b 


Since, AP is collinear with AB. 


AP=A AB for some scalar A 


= OP— OA = X(OB- OA) 

=> r—a =AX(b-a) 

> r=a+A(b-a) 

.. Equation of straight line passing through a and b 
=> r=a+A(b-a) 


4. Cartesian Equation of a Line Passing 
Through Two Given Points 


Equation of straight line passing through (x,, y,,Z;), 
(x2 »Y2>22 ): 


(4, ¥41 24) Xp: Yo: Za) % Y, 2) 
‘A IB /P 


1 
1 
t 


The direction ratios of 


AB =(X2 —X1,Y2 —V1,2Z2 —21) 
The direction ratios of 


AP =(x —*1,Y —Vis%—21) 
Since, they are proportional 
cman s eee ieee 2 


X2—X, Yo7-yVi1 


ZZ 


22-24 


Example 25. Find the vector equation of line passing 
through A(3,4,—7) and B(1,— 1, 6). Also, find its 
cartesian equations. 
Sol. Since, the line passes through A(Gi + 4j - 7k) 
and B(i- jx 6k ), its vector equation is 
r=3i+ 4j-7k+ A[(i-j+ 6k) — (31+ 4j-7k)] 
or r=3it 4j-7k—A(2i+5j—13k) Ai) 


where A is a parameter. 
9 y=4_ 247 


The cartesian equivalent of (i) is = : 
2 5 —13 


Example 26. Find the equation of a line which 
passes through the point (2, 3,4) and which has equal 
intercepts on the axes. 
Sol. Since, lines has equal intercepts on axes, it is equally 
inclined to axes. 


=> line is along the vector a(i+ j+ k) 


—2 = -4 
=> Equation of line is = =2 ; =7 i 


Angle between Two Lines 


Vector Form 
Let r=a+Ab ...(i) 
and r=a’+ub’ ...(ii) 
be two straight line in space. 


Clearly, Eqs. (i) and (ii) are straight line in the directions 
of b and b’, respectively. 


Let 8 be the between the straight lines (i) and (ii). 
Then, 0 is the angle between the vectors b and b’ also 
b- b’=|b|| b’|cos 0 
b-b’ 
[b]\b 


= cos 8 = 


Cartesian Form 


X7-X, V7-V1 _ 2% 741 


ay b, Cy 


Let 


Ae Kas 2 M2) = 


a2 b, Co 


Z—Z9 
and 


..-(ii) 
be two straight lines. Then, b=a,i+b,j+c,k 


b’=a,i+b,j+c.k 


So, that b- b’ =a, a, +b, b, +c, 
and |b| =a? +b? +c? ; |b’ |= a3 +03 +03 


a,a, +b,b, +c 4c, 


cos@ = 
Jae +b? +c? Ja +03 +c5 
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Condition for Perpendicularity 
The lines are perpendicular, then 

b- b’=0 
=> 41d, +b,b, +c,c, =0 


Condition for Parallelism 


The lines are parallel, then b =(b’) A, for some scalar A 
b 
= pol armies eae 
az by Cy 


Example 27. Find the angle between the pair of lines 
r=3i+2j—4k+A (i+2j+2k) 

and r=5i—2k +y(3i+2j+6k) 
Sol. Given line are 

r =(31 + 2} — 4k) + A(i + 234 


r=(5i—2k) + (31+ 2} + 6k) 


2k) 


and 


We know that, angle between r= a, + Ab, and r= a, + Ub», 


ey ee 

| by || be | 

(i +2} + 2k)-Gi+2j+6k) 344412 19 
cos § = - = 


J9-f49 21 


(ee a2 3 42 46" 


@=cos”* (2) 
21 


Example 28. Prove that the line x= ay+b,z=cy+d 


and x =a’ y +b’, z=dy+d’ are perpendicular, 
if aa’+ cc’+1=0. 


Sol. We can write the equations of straight line as 


x-V | _z-d 
- 2 fo 
= a _y—0 oe Ai) 
1 c 
and ——=y, y= 
a 
ba x-b_y—0_z-d, Gi) 
a 1 c 
We know that, ~~! ie ae 
a b, C 


XX. _ Y7Y2_% 7 %2 


a b, Co 


and 


are perpendicular, if aja, + bb, + qc, = 0 


.. For the straight lines given by Eqs. (i) and (ii), to be 
perpendicular. 


datli-1l1+cc=0 
> aa’+cc’+1=0 
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° ° —(a-Q)-b 
Perpendicular Distance = aa a 
of a Point from a Line eieb 
; ; => Position vector of L isa — ar b, which is 

1. Foot of Perpendicular from a Point on |b 

the Given Line the foot of the perpendicular. 

(i) Cartesian Form Here, the equation of line AB is (iii) The distance of the point (x2, 2,22) from the line 

at eee cae 2 pee a2 sea ee ae = *—*1 (where J, mand nare 
a i é l m n 


directi f the line), i 
Let L be the foot of the perpendicular drawn from mr ccliamcosmesior nem ee 


2 2 2 
- - - X_—X1)° +(y2- +(z2 -z 
P(a, B, y) on the line ~ Ae SIE U(x 1 +2 — Vi) +2 21) ree 
? b is — {x2 — x1) +m(y2 —y1) +022 -Z1)F] 
Let the coordinates of L be (x, +aA, y, + DA, z; + cA). ie r, =(x2 —x,)i+(y, —y1)} 4 2 -2)k 


Then, the direction ratios of PL are (x, + aA -Q, 


y, tbA—-B,z, +A—-¥). r, = li +mj+nk 


+P (a. BY) 3 cos @ = —2 
: fr [In| 
(Xp, Yar Za) 
| a: | 
d 
Direction ratios of AB are (a, b, c). 
Since PL is perpendicular to AB. : | 
a(x, +a -Q)+ Wy, +bA-B)+c(z; +A -Y=0 0 ¥1 2) Dts 
4, = = %1) +B = 91) tly +21) aig) 
a’ +b? +c? Also, d=|r, |sin® 
Putting the value of A in(x, + aA, y; + bA,z,; +cA), d’? =|r, |? sin’ 0 


we get the foot of the perpendicular. Now, we can get 
distance PL using distance formula. 


(ii) Vector Form Let L be the foot of the perpendicular simi? | a= (rt) +m)? 
drawn from P(c) on the line r= a+Ab. : 


=|r, |? (1-cos? 0) 


2 2 
Ini |] re | 
Since, r denotes the position vector of any point on 


Ou pe 2 42 - 
the line r= a+Ab, the position vector of L will be @=|e lt) (where, |'t» |=) 
(a+ Ab) > d=yl|n, |) -( >)? 

Directions ratios of PL=a—a+Ab ; - ; 
oh See +2 ~y1)* Hee ~21) 
. = 
—{I(x_ — x1) +m(y2 —y1) +(Z2 —21)}? 
2. Reflection or Image of a Point 
e - in a Straight Line 


(r=atAb) L(a+Ab) (i) Cartesian Form To find the reflection or image of a 
point in a straight line in cartesian form. 


Since, PL is perpendicular to b, . 
ab) -b Let P(a, B, y) be the point and 
a a aka d eee eet | 


=> (a-Q)-b+Ab- b=0 a b 


Z-zZ 
= be the given line. 
c 


Q(Image) (c.", B’, y’) 


Let L be the foot of perpendicular from P to AB and 
let Q be the image of the point in the given line, 
where PL = LQ. 


Let the coordinates of L be 
(x, +aA, y, +bA,z, +A) 
Then, direction ratios of PL are 
(x, +aA -O, y,; +bDA-B,z, +cA -Y) 


Since, PL is perpendicular to the given line, whose 
direction ratios are a, b and c. 


w. (x; tah -—)-a+(y, +b -B)-b 
+(z, +A —-Y)-c=0 
4 — 1 = x1) +B = y1) +el¥ = 21) 
a+b? +c? 


=> 


Substituting A, we get L, (foot of perpendicular) 
Let coordinates of O(a’, B’, y’ ) be image. 
.. Mid-point of PQ is L. 


+O’ +B’ +’ 
pens =x, +00, PAP <5, 4, Pa, +a 


O’ =2(x, + aA) -—a, B’ =2(y, + dA) -B, 
y’ =2(z, +cA) -Y 
(ii) Vector Form To find the reflection or image of a 


point in a straight line in vector form. Let P(a) be the 
given point and r= a+Ab be the given line. 


*P (a) 
é 4 r=at+Ab 
L 


§Q(Image) («’) 


Let Q be the image of Pin r=a+Ab 


PL=a+Ab-o 
Since, PL is perpendicular to the given line, 
PL1Ib 
=> PL: b=0 
> (a+Ab-a)-b=0 
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-  -la=0) 
| b| 


.. Position vector of L, 


a+tb=a—[—22), 


|b’ 


Let Q be the image of point P and a’ be the position 
vector. 


Since, L is mid-point of PQ. 


2 |b)? 
2 b 
> a’ =2 -( : |p- 


which is image of P on r. 


Example 29. Find the foot of perpendicular drawn 
from the point 2i — j+ 5k to the line 
r=(11i —2j—8k)+ (101 —4j—11k). Also, find the 
length of the perpendicular. 
Sol. Let L be the foot of the perpendicular drawn from 
P(2i — j + 5k) on the line 


P (2i-j + 5k) 


(111 — 2j — 8k) 
+A(10i - 4j - 11k) 


L 
r=(11i —2j — 8k) + A(10i — 4j — 11k) 
Let the position vector of L is 
(111 — 2} — 8k) + A(10i — 4j - 11k) 
=(11+ 10A)i +(—2 — 40)j+ (-8 -11A)k 


..PL = Position vector of L — Position vector of P 


=(9 + 10A)i + (—1— 44)j + (13 -110)k 


Since, PL is perpendicular to the given line and parallel to 
b=10i-4j-11k. > PL-b=0 


=> {(9+10A)i + (-1—4A)j +(-13 -114)k}-(10i — 4j -11k) = 0 


=> 109+ 10A) — 4-1 - 4A) -11(—13 —11A)=0 
> A= -1 
On putting A= — 1, we get L as (i+ 2} + 3k) 

PL=(i + 2j + 3k) —(2i-j+5k) 


Now, 
=(-i+3j-2k) 


Hence, the length of perpendicular from P on the given line 


=|PL|=./1+94+4= 14 
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Example 30. Find the coordinates of the foot of the 
perpendicular drawn from point A (1, 0, 3) to the join of 
points B(4, 7, 1) and C(3, 5, 3). 


Sol. Let D be the foot of the perpendicular and let it divide BC 


in the ratio A : 1. Then, the coordinates of D are * = 
+ 
5A +7 3A +1 
and ’ 
+1 +1 
A (1, 0, 3) 
D 
B (4,7, 1) C (3, 5, 3) 
Now, ADLBC = AD-BC=0 
= (24 +3) +254 +7) +4=0 > AH=-H— 


5 7 uf 
= Coordinates of D are 3 7 and um 


3 


Example 31. Find the length of perpendicular from 


X+1 -3 z+2 
P(2, — 3,1) to the line = = 5 


+1 y-3 z+2 
= = =r 
3 -1 


Sol. Given line is = 


and P(2, — 3, 1) 


Ae 1 0B 


Coordinates of any point on line (i) may be taken as 
(ar — 1, 3r + 3, —r —2) 

Let Q=(r -1,3r+3,—r-—2) 

Direction ratio’s of PQ are(2r —3, 3r + 6, — r —3). 

Direction ratio’s of AB are (2, 3, —1). 


Since, PQ 1 AB 
2(2r —3) +337 + 6) —1(—r —3) =0 

15 

> r=-— 

14 


Example 32. Find the length of the perpendicular 

f-xX yz 
“te 3 

Sol. Let P be the foot of the perpendicular from A(2, 3, 4) to the 


given line / whose equation is 


drawn from point (2, 3, 4) to line 


4-x y_1-z 
3 


z-l1 


= 5 =k (say). ...(i) 


or = 


Therefore, x =4 — 2k, y =6k,z =1—3k 


As P lies on (i), coordinates of P are (4 —2k, 6k, 1 — 3k) for some 
value of k. 


The direction ratios of AP are 


(4 —2k — 2, 6k —3,1—3k — 4) 
or (2 — 2k, 6k —3, —3 — 3k). 
Also, the direction ratios of | are — 2, 6 and — 3. 
Since, AP L 1 
=> 2(2 — 2k) + 6(6k —3) —3(-3 —3k) =0 
> —4+ 4k + 36k -184+94+9k=0 
or seat oreo” 
49 
We have, AP* =(4 — 2k — 2)? +(6k —3)° + (1 —3k — 4)” 
= (2 — 2k)? +(6k — 3) +(—3 —3k)’ 
=4-8k + 4k? + 36k? -36k +9 + 9+ 18k + 9k? 


= 22 —26k + 49k? 


13 13) 
=22-26| —|+ 49] — 
49 49 


_ 22x 49-26 + 13 +13" _ 909 


49 49 
3° p= 
A(2, 3, 4) 
| P 


Aliter 


We know that the distance of the point (x», y», z,) from the 


_ x-xX, - Z-2Z,. 
line 1 YM lis 
m n 


fe — x)? +(y2 1)? +22 - 24)? 
(Uxz 


Here, (x2, Yo, Z2) are (2, 3, 4) and (xj, y;, Z,) are (4, 0, 1) and 


x) tm(y2-y1) +n(Z2 Z))° 
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| 4° +8 - 0) +(4-1) Sol, Here, *—+ = 2*? 2-5 
d= [-2 6 7 
2-4 3:=0 4-1 
> ( dears pe )| aoe 


a pam ete) 
Tales er 7 3 units 


169 1078 — 169 
= /22 -| Q(ar+1, 3-2, 6r+3) 
49 49 
_V909 _3 VJi01 is the given straight line aii) 
7 7 Let P =(1, — 2,3) on the straight line. 


Here, direction ratios of line (i) are (2, 3, 6). 


Example 33. Find the image of the point (1,6, 3) in 


: ; F . ; 236 
Xx a) Fa .. Direction cosines of line (i) are -, —, -. 
the line X =¥—— = ae 
2 3 Equation of line (i) may be written as 
Sol. Let P be the given point and let L be the foot of perpendicu- x-1_y+2_ 273 ati) 
lar from P to the given line. 2/7 3/7 6/7 
' P (1, 6, 3) Coordinates of any point on the line (ii) may be taken as 
(? 3 6 
! Pol, P23 
a 
A iL B Letg(2r+ 121 rs] 
1 7 7 7 
; Given, |r|=3 
‘Q “. r=+t3 
The coordinates of a general point on the given line are given Putting the value of r, we have Q= (2. 7 . =) or (: ; —23 ; | 
by 7 UG a ae 
BOY aN oe? ey 
e 
1 2 3 
| Shortest Distance between 
ie. x=A,y=2A 41,2 =3A 42 ; 
Let the coordinates of L be Two Li nes 
(A, 2A + 1, 3A + 2) . (i) 


If two lines in space intersect at a point, then the shortest 
distance between them is zero. Also, if two lines in space 
are parallel, then the shortest distance between them will 
be the perpendicular distance, i.e. the length of the 
perpendicular drawn from any point on one line onto the 
other line. Further, in a space, there are lines which are 
neither intersecting nor parallel. In fact, such pair of lines 
are non-coplanar and are called skew lines. 


4 


So, direction ratios of PL are 

(A — 1,24 —5, 3A —1) 
Direction ratios of the given line are (1, 2,3) which is 
perpendicular to PL 


(A= 121 40h —5)-24 Gh. = 1)-3=0 
> N=1 
So, coordinates of L are (1, 3, 5). 
Let Q(x, y;, Z,) be the image of P(1, 6, 3) on given line. 


Since, L is mid-point of PQ. 
$2 xy Se i ee +3 
2 2 2 
=> x =1,y, =0,z, =7 


‘, Image of P(1, 6, 3) in the given line is (1, 0, 7). 


Example 34. Find the coordinates of those points on 
=] oe te O 
me a which are at a distance of eC 


3 units from points (1, — 2, 3). 


the line 
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Line GE goes diagonally across the ceiling and line DB 
passes through one corner of the ceiling directly above A 
and goes diagonally down the wall. These lines are skew 
because they are not parallel and also never meet. 


By the shortest distance between two lines, we mean the 
join of a point in one line with one point on the other line 
so that the length of the segment so obtained is the 
smallest. 


1. Shortest Distance between Two 
Skew Straight Lines 


Line of Shortest Distance 


If 1, and 1, are two skew lines, then there is one and only 
one line perpendicular to each of lines 1, and 1, which is 
known as the line of shortest distance. 


Line of 
shortest distance 


Q ris 


Here, distance PQ is called to be shortest distance. 


Vector Form 

Let J, and /, be two lines whose equations are 
r=a,+Ab, and r=a, +uby, respectively. 

Clearly, 1; and 1, pass through the points A and B witha, 


and a,, respectively and are parallel to the vectors b, and 
b,, respectively. 


Since, PQ is perpendicular to both /, and 1, which are 
parallel to b,; and b,. 


“. PQ is parallel to b, x by. 


7 : 2 b, xb, 
Let n be a unit vector along PQ, then n = + ———— 
|b, x by | 
: PQ= Projection of AB on PQ 
=> PQ=AB-n 
b, xb 
Bre er ye all 2 
|b, x by | 
_, (bi x bz) (az —a,) 
|b, xb, | 
b, X bz) -(a, - 
Hence, distance PQ = (bi orga) 
|b, x by | 


[b,b, (a, —a,)] 
|b; xb, | 


Condition for Lines to Intersecting 
The two lines are intersecting, if 


(b; X bz) -(az —a,) | _ 


=0 
|b, x by | 
> (b, x bz) -(a, —a,) =0 
= [b,b,(a, —a,)]=0 
Cartesian Form 
Let the two skew lines be 
ssa me A Zi Un 
ay b, Cy 
X—X2 YV7)V2 27 %2 
and = = 
a2 by Co 


Vector equations for these two lines are 
r=(x,ity,j+z,k)+A(qjitb,j+c,k) 


and r=(X5i+Voj + Zk) +p(a,i + byj +c, k) 


- -(b, Xb 
*: Shortest distance n= a8) (Ds 2) 
|b, xb, | 
X2 7X1 Yo27V1 22741 
ay, by Cy 
a2 by C2 


> d= 


(bic, — bac)” +(cyaq —a4¢2)” 
+ (a,b, —ayb,)° 

Conditions for Lines to Intersect 

The lines are intersecting, if shortest distance =0 


y2-V4 
=> ay b, Cy =0 


X2—Xq 22-24 


a2 by Co 


2. Shortest Distance between Parallel Lines 
Let J; and /, be two parallel lines whose equations are 


r=a,+Ab or r=a, +wub, respectively. 


lp B(as) 
~< nN 
ay 
TiN 
rs 1 % 
1 
$ \ 
Po ® 
a 1 \ 
i an ae 
Vi 
- {al 6, 
. M pee i ‘ A(a;) 
4 > Ae 
a aoe " F 
see SY | oe 
pie afr, 
O 


Clearly, /; andl, pass through the points A and B with 
position vectors a, and ay, respectively and both are 
parallel to the vector b, where BM is the shortest distance 
between 1, and I,. 


Let 6 be the angle between AB and |,. 


; BM 
sin 8 = —— 
AB 
=> BM = AB sin ® =| AB |sin®@ 
Now, | AB x b| =| AB || b| sin(z — 9) 
| AB || b|sin® 


=(| AB|sin 8) |b|=BM|b| 
pom — ABXb| _|(a2 —a,)xb| 
| b| | b| 
.. Shortest distance between parallel lines 


r=a,+Ab, andr=a, +pbis 


j_|@e— a1) xd! 
| b| 
Example 35. Show that the two lines 
X-1 y-2 z-3 x-4 y-1 . 
- — an = =z, intersect. 
2 3 4 5 
Also, find the point of intersection of these lines. 
Sol. Here, a ake (i) 
2 3 4 
and See ae dy 
5 , 1 


Any point on line (i) is P(2r + 1, 3r + 2, 4r + 3) and any point 

on the line (ii) is O(5A + 4,2A +1, A). 

They intersect if and only if 
2r+1=5A4+43r+2=2A4+1,4r+3=A 

On solving, r=-1A=-1 

Clearly, for these values of A andr P (— 1, —1, -1) 


Hence, lines (i) and (ii) intersect at (— 1, — 1, — 1). 


Example 36. Find the shortest distance between the 
lines r =(4i— j)+ A (i+2j—-3k) 
and r= (i— j+2k)+p(2i+4j—5k). 
Sol. We know, the shortest distance between the lines 
r=a,+Ab, andr =a, + Ab, 
_ | (az — a): (b; X bg) 
| b; x bp | 


> d 


On comparing the given equation with the equations 
r=a, + Ab; and r=a, + Ab, respectively, we have 
a, =4i-j,a,=i—j+2k, b, = i+ 2j-3k and b, =2i+ 4j-5k 


Now, ay — a, =—3i+ 0j+2k 
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$4 x 
and b,xb,=|1 2 —3|/=2i-j+ 0k 
a a: 


0} + 2k)- (2i — j + ok) =-6 


. (az —a;)-(b, x by) =(—314 


and |b, xb, |=,/4+14+ 0 =V5 
.. Shortest distance, d = ase Be) |) 8 - ef 
|b; x by | V5 | V5 


Example 37. Find the shortest distance between 


the lines 


X=1 Yr? 253 Ree rd £55 


and 
2 3 4 3 4 5 
Sol. Given lines are 
X= 1 =2.-2=3 : 
a= (i) 
2 3 4 
ue -4 =5 
and ony Srey (ii) 
3 4 5 
Here, x, =1, y, = 2, 23 =3; X2 =2, y2 = 4,22 =5 
L =2,m, =3,n, = 4,1, =3, m,. =4, nm, =5 


Shortest distance between the lines (i) and (ii) are modulus of 


X27—% Y27Vr 227% 
h m my 
L m. n 
= : g Z ; ...(iii) 
: — lm) +(mn, — mn) 


+ (ny —L,n,)° 


X27% Yo27M 227% 1 

Now, = L, m nm |=/2 
L, My Ny 3 

= 1(15 — 16) —2(10 — 12) + 8 —9) =1 


Nal; . 


Also, (my — lpm)” +(mny — myn,)° + (nly 
=(8 —9)? +(15 — 16)” + (10 —12)? 
=6 


From Eq. (iii) shortest distance between lines (i) (ii), we get 


Example 38. Find the shortest distance and the 
vector equation of the line of shortest distance 
between the lines given by 
r=(3i+8j+ 3k)+2 (3i - j+k) 
and r=(—31—7j+6k)+p(— 3i+2j+4k) 


Sol. Given lines are 
r =(31+ 8j + 3k)+ AGi-j+k) (i) 


and r =(—3i —7j + 6k) + u(—3i + 23 + 4k) (ii) 
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Equation of lines (i) and (iii) in cartesian form, 
x-3 y-8 z-3 


AB: =i (iii 
3 =] 1 oy 
x+3 yt7 2-6 : 
d CD: = = = a 
an =a 5 r uu (iv) 
B 
L 
A 
C M >D 
Let L(3A + 3),-A +8, A + 3), M(—3u —3, 2 —7, 4u + 6) 
Direction ratios of LM are 
BA +3u+6,-A—2u +15, — 4u —3) 
Since, LM | AB 
3(3A + 3 +6) —1(—A —2 +15) + 1(A — 4u —3) =0 


or 11A + 7p =0 ..(v) 
Again, LM | CD 


3(3A + 3u + 6) —2(—A —2u + 15) + 4A — 4u —3) =0 

or —7h —29u =0 ...(Vi) 
Solving Eqs. (v) and (vi), we get 

A=0=p 

L =(3,8, 3), 

M =(-3, -7,6) 
Hence, the shortest distance, 

LM = (3 +3)? +(8 + 7)’ +B — 6)? = 330 units 


.. Vector equation of LM is 
r=31+8j+ 3k + ti +15j —3k) 


Also, the cartesian equation of LM is 
x-3 y-8_z-3 
6 15 —3 


Example 39. Find the shortest distance between 
lines r=(i+2j+k)+A (2i+ j+2k) 
and r=2i- j—k+p(2i+ j+2k). 
Sol. Here lines (i) and (ii) are passing through the points 
a, =i+2j+ k anda, = 2i- j-— k, respectively, and are 
parallel to the vector b= 2i+ j+ 2k. 


Hence, the distance between the lines using the formula 


2 1 2 
|bx(a,—ai)|_|4 a 
| b| 3 
_ | 4i-6j-7k|_ [16 + 36 + 49 - 
3 3 3 


Example 40. Find the equation of a line which 
passes through the point (1,1,1) and intersects the lines 
X-1 y-2 z-3 X+2 YyY-3 Zt 
= = an = = ‘. 
2 3 4 1 2 4 
Sol. Any line passing through the point (1, 1, 1) is 


x-1 =1).g=1 : 
=) 2 (i) 
a b c 
=. —2 =3 
This line intersects the line ~ =! =" a 
1-1 2-1 3-1 
Ifa:b:c#2:3:4and| a b c |=0 
2 3 4 
> a-2b+c=0 
Again, line (i) intersects line 
2 3 1 
poke) os 22 (ii) 
1 2 4 
2-1 3-1 1-1 
Ifa:b:c#1:2:4and| a b c =0 
1 2 4 
> 6a + 5b — 4c =0 ...(iii) 
From (ii) and (iii) by cross multiplication, we have 
ab _c¢ 
8-5 6+4 5412 
a_b_c 
=> —=— = 
3 10 17 
-—1 -1 —1 
So, the required lines is aed a 
3 10 17 


Example 41. If the straight lines x =—1+s, 
t 
y =3-As, z=1+As and ar y =1+t,z=2-t, with 


parameters s and t, respectively, are coplanar, then 
find 2. 


x+1 _ y-3_ 2-1 


Sol. The given lines =s 
-zr rn 
BE dr arecoplnart 
V2 1 -1 
0+1 1-3 2-1 
1 -A dX J=0 
1/2 1 ed. 
1 =2;, i 
1 -A A’ |=0 
Pee, i Sal 
=> 1(r ay+2(1 *\4i(1+ 4) =0 
2 2 
> N=-2 
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Exercise for Session 2 


10. 


The cartesian equation of a line is 7 5 ae a us =. Find the vector equation of the line. 


A line passes through the point with position vector 2i <3] +4k and is in the direction of 3i +4j —5k. Find the 
equation of the line is vector and cartesian forms. 


Find the coordinates of the point where the line through (3, 4, 1) and (5, 1,6) crosses XY-plane. 


Find the angle between the pairs of line r=3i +2j Ake NG 43] +2k), r=5i =) + w(3i +2j +6k) 


Show that the two lines —! = ¥ 5 — 5 3 and” = =¥—' _,> intersect. Find also the point of intersection 
of these lines. 
Find the magnitude of the shortest distance between the lines see aes and alent Seek A 2 
2 -3 1 3 -5 2 
Find the perpendicular distance of the point (1, 1, 1) from the line wield 7 a = 


Find the equation of the line drawn through the point (1, 0, 2) to meet at right angles the line 
x+1 y-2 z+1 
3 -2  -1— 


Find the equation of line through (1, 2, — 1) and perpendicular to each of the lines ; =—=— and 


AIS 
ol N 


x-6 y-7_ z-T 


Find the image of the point (1, 2, 3) in the line 5 a 


Session 3 


Plane, Equation of Plane in Various Form, Angle between 
Two Planes, Family of Planes, Two Sides of a Plane, 
Distance of a Point from a Plane, Equation of Planes 
Bisecting the Angle between Two Planes, Line and Plane 


Plane 


A plane is a surface such that if any two points are taken 
on it, the line segment joining them lies completely on the 
surface. 


General Form General equation of the first degree in x, 
y, z always represents a plane. 
The general equation of plane is ax +by +cz +d =0. 
Proof. Let first degree equation in x, y and z be 

ax +by+cz+d=0 ...(i) 


In order to prove that Eq. (i) is the equation of plane, it is 
sufficient to show that every point on the line joining two 
points lies on the surface represented by Eq. (i). 

Let P(x,,y,,Z,) and Q(x», y2,Z2) be two points on the 
surface represented by Eq. (i). 


Then, ax, +by, +cz, +d=0 ...(ii) 
...(iii) 
Let R be any arbitrary point on the line segment joining P 
and Q. Suppose R divides PQ in the ratio A :1. 


Ris| 22 +Ax. yy tay. 2, +AZy 
- Ris 
1+A 1+A 1+A 


and ax, + by, +cz, +d =0 


We are to show that R lies on the surface represented by 
Eq. (i) for all values of i. For this, it is sufficient to prove 
that R satisfy Eq. (i) 

On putting this value of R in LHS of Eq. (i), we obtain 


a x, +Ax, +b y, +Ay2 e. Z, +Az, - 
N+1 A+1 A+1 


1 
= ag + by, +¢z,)+A(ax, + by, +cz,)} 


[using Eggs. (ii) and (iii)] 


which shows that the point R lies on Eq. (i). Since, R is an 
arbitrary point on the line segment joining P and Q. 


.. Every point on PQ lies on the surface represented by 
Eq. (i). 

Hence, ax + by + cz +d =0 is equation of plane. 
Equation of a Plane Passing Through a Given Point 


The general equation of a plane passing through a given 
point (x1, 1,21) is a(x —x,)+b(y -y,)+c(z —z,) =0, 
where a, b and c are constants. 
Proof. The general equation of plane is 

ax +by+cz+d=0 ...(i) 
If it passes through (x,, y;,Z;) 
> ax, +by, +cz, +d=0 ...(ii) 
On subtracting Eq. (i) from Eq. (ii), we get 

a(x — x1) + ly —y1) + e(z —21) =0 
which is the equation of a plane passing through 
(1591521): 


Example 42. Show that the four points (0, — 1, —1), 
(— 4,4, 4), (4, 5,1) and (3,9,4) are coplanar. Find the 
equation of the plane containing them. 

Sol. We shall find the equation of a plane passing through any 


three out of the given four points and show that the fourth 
point satisfies the equation. 


Now, any plane passing through (0, — 1, — 1) is 


ax —0)+ by +1) + cz +1)=0 ...(i) 
If it passes through (— 4, 4, 4), we have 
a(— 4) + b(6) +c(5) =0 ...(ii) 


Also, if plane passes through (4, 5, 1),we have 
a(4) + b(6) + c(2) =0 

> 2a+3b+c=0 ...(iii) 

On solving Eqs. (ii) and (iii) by cross multiplication method, we 

obtain 


On putting in Eq. (i), we get 
5kx + 7k(y + 1) —11k(z + 1) =0 
=> —5x+7y —11z-4=0 


(required equation of plane) 


Clearly, the fourth point namely (3, 9, 4) satisfies this equation. 
Hence, the given points are coplanar and the equation of plane 
containing those points, is5x —7y + 1lz+ 4=0 


Equation of Plane 
in Various Form 


A plane is determined uniquely if 


(i) The normal to the plane and its distance from the 
origin is given, i.e. the equation of a plane in normal 
form. 


(ii) It passes through a point and is perpendicular to a 
given direction. 


(iii) It passes through three given non-collinear points. 


Equation of Plane in Normal Form 
Vector Form 


The vector equation of a plane normal to unit vector n 
and at a distance d from the origin is r- n =d. 


Proof. Let O be the origin and let ON be the perpendicular 
from O to the given plane 7 such that ON=dn, where d is 
perpendicular distance of plane from origin. 


Let P be a point on the plane, with position vector r so 
thatOP=r 


Now, NP L ON 
=> NP- ON=0 (i) 
=> (OP — ON) -ON=0 
=> (x —dn)- di =0 
=> r-da—d’n-n=0 
=> dr-n—d’|n|* =0 (-.: d #0) 
=> r-n—d=0 (| a |=1) 
=> r-n=d (ii) 


Thus, the required equation of the plane is r- n =d. 
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Cartesian Form 


Equation (ii) gives the vector equation of a plane, where nh 
is the unit vector normal to the plane. Let P(x, y, z) be any 
point on the plane. Then 


OP= r=x+yj +zk 
Let |, m and n be the direction cosines of n. 
Then, A=(fi+mj+nk) 
Therefore, (ii) gives 

(xit yj +k) (li+mj +nk) =d 
(iii) 
This is the cartesian equation of the plane in the normal 
form. 


or Ix +my +nz=d 


Note 
Equation (iii) shows that ifr -(ai+ bj + ck) =d is the vector 


equation of a plane, then ax + by + cz =d is the cartesian 
equation of the plane, where a, band c are the direction ratios of 
the normal to the plane. 


The equation r- n =d is in normal form, if n is a unit 
vector and d is the distance of the plane from the origin. If 
n is not a unit vector, then to reduce the equation r-n =d 
to normal form, we reduce the equation r- n = d to normal 
form by dividing both sides by | n |, we get 

rn d 


d 
7 rn= =p (distance from the origin) 
|n| |n| | n | 


Example 43. Find the vector equation of plane which 
is at a distance of 8 units from the origin and which is 
normal to the vector 2i+ j+2k. 
Sol. Here, d = 8 andn = 2i+j +2k 
n  2i+j+2k _ 2i+j+2k 


n= = 
[al geet ao 3 
Hence, the required equation of plane is, r-n =d 
2i+ j+2k 
> r- | ———— |] =8 
3 
> r-(2i+ j+ 2k) =24 


Example 44. Reduce the equation 
r-(3i —4j+ 12k) =5 to normal form and hence find the 


length of perpendicular from the origin to the plane. 
Sol. The given equation of plane is 
r -(3i—4j+ 12k) =5 or r-n=5 
where, 


Since, |n| =./9 + 16 + 144 = 13 #1, therefore the given 


equation is not the normal form. To reduce to normal form we 


n =3i-4j+12k 
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divide both sides by | n | ice. ae or 
Jn] |n| 


35 4, 126 5 
r: f 1 jt i) = —. This is the normal form of the 
13 13 13 13 


equation of given plane and length perpendicular = =. 


Example 45. Find the distance of the plane 
2x — y —2z —-9=0 from the origin. 


Sol. The plane can be put in vector form as r- (2i- = 2k) =9. 


Here, n=2i-j-2k 
n  2i-j-2k 

=> poh eh Se ee 
|| 3 


Dividing equation throughout by 3, we have equation of plane 
(2i—j—2k) 
3 


in normal form as r- = 3, in which 3 is the distance 


of the plane from the origin. 


Example 46. Find the vector equation of a line 
passing through 3i—5j+7k and perpendicular to the 
plane 3x —4y + 5z =8. 
Sol. The given plane 3x — 4y + 5z =8 
or (31-4) + 5k) (a+ yjt zk) =8. 
This shows that d=3i—4j+ 5k is normal to the given plane. 
Therefore, the required line is parallel to 31— 4j+ 5k. 
Since, the required line passes through 31—5j+ Tk, its equation 
is given by r=3i—-5jJ + 7k + A(3i— 4) + 5k), where Ais a 


parameter. 


Example 47, Find the unit vector perpendicular to 
the plane r- (2i+ j+2k)=5. 
Sol. Vector normal to the plane is n= 2i+ j+ 2k 


Hence, unit vector perpendicular to the plane is 
n  2i+j+2k 
|m] 2? +1742? 


= 5 i+ j+2k) 


Vector Equation of a Plane Passing Through 
a Given Point and Normal to a Given Vector 


The vector equation of a plane passing through a point 
having position vector a and normal to vector n is 
(r—a)-n=0. 

Proof Suppose the planer 7 passes through a point having 
position vector a and is normal to the vector n. Let O be 
the origin and r be the position vector of any point P on 
the plane 7. Then, OP= r. 


Since, AP lies in the plane and n is a normal to the plane 
Tt. 


ee 
Sv 
a 
rs 
‘J :,¥ 
/ \ 
f x 
\ 
\ 
rae 
oc XN 
- \ 
oa XN 
ty 
> 
-----p»------ 
® = 
& 


’ 
Lew 
“. 


oO 


APln 
=> AP-n=0 => (r-a):n=0 (.. AP=r-a) 
Hence, the required equation of the plane is 


(r-—a)-n=0 


Note 


The above equation can be written asr-n=d, whered=a-n 
(known as scalar product form of plane). 


Cartesian Form 

Ifr=xit+y j+zk a=x,it+y,j+z,k and n=ait bj + ck, 
then (r— a) =(x —x,)it+(y—y,)j+(z-z,)k 

Then equation of the plane can be written as 

(x-x, ji +(y-y, \j +(z-Z, )k- (ai+ bj + ck) =0 
>a(x —x,)+b(y—-y,)+c(z-—z,) =0 

Thus, the coefficients of x, y and z in the cartesian 


equation of a plane are the direction ratios of the normal 
to the plane. 


Example 48. Find the equation of the plane passing 
through the point (2, 3, 1) having (5, 3, 2) as the 
direction ratios of the normal to the plane. 


Sol. The equation of the plane passing through (x,, y,, z,) and 
perpendicular to the line with direction ratios a, b and c is 
given by a(x — x,)+ D(y — y,)+ c(z — z,) =0. 

Now, since the plane passes through (2, 3, 1) and is 
perpendicular to the line having direction ratios (5, 3, 2), the 
equation of the plane is given by 5(x — 2) +3(y —3) + 2(z-1) 
=Oor5x +3y + 2z =21. 


Example 49. The foot of the perpendicular drawn 
from the origin to a plane is (12,—4, 3). Find the 
equation of the plane. 


Sol. Since P(12,— 4,3) is the foot of the perpendicular from the 


origin to the plane OP is normal to the plane 7m. Thus, the 
direction ratios of narmal to the plane are 12, —4 and 3. 
Now, since the plane passes through (12,— 4 , 3), its 
equation is given by 

12 (x — 12) — 4y + 4) +3(z —3) =0 
or 12x — 4y + 3z — 169 =0 


Example 50. A vector n of magnitude 8 units is 
inclined to X-axis at 45°, Y-axis at 60° and an acute 
angle with Z-axis. If a plane passes through a point 
nee and is normal to n, then find its equation in 
vector form. 


Sol. Let y be the angle made by n with Z-axis, then direction 
cosines of n are 


1 1 
1 =cos 45° , m= cos 60° andn=cos Y 
V2 


1. 1 
Pom sn slot ota =I 


1 
n=~— (neglecting n = — > as Vis acute :n > 0) 


1 
2 
We have, |n|=8 

n=|n| (i+ mj +nk) 


1, 1, 1s a 2 ~ 
n=8|—~i+—j+—k]|=4,2i+ 4j+ 4k 

(ss 29” 2 : 
The required plane passes through the point (V2, —1, 1) having 


position vector 


a= v2i-j+k 
So, its vector equation is (r— a)-n = 0 
> F-n=a-n 
=> r-(4v2i+ 45+ 4k) =(J2i-j+ k)- (421+ 45+ 4k) 
= r-(4V2i+ 4j+ 4k) =8 
> r-(V2i+ j+k)=2 


Example 51. Find the equation of the plane such 
that image of point (1, 2, 3) in it is (—1, 0, 1). 

Sol. Since, the image of A(1, 2,3) in the plane is B(— 1, 0, 1), the 
plane passes through the mid-point (0, 1, 2) of AB and is 
normal to the vector AB = — 2i — 2j 2k. 

Hence, the equation of the plane is — 2 (x — 0) —2(y —1) 
~2(z -2) =0 
or x+ytz=3. 


Equation of a Plane Passing through 
Three Given Points 


Cartesian Form 
Let the plane be passing through points A(x,, y;,2Z1), 
B(X2, 2,22) and C(x 3, 3,23). 
Let P(x, y, z) be any point on the plane. 
Then, vectors PA, BA and CA are coplanar. 
[PA BA CA]=0 
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X-X, YV-V1. 47-2, 
=| X2.-X,; Yo-y, 2%. —Z, |=0, which is the required 
X37—X1 Y37-V1 23721 


equation of the plane 


Vector Form 


Vector form of the equation of the plane passing through 
three points A, B and C having position vectors a, b and ¢, 
respectively. 

Let r be the position vector of any point P in the plane. 


Hence, vector AP=r—a AB=b-aand AC=c-aare 
coplanar. 


Hence, (r— a)- {(b— a) x(c— a)} =0 


> (r—a)-(bxX c— bx a— ax c+axa)=0 
> (r—a)-(bx c+ ax b+cxa)=0 
=> r-(bx c+ ax b+ cx a) 


=a-(bx c)+a-(aX b)+a-(cX a) 
> [rbc]+[rab]+[rca]=[abc] 


which is the required equation of the plane. 


Note 


1. Ifo is the length of perpendicular from the origin on this plane, 
then p =[abc]/n, wheren=|ax b+ bx c+ exa|. 

2. Four points a, b, ¢ and dare coplanar if d lies on the plane 
containing a, bande. 
or d-[ax b+ bxc+cxa]=[abc] 
or [dab] +[dbc]+ [dca] =[abc] 


Example 52. Find the equation of the plane passing 
through A(2, 2, — 1), B(3,4,2) and C(7,0,6). Also find a 
unit vector perpendicular to this plane. 
Sol. Here, (x;, y;, Z;) =(2, 2, — 1), (x2, V2, Z2) = (3, 4, 2) and 
(x3, ¥3, 3) = (7 0, 6). 
Then, the equation of the plane is 
pe eee 


x-—X 


x2. por 261) 
or 3-2 4-2 2-(-1)|=0 
(2%. 03% Gt 
or 5x + 2y —3z =17 
A normal vector to this plane is d=5i+ 2j ~3k ...(i) 


Therefore, a unit vector normal to (i) is given by 


._ d _5i+2j-3k 


|d| 25+4+9 


= a (i + 25 -3h) 
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Example 53. Find equation of plane passing through 
the points P(1, 1, 1), Q(3,— 1, 2) and R(— 3, 5,—4). 
Sol. Let the equation of plane passing through (1, 1, 1) be 
a(x — 1)+ b(y -1)+ c(z — 1 0, as it passes through the 
points Q and R. 
a 2a—-2b+c=0 
and —4a+4b—-5c=0 
Hence, solving by cross multiplication method, we get 
a b c 


= =°_=k 
10-4 4+10 8-8 


a =6k, b =6k,c =0 
On substituting in Eq. (i), we get 
6(x—1)+ 6(y -1)+0=0 


ie. x + y =2; which is the required equation. 


Aliter Equation of plane passing through (x, yj, 21), (2, V2, Z2) 
and (x3, y3, Z3) is 


X-H YN 27% 
=|X2—% Yo7-VM 22—-% |= 0 
%3—% ¥37VM 437% 

o> 
2-1 |=0 
a=1. 3-1 4-1 


On solving, we get x + y =2 


Equation of a Plane Passing Through 
a Given Point and Parallel to Two 
Given Vectors 


Let a plane pass through A (a) and is parallel to the plane 
formed by two vectors b andc. Since, AP lies in the plane 
and b andc are two non-collinear vectors, 


AP=Ab+uc 
=> r—a=Ab+uc 
=> r=a+Ab+uc 


Here, A and are arbitrary scalars. 


This form is also called the parametric form of the plane. 
It can also be written in the non-parametric form as 


(r—a)-(bx c) =0 
or [rbc]=[abc] 


Cartesian Form 


From (r— a) -(bx c) =0,we have[r— abc] 


X-X, Y-Vi 4-2 
>| xX, V2 Z,  |=0, which is the required 
x3 y3 23 


equation of the plane, where b= x,i+ y.j+Z)k and 
cC=x3i+y3j+z3k. 
Example 54. Find the vector equation of the 
following planes in cartesian form r= i- j+ Mi+ j+ k) 
+ wi - 2j + 3k). 
Sol. The equation of the plane is 
r=i- j+ Mit j+ k)+ wi 2j+3k). 
Let  r=x+yj+zk 
Hence, the equation is 


ea = ae k) + wGi-23+3k) 


Thus, vectors (xi+ yj ),i+ 54 ki 274 3k are 


i+ 
inj 
coplanar. 


Therefore, the equation of the plane is 


x-1 y-(-1) z-0 
1 1 1 |=0 
1 =2 3 
or 5x —2y —3z -—7=0 


Intercept Form of a Plane 


The equation of a plane having intercepting lengths a, b 
and c with X-axis, Y-axis and Z-axis, respectively is 


a be 


Proof Let O be the origin and let OX, OY and OZ be the 
coordinate axes. 


Let the plane meets the coordinate axes at the points 
P, Qand R, respectively such that 


OP =a, OQ =b and P=c. Then, the coordinates of the 
points are P(a,0,0), Q(0, b,0) and R(0, 0, c). 
Let the equation of plane be 

Ax + By +Cz+D=0 ...(i) 
Since, Eq. (i) passes through (a, 0, 0), (0, b, 0) and (0,0, c), we 
have 


—D 
Aa+D=0 => A=— 
a 


-—D 


—-D 
a ala 


On putting these values in Eq. (i),we get required equation 
of plane as 


a0 _D D 
y-—z=-D 
a b c 
=~ cae ae ca 
a be 


Example 55. A plane meets the coordinates axes in 
A, B and C such that the centroid of the AABC is the 
point (p,q,r), show that the equation of the plane is 


x Z 
Pe aig 
a 
Sol. Let the required equation of plane be 
bia ee a | ...(i) 
a bc 


Then, the coordinates of A, B and C are A(a, 0, 0), B(0, b, 0) and 
C(0, 0, c), respectively. So, the centroid of the AABC, 


abe 
233 
But the coordinate of the centroid are (p, q, r). 
a bc 
gag 


On putting the values of a, b and c in Eq. (i), we get 
The required plane as 


fascia pe Coe 


3p 3q 3r 
> al op eae 
Poeqrer 


Example 56. A variable plane moves in such a way 
that the sum of the reciprocals of its intercepts on the 
three coordinate axes is constant. Show that the plane 
passes through the fixed point. 


Sol. Let the equation of the plane be ae ase ep Then, the 
a c 
intercepts made by the plane with axes area, b and c. 
= ie + = constant (k) ...(i) (given) 
a be 
1 1 1 : oa Ke Yn 
=> —4 + — =1 comparing with — + — + —=1 
ak bk ck a bc 
petal 
kk 
and z= . 
k 


This shows Eq. (i) passes through the fixed point (= y ; i} 
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Angle between Two Planes 


Vector Form 


The angle between two planes is defined as the angle 
between their normals. 


Let @ be the angle between planes r-n, =d, and 
r-n, =d, thencos@ oS 
|n, || m2 | 

Condition for Perpendicularity 

If the planes r -n, =d, andr-n,=d), are perpendicular, 
then n,and n, are perpendicular. Therefore, n, -n, =0 


Condition for Parallelism 
If the planes r-n, =d, andr- ny =d, 


are parallel, there exists the scalar A such that n, =An,. 


Cartesian Form 


If the planes are a,x +b,y+c,z+d=0 
and a,x +boy+c,z +d, =0 
4142 +b by +402 


Ja? +b? +c \@ +b3 +c5 


> cos§@ = 


Condition for parallelism 
Bi Ft 
A, dy Ce 

Condition for perpendicularity 


a,a, +b,b, +c,c, =0 


Example 57. Find the angle between the planes 
2x+ y—2x+3=Oandr-(6i+3j+2k)= 
Sol. Normals along the given planes are 2i+ 7 2k and 
6it+3j+2k 
Then angle between planes, 
(2i+ j- 2k) - (6i+ 3j+2k) S 11 
Toe +r eCar er +or +e? 
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Example 58. Show that ax+by +r =0, 


by +cz+p=0Oand cz+ax+q=Oare perpendicular to 
XY, YZ and ZX planes, respectively. 
Sol. The planes a,x + by + cz + d; =O and 
ayx + boy + Coz + dy = Oare perpendicular to each other if 
and only if aa, + bb. + cyc, = 0. 
The equation of XY, YZ and ZX planes are z = 0, x = 0 and 
y = 0, respectively. 
Now, we have to show that z = 0 is perpendicular to 
ax + by +r=0. 


It follows immediately, since a(0) + b(0) +(0) (1) = 0, other parts 
can be done similarly. 


Family of Planes 
Plane Parallel to a Given Plane 


Since parallel planes have the same normal vector, so 
equation of a plane parallel to r-n =d, is of the form 
r-n=d),, where d, is determined by the given conditions. 
In cartesian form, if ax +by + cz +d =0 be the given plane 
then the plane parallel to this plane is ax + by +cz +k =0. 


Example 59. Find the equation of the plane through 
the point (1,4,—2) and parallel to the plane 
—2x+y-3z=7. 
Sol. Let the equation of a plane parallel to the plane 
—2x+y—3z=7 be 
—2x+y-3z+k=0 sali) 
This passes through (1, 4, — 2), therefore 
(—2) (1) +4-3(—2) +k =0 


=> —2+4+6+k=0 > k=-8 
Putting k =— 8 in Eq. (i), we obtain 
2x+ y -3z —-8=0or—2x+ y —3z =8 


This is the equation of the required plane. 


Example 60. Find the equation of the plane passing 
through (3,4,—1), which is parallel to the plane 
r-(2i-3j+5k)+7=0. 
Sol. The equation of any plane which is parallel to 
r:(2i—3j+5k) +7 =0is 
r -(2i-3j+5k) + A=0 

or 2x —3y +5z +A =0 

Further (i) will pass through (3, 4, — 1) 

if (2) (3) + (—3) (4)+.5(-1I) +4 =0 

or 114+A=0>5A=11 

Thus, equation of the required plane is 


r-(2i-3j+5k) +11 =0 


Equation of any Plane Passing 
Through the Line of Intersection 
of Two Plane 


The equation of the plane passing through the line of 
intersection of the planes 

a,x+b,y+c,z+d, =Oanda,x+b,y+c,z +d, =0 is 
(a,x +byyteztd,)+ka,x +byyt+ce.z+d,)=0 
Proof Let the given plane be 


a,x+b,y+c,z+d, =0 ...(i) 
and a,x +boy+c.z +d, =0 ...(ii) 
.. Required plane is (a,x +b,y+c,z+d,) 

+k(a,x +byy +c,z +d.) =0 ...(iii) 


Clearly, plane (iii) represents the equation of plane. 
Let (a, B, y) be a point on the line of intersection of planes 
(i) and (ii), then P lies on planes (i) and (ii). 

a,a+b,B+c,y+d, =0 ...(iv) 
and a,a+b,B+c,y +d, =0 ...(V) 
Now, multiply by k in plane (v) and then adding planes 
(iv) and (v), we get 

(4,0 +D,B+c,y +d;) 

+ k(a.a +b.P+c.y+d,)=0 

=> P(a, B, y) lies on plane (iii). 
Hence, plane (iii) passes through each point on the line of 
intersection of planes (i) and (ii). 
Thus, plane (iii) is the equation of plane passing through 
the line of intersection of planes (i) and (ii). 


Vector Form 


Equation of planes passing through the line of intersection 
of planes 
r-n, =d, andr: n, =d, is 
(r-n, —d,)+k(r-n, —d,)=0 
or r-(n, +kn,)=d, +kd,, k being any scalar. 


Example 61. Find the equation of the plane 
containing the line of intersection of the plane 
X+y+z—6=Oand 2x+3y+4z+5=0and passing 
through the points (1,1, 1). 
Sol. The equation of a plane through the line of intersection of 
the given plane is 


(x+y+z-6)+ A(2x + 3y + 4z+5)=0 ...(i) 
If line (i) passes through (1, 1, 1), we have 
—3+14X =0 
> A= 2 


14 


3 
Putting A = a in line (i), we obtain the equation of the 


required plane as 


(x+y+z-6)4 > ox 4 3y + 4z +5)=0 
14 
=> 20x +23y + 26z -69 =0 
Example 62. Find the planes passing through the 
intersection of planes r-(2i — 3j+ 4k) =1and 
ri= j)+ 4 =0 and perpendicular to planes 
r-(2i- j+k)=-8. 


Sol. The equation of any plane through the line of intersection 
of the given planes is 


{x (21 — 33 + 4k) -1}+ Afr -G-}j) 
r-{(2+Aji-(3+ Aj 


4}=0 
4k}=1- 42 Ai) 


If it is perpendicular to r-(2i—j+ k) + 8 =0, then 
{22+ Aji —(3 + Aj + 4k}. (2i-j + k) =0 
2+ A)+(3+A)+4=0 

=11 


A =— 
3 


11 
Putting A =— - in line (i), we obtain the equation of the 


required plane as r-(—5i+2j+ 12k) = 47 


Two Sides of a Plane 


Let ax + by +cz +d =0 be the plane, then the points 
(X1,¥1,Z1) and (xz, y2,Z2) lie on the same side or opposite 
side according as 
ax, +by, +cz, +d 
ax, +by,+cz,. +d 


>0or <0 


Proof Here equation of plane is, 

ax +by+cz+d=0 ...(i) 
Let Eq. (i) divide the line segment joining P and Q at R 
internally in the ratio m:n. 


Q (Xp, Yo: Za) 
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MX. +nx, my +ny, 


m+n m+n m+n 


Then, R mz, +nz, ) 


Since, R lies on the plane (i). 
0 +nx, Jeo +ny, Jee(™ +nz, rao 
mt+n m+n m+n 


= a(mxz +nx,)+b(my, +ny,) 


+c(mz, +nz,)+d(m+n) =0 

> m(ax, + by, +cz, +d) 
+n(ax,; + by, +cz, +d) =0 
m (ax, +by, +cz, +d) (ii 


> = 
n (ax +by, +cz, +d) 


Now, if ax, + by, +cz,; +d andax, + by, +cz, +d 


are of same sign —<0 (external division) 
n 


are of opposite sign —>0 (internal division) 
n 

ax, +by, +cez, +d 
ax, +by, +cz, +d 


2. If 


(same side) 


ax, +by, +cz, +d 
ax, +by, +cz, +d 


<0 (opposite side) 


Example 63. Find the interval of « for which 
(co, 7,0) and (3,2,1) lies on same side of 
X+y—-47+2=0. 


Sol. (a, «”, o) and (3, 2, 1) lies on same side of x + y — 4z +2=0 


“(4+ 07 -40 +2)(3+2-442)>0 


> oO” -30 + 2>0 


(a -1)(@ -2)>0 > a E(—~, 1] U2, ©] 


Distance of a Point from a Plane 


Vector Form 
The length of the perpendicular from a point having 
position vector a to the plane r- n=d is given by 
_ ja-n-—d| 
|| 
Proof. Let 7 be the given plane and P(a) be the given 


point. Let PM be the length of perpendicular from P to the 
plane 7. 


Since, line PM passes through P(a) and is parallel to the 
vector n which is normal to the plane 7. So, vector 
equation of line PM is 


r=at+An ...(i) 
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~~ 
U 
& 


le SRSEEES? 


Point M is the intersection of Eq. (i) and the given plane 7. 
(a+An)-n=d 
d—(a-n) 


| n |? 


=> a-n+An-n=d > i= 


On putting the value of A in Eq. (i), we obtain the position 
vector of M given by 


_|d-(a-n)||n|_|d-(a-n)| 
in| 


||’ 


Thus, the length of perpendicular from a point having 

ve _|an-d| 

position vector a on the plane r- n =d is In] 
n 


Cartesian Form 


The length of perpendicular from a point P(x,;, y;,z,) to 
the plane ax + by +cz +d =0. Then, the equation of PM is 


ee eee ...(i) 
a b c 
The coordinates of any point on this line are 
(x, tar, y, +br,z, +cr) 
Thus, the point coincides with M iff it lies on plane. 
Le. a(x, tar) +b(y,; + br) +c(z, +cr)+d=0 
. (ax, +by, +cz, +d) " 
ie. =- ...(ii) 


a+b? +0? 


Now, PM= |(x, tar- coh a +(y1 +br—-y,)’ 
+(z, +cer—z,)° 


= (a? +b? +07) 7? =a? +? +0? |r| 
a Lae ae age a +d) 
a’ +b’ +c 


[from Eq. (ii)] 


|\(ax, +by, +cz, +d)| 
ja’ +b? +0? 


Example 64. Find the distance of the point (2, 1,0) 
from the plane 2x+ y+2z+5=0. 


PM = 


Sol. We know that the distance of the point (x;, y;, z,) from the 
plane ax + by +cz+d=0is 
| ax, + by, + cz, + d | 


jae +b? +c? 


So, required distance = 


|2x2+1+2x0+5|_ 10 
year 42 3 


Distance between the Parallel Planes 


The distance between two parallel planes 


ax +by+cz+d, =0 


and ax +by +cz+d, =0 
d, —d 
is given by d= AEE) 
Ja +b? +0? 


Proof. Let d = Difference of the length of perpendicular 
from origin to the two planes. 


| dit Ide 
ja +b? +0? ja +b? +0? 
d, —d, 


if d, and d, are of same side , 


a" +h? +c? 


Vector Form 
The distance between two parallel plane r-n =d, 
and r-n=d, is given by 
_ lds - 4s 


|| 


Example 65. Find the distance between the parallel 
planes x+2y —2z+1=0 and 2x+4y —4z7+5=0. 
Sol. We know that, distance between parallel planes 
ax + by+cz+d,=0Oandax + by+cz+d,=0is, 
| d; — d, | 


sae +b? +c? 


.. Distance between x +2y —2z +1=0 
5 : 

and x +2y —2z ooo 
=) 


~-4 
Fae 


yl+4+4 2 


Equation of Planes Bisecting 
the Angle between Two Planes 


Equation of the planes bisecting the angle between the 
planes. 


a,x +b,y+e,z+d, =Oanda,x+b,y+c.z +d, =0is 
a,x+b,y+c,z+d, 
a2 +b? +02 


Proof. Given planes are 


a,x +boy+coz+dy 


(ae+be+e 


a,x+byy+c,z+d, =0 ...(i) 
...(ii) 
Let P(x, y, z) be a point on the plane bisecting the angle 
between planes (i) and (ii). 

Let PL and PM be the length of perpendiculars from P to 
planes (i) and (ii). 

*, PL= PM 


and a,x +boy+c,z +d, =0 


a,xt+byy+c,z +d, 
aia; + bp tes 
a,x+b,y+c,z+d, 


Ja? +b? +c? 


| a,x + boy + coz + dy 
a, +b3 +c3 
a,x +boy+coz +d, 


(a+b +0? 


=+ 


This is equation of planes bisecting the angles between the 
planes (i) and (ii). 


Vector Form 


Equation of planes bisecting the angle between planes 


r-n, =d, andr-n, =d, are 


rn,—d,| |r-n,-—d, 
ny; Ny 
= fm ig n,-—d, 
n; n2 
n n d d 
= 1 2 1 2 
| ni, | |n;| |m,| [nz | 
A “ d d 
=> r-(@, +f,)=—+-_ + — 
|n,;| |n2 | 
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Bisector of the Angle between the 
Two Planes Containing the Origin 


Let the equation of the two planes be 
a,x+byy+c,z+d, =0 ...(i) 


and a,x + boy +coz +d, =0 ..-(ii) 
where, d, and d, are positive, then equation of the 
bisector of the angle between the planes (i) and (ii) 


containing the origin is 


ayx+byyt+eyztd, a,xt+byyte.z+d, 


ala +b? +c? ue +b3 +c 


Bisector of the Acute and Obtuse 
Angles between Two Planes 


Let the two planes be 
a,x+b,y+c,z+d, =0 ...(i) 
and a,x +boy+coz +d, =0 ...(ii) 
where, d, and d, >0 
(a) If aja, + b,b, +c,c, >0, the origin lies in the obtuse 
angle between the two planes and the equation of 
bisector of the acute angle is, 


a,x+b,y+ce,z+d, a,x +boy+cz +d, 


ay +b? +c? az +b3 +c3 


(b) If aja, +b, b, +¢,c. <0, then origin lies in the acute 
angle between the two planes and the equation of 
bisector of the acute angle between two planes is 


a,xt+byyt+c,z+d, ax thy + o2+dy 
aja; +b? +e7 alas +b2 +¢3 


Example 66. Find the equation of the bisector 
planes of the angles between the planes 

2x — y+2z+3=Oand 3x—2y+6z+8=0 and specify 
the plane which bisects the acute angle and the plane 
which bisects the obtuse angle. 


Sol. The two given planes are 
2x—y+2z+3=0 and 3x —-2y +6z+8=0 
where, d, and d, > 0 


and aa, + bby + cg =64+24+12>0 
axtbhyt+az+d,  — agxt by + cz + dy 
\@ +b +e a + b+ 


(obtuse angle bisector) 
axtby+oz+d,_ a,x + by + coz + dz 
{a +b +e Ja + 3465 


and 


(acute angle bisector) 
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ax-ytezt3 _ , 3x—2y + 6z +8 


= J4+14+4 9 + 4+ 36 


= (14x —7y +14z +21) =+ (9x —6y +18z 4+ 24) 
Taking positive sign on the right hand side, we get 

5x —y — 4z —3 = 0 (obtuse angle bisector) 

and taking negative sign on the right hand side, we get 


23x —13y + 32z + 45 =0 (acute angle bisector) 


Line and Plane 
Line of Intersection of Two Planes 


Let two non-parallel planes are r-n,; =d, andr-n, =d, 


Now line of intersection of planes is perpendicular to 
vector n, and n,. 


.. Line of intersection is parallel to vector n,; X nj. 


If we wish to find the equation of line of intersection of 
planes a,x +b,y+c,z—d, =0Oand 

a,x +b,y +c,z —d, =0, then we find any point on the 

line by putting z =0 (say), then we can find corresponding 
values of x and y be solving equations a,x + b;y —d, =0 
and a,x + b,y —d, =0. Thus, by fixing the value of z =A, 
we can find the corresponding value of x and y in terms of 
i. After getting x, y and z in terms of A, we can find the 
equation of line in symmetric form. 


Example 67. Reduce the equation of line 

X — y+2z=5 and 3x+ y+z=6 in symmetrical form. 
Or 

Find the line of intersection of planes x — y+2z=5 
and 3x+ y+z=6. 


Sol. Given x — y+ 2z=5,3x+ y+z=6. 


Let z=Kr 
Then, x-y=5-2A 
and 3xt+ y=6-A. 


Solving these two equations, 4x =11—3A 

4y =4x -20+8A =-9+5A 

4eO11 ~4yt9 _ 2-0 
-3 5 1 


and 


The equation of the line is 


Angle between a Line and a Plane 


na 


Normal ——> 


Plane 
The angle between a line and a plane is the complement of 
the angle between the line and the normal to the plane. 


If the equation of the line is r= a+ Ab and that of the 
plane is r- n =d, then angle 8 between the line and the 
b-n 


normal to the plane is cos 6 =| ——— |, 
|b ||n| 


So, the angle @ between the line and the plane is given by 
90° -9. 


sng = ee 


| b||n| 


b-n 
| b || n | 


ord =sin | 


Line r= a+ Ab and plane r- n=d are perpendicular if 
b=An or bx n= 0 and parallel if b_L n or b-n =0. 


Example 68. Find the angle between the line 
r= i+2j—k+A(i- j+ k) and the plane 
r-(2i— j+ k)=4. 
Sol. We know that if 9 is the angle between the lines r= a+ Ab 
b-n 


andr: n =p, then sin 0= 
|b || n| 


Therefore, if @ is the angle between r= 1+ 2j— k+ AG- j+ k) 
and r-(2i— j+ k)=4, then 


sin 8= Gost a is 5 | 
Ji-j+ k||21-j+k| 
_ 2+14+1 _ 4 #4 
Jlt1+1j4+14+1 v3V6 3V2 
4 
=> @=sin ! 5) 
sin (45 


Intersection of a Line and a Plane 


To find the point of intersection of the line 
A AL eR Se 


1 m n 


and the plane 


ax +by+cz+d=0. 


ax+by+cz+d=0 


x—X1 _Y~V_ 


l m n 


Z-2Zy 


Let 


(x =rl+x,,y=mrt+y,,z=nr+z,) ...(i) 
be a point in the plane say P. 
It must satisfy the equation of plane. 


a(x, +lr)+b(y, +mr)+c(z; +nr)+d=0 


> (ax, +by, +cz, +d)+r(al+bm+cn)=0 
- a (aks + by; +02) +4) 
al+bm+cn 


On substituting the value of r Eq. (i), we get the 
coordinates of the required point of intersection. 


(i) Condition for a Line to be Parallel to a 
Plane 
es per ae ee parallel to plane 
m n 
ax + by+cz+d=0 iff; 


ek 
Let line 


8@=0orztorsinO=0 => al+bm+cm=0 


(i) Condition for a Line to Lie in the Plane 


Si ae 
m n 
ax +by +cz+d=0are 


z 
1 to lie in the 


x 
Condition for 


plane 


al+bm+cn=0 and ax, + by, +cz, +d=0 


Note 

A line will be in a plane iff 

(i) the normal to the plane is perpendicular to the line. 
(ii) a point on the line in the plane. 


Example 69. Find the distance between the point 

with position vector — i- 5j—10k and the point of 

ee le oe 
= 


x 
intersection of the line with the 


plane x—y+z=5. 
Sol. The coordinates of any point on the line 
x-2 ytl_ z- 
3 4 


If it lies on the plane x — y + z =5, then 
3r+2—4r+1+412r+2=5>11r=0>r=0. 


2 
=r (say) are (3r + 2, 4r — 1, 12r + 2) 
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Putting r = 0 in (i), we obtain (2, — 1, 2) as the coordinates of the 
point of intersection of the given line and plane. 


Required distance = distance between points (— 1, — 5, — 10) and 
(2, - 1,2) =q](2 + 1)? +(-1 45)? +(2 + 10)? 


= 79+16+ 144 = 169 = 13. 


Coplanarity of Two Lines 


The straight line ~ ia oP LF) ties inva given 
m n 


plane ax +by +cz+d=0if ax, +by, +cz, +d =0 


and al+bm+cn=0 


(1, V1, 21) 


ax+by+az+d=0 
Thus, the general equation of the plane containing a 
straight line 


XX, V7-V1 _2%741., 
= = is 


l m n 
a(x — x) +b(y—y,) +e(z -z,) =0 
where, al+bm+cn=0 


The equation of the plane containing a straight line 
SOA ith = el 


and parallel to the straight line 


1 m n 
X—X2  V7-)2 _% 722. 
= a is 
l, mM, ny 
X—X, YTV 2744 
1 m n =0 
L, my, ny 


Hence, the equation of the plane containing two given 
straight lines 


XX, V7. _ 2741 

1 m n 
X—X2  V7Y2 _ 2742 

and = = 

l, mM, ny 
X—X, YTV 2744 

1 m n |=0 

l, mM, ny 
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X—X2 VY-Yo2 2722 
or l m n =0 
l, my, ny 


If the lines r= a, +Ab, and r=a, + Ab, are coplanar, 
then 


[a; b, bz ]=[az b; bz] 

and the equation of plane containing them is 
[rb, b,]=[a, b, b,] 

or [r b, b,]=[a,b, b, ] 


Example 70. Find the equation of plane passing 
through the point (0, 7, -7) and containing the line 
N41 y=3 242 
3 2 1 
Sol. Let the equation of the plane passing through the point 
(0,7, - 7) be a(x — 0) + W(y — 7) +ce(z+7)=0 ...(i) 
x+1  y-3_z+2 
—3 2 
(— 1,3, —2) and has direction ratios — 
this line, it must pass through (— 1, 3, 
parallel to the line. Therefore, 


The line 


passes through the point 


3, 2, 1. If (i) contains 
— 2) and must be 


a(—1) +b —7) +c(—2 +7) =0 
Le. a(— 1) + b(— 4) +c(5) = 0 ..(ii) 
and —3a+2b+1c =0 ...(iii) 
On solving Eqs. (ii) and (iii) by cross multiplication, we get 

a b € a bic 

—14 —-14 —14 ° 1 1 1 ‘i (say) 
=> a=h,b=h,c=Kr 
Putting the values of a, b, c in (i), we obtain 
A(x - 0) + My -—7) +z +7) =0 

=> x+y+z=0 


This is the equation of the required plane. 
+1 yt3 z+5 
5 7 


are coplanar. Also, find the 


x 
Example 71. Prove that the lines 
k=2. Yoh 2-6 
1 4 
plane containing these two lines. 


and 


. x-x - Z-Z 
Sol. We know that, the line 2 Z 
L, mM, ny 
and = Laas — 7? are coplanar if 
l, My nN 
X27—%X% Y27Vr 227% 
L, m nh =0 
lL, M2 Ng 


and the equation of the plane containing these two lines is 


TH YOM 27% 
L m n |=0 
ly mM, Ng 
Here, my =-Ly =-3,z,=—-5, 
X_ =2, Yo = 4,2 = 6,1, =3, 
m= 5, m= 7, 1p =1, m2 = 4, ny =7. 
Xg—-X, Yor-VW 2-% 3.7 11 
L m nh =|3 5 7/=0 
l, My Ny 14 7 


so, the given lines are coplanar. 


The equation of the plane containing the lines is 


KL yes ZS 
3 5 7 |=0 
1 4 7 
ar (x + 1)(35 — 28) -(y + 3)(21 —7) + (z +5) (12 —5) =0 
or x-—2y+z=0. 


Image of a Point in a Plane 


To find the image of the point (a, 8, y) in the plane 
ax +by+cz+d=0 ...(i) 
Let Q(x,, 1,2) be the image of point P in the plane (i). 


P (a, B, ¥) 


° 
1 
1 
1 
1 
1 
1 
1 
1 
1 

e 


L 


Q (1424) 


Let PO meet plane (i) at L, direction ratios of normal to 
plane (i) are (a, b, c), since PQ perpendicular of plane (i). 
So, direction ratios of PQ are a, b, c. 
=> Equation of line PQ is, 
x-a y-B 
a bc 


(say) 


Coordinate of any point on line PQ may be taken as 
(ar +o, br +B, cr +7) 


Let Q(ar +a, br +B, cr +) 
Since, L is the middle = of = 


L= [a+ “.p+— nyt =) 
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Since, L lies on plane (i), we get 


{F+a)+o[ +B )+{Z+y]+a=0 
2 2 2 


> (a? +b? +07)" = —(ao. +08 + ey +d) 

—2(aa + bB+cy +d 

- eer 
a’ +b° +c 


Example 72. Find the image of the point P(3, 5,7) in 
the plane 2x+ y+z=0. 
Sol. Given plane is 2x +y+z=0 ..(i) 
and the point P(3, 5, 7) 
DR’s of normal to the plane (i) are 2, 1, 1. 
Let Q be the image of a point P in plane (i). 


Let the coordinates of the foot of the perpendicular from the 

point P(7, 14,5) be M(a, B, Y). 

Then, the direction ratios of PM area —7,8 —14 andy —5. 

Therefore, the direction ratios of the normal to the plane are 

a -7,B —14and y —5. 

But the direction ratios of normal to the given plane 

2x + 4y —z=2are 2,4and—1. 

O-7_P-14 y-5_ 
2 4 =, 


k 


Hence, 


O& =2k+7,8 =4k +14andy=—-k+5 
Since, 0, B and y lie on the plane 2x +4y —z=2, 
2a+ 4B —y=2 
= 27+ 2k) + 414+ 4k) -(5 -—k) =2 
14+4k+564+16k-5+k=2 
21k=-63 > k=-3 

Now, putting k = —3 in (i), we get © =1,8 =2,y =8 


...(i) 


=> 
=> 


Hence, the foot of the perpendicular is (1, 2, 8). 


+P (3, 5, 7) 
x-1 —2 
Example 74. Find the image of the line oF = — 
z+3. 
*R eel the plane 3x — 3y +10z — 26 =O. 
Sol. ae os 
Q 
) 5 7 B A’ 
.. Equation of line PR is A Nee 8? ey 
2 1 1 
Let R(2r + 3,7 +5,r+7) 
Since, R lies on plane (i). x-1_ y-2_ z4+3 (i) 


22r +3) +(r+5)+(r+7)=0; 6r+18=0 


o. r=-3 0. R=(-3,2,4) 
Let Q=(. B, ¥) 
Since, R is mid-point of PQ. 
ES oe ey 
2 
B+5 
q=5°* -1 
5 B 
yr 
4=— > y= 1 
r Y 
Q =(— 9, 1, 1) 


Example 73. Find the length and the foot of the 
perpendicular from the point (7,14, 5) to the plane 
2x+4y —zZ=2. 
2(7) + 4(14) —(5) — 2 

2° +47 +1? 
_144+56-5-2 63 

J4tio+1 21 


Sol. The required length = 


9 -—1 =3 


3x —3y +10z —26=0 ...(ii) 
The direction ratios of the line are 9, — 1 and — 3 and direction 
ratios of the normal to the given plane are 3, —3 and 10. 
Since, 9-3 + (— 1) (—3) +(—3) 10 = 0 and the point (1, 2, — 3) of 
line (i) does not lie in plane (ii) for 
3-1—3-2 + 10-(—3) — 26 4 0, line (i) is parallel to plane (ii). Let 
A’ be the image of point A(1, 2, — 3) in plane (ii). Then the 
image of the line (i) in the plane (ii) is the line through A’ and 
parallel to the line (i). 
Let point A’ be (p, g, r). Then 

p-1_@-2 _ 143 


3 —3 10 
(3(1) —3(2) + 10(-3) -26) 1 
9+9+4100 2 
The point A’ & 2 
22 
ft) 
2) _ 4 2 z—2 


The equation of line BA’ is 
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Exercise for Session 3 


S NOG 


10. 


11. 


12. 


13. 


14. 
15. 


Find the equation of plane passing through the point (1, 2, 3) and having the vector r=2i- j +3k normal to it. 
Find a unit vector normal to the plane through the points (1, 1, 1), (— 1, 2, 3) and (2, — 1, 3). 

Show that the four points (0, — 1,0), (2, 1, — 1), (1, 4, 1) and (3, 3, 0) are coplaner. Also, find equation of plane 
through them. 


Find the equation of plane passing through the line of intersection of planes3x + 4y —4=0 and 
X +7y + 3z +z =0and also through origin. 


Find equation of angle bisector of plane x + 2y + 3z —z =O and2x -3y +z +4=0. 


Find image of point (13,4) in the plane 2x —-y+z+3=0. 


X51 = ¥ 2S and the plane 3x + y +2 =7. 


Find the angle between the line 3 


Find the equation of plane which passes through the point (1, 2, 0) and which is perpendicular to the plane 
X-y+z=3and2x+y-z+4=0. 
X=2 . yt1.Z=2 


Find the distance of the point (— 1,— 5, — 10) from the point of intersection of the line 7 19 and 
plane x -y+z=5. 
Find the equation of a plane containing the lines ~ ee ge ee 
4 -5 7 1 3 
y-1 


Find the equation of the plane which passes through the point (3, 4, — 5) and contains the line = ao 


_Z+2 

eer a 

Find the equation of the planes parallel to the plane x — 2y + 2z —3 =0. Which is at a unit distance from the 
point (1,2, 3). 


Find the equation of the bisector planes of the angles between the plane x + 2y + 2z =19 and 


4x-3y + 12z + 3 =0 and specify the plane which bisects the acute angle and the plane which bisects the 
obtuse angle. 


Find the equation of the image of the plane x —2y + 2z =3in the plane x +y+z=1 


Find the equation of a plane which passes through the point (1, 2, 3) and which is at the maximum distance 
from the point (— 1, 0, 2). 


Session 4 
Sphere 


Sphere 


A sphere is the locus of a point which P(r) 
moves in space in such a way that its 

distance from a fixed point always 

remains constant. The fixed point is called 

the centre of the sphere and the fixed 

distance is called the radius of sphere. 

Shown as in adjoining figure. 


Equation of Sphere whose 
Centre c and Radius is a 
Let O be the origin of reference and C be the centre of 


sphere whose position vector is c. Let P be any point on 
the surface of the sphere whose position vector is r. 


Thus, OP=randOC=c 
CP=OP- OC=r-c 
p 
OF 

Now, |r—cl=a [radius of sphere] 
=> |r—c r =a’ 
> (r—c)-(r—c) =a? 
=> r? —2r-c+c* =a’ 
=> r? —2r-c+(c? —a”?) =0 


which is the required equation of sphere. 


Cartesian Equation of a Sphere 


The equation of sphere with centre (a, b,c) and radius R is 


(x —a)? +(y —b)” +(z —c)? =R’ 


Py, Z) 


Proof. Let C be the centre of the sphere. 


Then, coordinates of C are (a, b,c). Let P(x, y, z) be any 
point on the sphere, then 


CP=R 
= CP? =R® 
=> (x —a)? +(y —b)? +(z—c)? =R’ 


Since, P(x, y, z) is an arbitrary point on the sphere, 
therefore required equation of the sphere is 


(x -—a)? +(y —b)? +(z—c)? =R? 


Remarks 


1. The above equation is called the central form of a sphere. If the 
centre is at the origin, then equation of sphere is, 


xe ye 2? =P? 

(known as the standard form of the sphere) 
2. Above equation can also be written as 
xo 4 y? + 7° — 2ax —Qby —2cz + (a° +b? +c? — R*) =0 
which has the following characteristics of the equation of 
sphere 
(i) It is a second degree equation in x, y and z. 
(ii) The coefficient of x*, y? and z° are all equal. 


(iil 


= 


The term containing the product of xy, yz and zx are 
absent. 


Example 75. Find the vector equation of a sphere 
with centre having the position vector i+ j+ k and 
radius J/3. 
Sol. We know that equation of sphere is 
|r-—cl=a 


=> |r —(i+j+ k)| =v3 


(vector form) 


which is the required equation of sphere. 
Example 76. Find the equation of sphere whose 
centre is (5,2, 3) and radius is 2 in cartesian form. 
Sol. The required equation of the sphere is 
(x —5)? + (y —2)? +(z -3)* =2? 
10x 


> x+y? 423 4y —6z +34=0 


Example 77. Find the equation of a sphere whose 
centre is (3, 1, 2) and radius is 5. 
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Sol. The equation of the sphere whose centre is (3, 1, 2) and 
radius is 5, is 
2)? =5? 


(x-3) +(y-1) + 


2 11=0 


6x —2y — 4z 


General Equation of Sphere 


The equation x? + y? +z” +2ux +2vy +2wz +d =0 


represents a sphere with centre (— u, — v, — w) ie. 


1 dl 
(-3 coefficient of , coefficient of y, 


1 
- 5 coefficient of | 


and radius =/u’ + +w* -d. 


Note 
The equation xe 4+ y? +277 4+2ux + avy + 2wz + d =0 represents 
areal sphere, ifu? +v° +w? —d>0. Ifu?+v? + w*—d =0, then 


it represents a point sphere. The sphere is imaginary, if 
ute tw? —-d<0. 


Example 78. Find the centre and radius of the 
sphere 2x? + 2y* +2z7 —2x —Ay +27+3=0. 


Sol. The given equation 


3 
x’ 4 ye? x —2y 4 tao 


where cetnre is 


1 1 1 
(- 5 coefficient of x, — 5 coefficient of y, — 5 coefficient of :| 


Centre = (2-1-5) 
2 2 
2 2 
Radiis= (;] + ( ve ] Z 
2 2 2 
1 1-3 
=,/—-+1+—--~=0 
4 2 


1 1 
.. Given sphere represents a point sphere (2 =1,- 7 


and 


nN 


Example 79. Find the equation of the sphere passing 
through (0,0, 0), (1,0, 0), (0, 1,0) and (0, 0, 1). 


Sol. Let the equation of the sphere be 


x+y? +27 + 2ux + 2vy + 2wz +d =0 (i) 
As (i) passes through (0, 0, 0), (1, 0, 0), (0,1, 0) and (0, 0, 1), we 
must have d=0,1+ 2u+d=0 
1+2v+d=0Oand1+2w+d=0 
Since, d = 0, we get 2u=2v =2w=-1 
Thus, the equation of the required sphere is 
x+y? t22—x-y-z=0. 


Example 80. Find the equation of a sphere which 
passes through (1, 0,0), (0,1,0) and (0,0,1) and has 
radius as small as possible. 


Sol. Let the equation of the required sphere be 


2 2 


x+y 
As the sphere passes through (1, 0, 0), (0,1, 0) and (0, 0, 1), we 
get 
1+2u+d=0,1+2v+d=0and1+2w+d=0 


tz" + 2ux4 2vy +2wz +d =0 «s:(i) 


> u=vew=—>(d +1) 


If R is the radius of the sphere, then R® =u? + v*? + w* -d 


=> R= 7 (d+1)'-d 
=3 1g? 40041 = 5) 
4| 3 | 
=f is ad! 
4 3 | 


_ . 7 
2s ( q ; 8 | 
4 3 9 
The last equation shows that R* (and thus R) will be the least if 


an only if d =— ; 


1 1 1 
Therefore, u=v=w =~ > (1 )-- 


2 
Hence, the equation of the required sphere is x” + y* + z* — 5 


a 
xtytz)-—=00r3 (x? + y? +27)-2(x+ y+z)-1=0. 
y 3 Bi y 


Diameter Form of the Equation of a Sphere 


If the position vectors of the extremities of a diameter of a 
sphere are a and b, then its equation is 

(r—a)-(r— b) =0 
=> |r|? -r-(at+ b) +a- b=0 
Proof. Let a and b be the position vectors of the 
extremities A and B of a diameter AB of sphere. Let r be 


the position vector of any point P on the sphere. 
Then, 


AP=r-aand BP=r-b 


Since, the diameter of a sphere subtends a right at any 
point on the sphere, therefore 


= ZAPB =~ 
=> AP: BP =0 
> (r—-a)-(r— b) =0 


r-r—r-b-r-at+a:-b=0 
|r|? -(at+ b)-r+a-b=0 


This is the required equation of sphere. 


Vector Form 


If the position vectors of the extremities of a diameter of a 
sphere are a and b, then its equation is 
|r-al’ +|r—-b/? =|a—b/? 


Proof. Let a and b be the position vectors of the 
extremities A and B of a diameter of a sphere. Let r be the 
position vector of any point P on the sphere, then 


AP=r-a 
and BP=r-b 
Since, AAPB is a right angled triangle. 

AP? + BP = AB? 
= | AP |? +| BP |’ =| AB |? 
=> |r—-al’ +|r—b/? =|a—b/? 


This is the required equation of the sphere. 


Cartesian Form 


If(x1,y1,Z,) and (xy, yz, Z2) are the coordinates of the 
extremities of a diameter of a sphere, then its equation is, 


(x — x1) (%— x2) Hy —yi)(Y—y2) + —21) (2-22) =0 
Example 81. Find the equation of the sphere 
described on the joint of points A and B having 
Position position vectors 2i+ 6 j— 7k and — 2i+4j- 3k, 
respectively, as the diameter. Find the centre and the 
radius of the sphere. 


Sol. If point P with position vector r = xit yj +zkis any 
point on the sphere, then AP- BP = 0 


(x — 2) (x +2) +(y —6) (y —4) +(z +7) (z +3) =0 
=>(x" —4) +(y? —10y + 24) +(z? + 10z +21) =0 
=> x+y? +z" —-10y + 10z + 41 =0 


The centre of this sphere is (0, 5, — 5) and its radius is 


5° + (—5)* — 41 =,/9 =3 
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Section of a Sphere by a Plane 


Consider a sphere intersected by a 
plane. The set of points common to 
both sphere and plane is called a 
plane section of a sphere. 


It can be easily seen the plane 
section of sphere is a circle. 


Let C be the centre of the sphere and M be the foot of the 
perpendicular from C on the plane. Then, M is the centre 
of the circle and radius of circle is given by PM. 


ie. PM =./CP? —CM? 


The centre M of the circle is the point of intersection of 
the plane and line CM, which passes through C and is 
perpendicular to given plane. 


Example 82. Find the radius of the circular section 
in which the sphere |r|=5 is cut by the plane 
r-(i+ j+ k)=3V3. 
Sol. Let A be the foot of the perpendicular from the centre O to 
the plane r- (i+ j+ k)- -3/3 =0 


3|_ 3V3 


0-(i+j+k)- “ = 3 (perpendicular 


|i+j+k| 


Then, | OA | = 


distance of a point from the plane) 


If P is any point on the circle, then P lies on the plane as well 
as on the sphere. Therefore, OP = radius of the sphere =5 


Now, AP? = OP? —- OA? =5" -37 =16 
> AP=4 


ae 83. Find the centre of the circle given by 
r-(i+2j+2k) =15 and |r— (j+2k) |=4. 


Sol. The equation of a line through the centre i+ 2k and normal 
to the given plane is 
=(j+2k) + A(i+2j+2k) (i) 
This meets the plane at a point for which we must have 
[(j+2k) + AG+ 23+ 2k)]-(G4 25+ 2k) =15 
> 6+ 9A =15 
> N=1 
On putting r =1 in Eq. (i), we obtain the position vectors of the 
centre as i+ 3j+ 4k, Hence, the coordinates of the centre of 
the circle are (1, 3, 4). 
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Condition of Tengency of a Plane to a Sphere 


A plane touches a given sphere, if the perpendicular 
distance from the centre of the sphere to the planes is 
equal to the radius of the sphere. 


Vector Form 


The plane r- n =d touches the sphere |r—a|=R, 


ja-n—-d|_ 


if =R 


|n| 


Cartesian Form 

The plane Ix + my +nz = p touches the sphere 

x? +y? +27 +2ux +2vy +2wz +d =0, 

if(ul+ vm+wn+ p)? =(2 +m? +n’) (u? +v? +w’ -d) 


Example 84. Show that the plane 2x -2y+z+12=0 
touches the sphere x* + y*+z?—2z—4y +2z -3=0. 
Sol. The given plane will touch the given sphere if the 
perpendicular distance from the centre of the sphere to the 


plane is equal to the radius of the sphere. The centre of the 
given sphere x7 +y” + z” — 2x — 4y +2z —3 =0is(1,2,- 1) 


and its radius is Ale +2? +(— 1)? -(- 3) =3. 


Length of the perpendicular from (1, 2, — 1) to the plane 
2x—2y +z +12=0is 


2(1) — 2(2) +(—1) +12 
ae +(-2) +1? 


9 
=i=3 
3 


Thus, the given plane touches the given sphere. 


Example 85. Find the equation of the sphere — 
whose centre has the position vector 3i+6j—4k 
and which touches the plane r- Qi=2j- k)=10. 
Sol. Let the radius of the required sphere be R. Then, its 
equation is 
|r —(3i+6j—4k)| =R ..(i) 
Since, the plane r-(2i-2j- k) = 10 touches the sphere (i), 


therefore length of perpendicular from the centre to the plane 
r-(21-2j— k)=10 is equal to R. 


ie, Giz: 4k) - (2i-2}— k) — 10 | 


x =R => R=4 
| 21-2j-k| 


On putting R = 4 in Eq. (i), we obtain | r — (31+ 6j— 4k) |=4 
as the equation of the required sphere. 


Example 86. A variable plane passes through a fixed 
point (a,b,c) and cuts the coordinate axes at points 
A, B and C. Show that the locus of the centre of the 


oh 
sphere OABC is —+ —+—=2. 
X y Z 


Sol. Let (a, B, y) be any point on the locus. Then according to 


the given condition, (a, B, y) is the centre of the sphere 
through the origin. Therefore, its equation is given by 


(x — a)’ +(y —B)’ + — vy) =(0-a@)" + (0 -B)’ +(0- 9) 


x+y? +z" —2ax—2By —2yz =0 


To obtain its point of intersection with the X-axis, we put 
y = 0andz =0, so that 


x? — 20x = 0 
> x(x — 20) =0 
=> x=0 or x=2a 


Thus, the plane meets X-axis at O(0, 0, 0) and A(2a, 0, 0). 
Similarly, it meets Y-axis at O (0, 0, 0) and B(0, 2B, 0), and 
Z-axis at O(0, 0, 0) and C(0, 0, 2Y). 

The equation of the plane through A, B and C is 


x yy @ 


—+—+—= intercept form 
20 2B 2y ( : 
Since, it passes through (a, b, c), we get 
a b c 
—+—+—=1 
2a 2B 2y 
a bc 
or —+-—+-—=2 
a Bp Y 
_a bee 
Hence, locus of (a, B, y) is — + — +— =2. 
x y 


Example 87. A sphere of constant radius k passes 
through the origin and meets the axis at A, B and C. 
Prove that the centroid of triangle ABC lies on the 
sphere 9(x? + y* +.z*)=4k?. 

Sol. Let the equation of any sphere passing through the origin 


and having radius k be 

x + y? +27 + 2ux + avy + 2wz = 0 
As the radius of the sphere is k, we get 

wiv tw =k 

Note that (i) meets the X-axis at O(0, 0, 0) and A(— 2u, 0, 0); 
Y-axis at O(0, 0, 0) and B(0, — 2v, 0), and Z-axis at O(0, 0, 0) and 


C(0, 0, -2w). 
Let the centroid of the triangle ABC be (a, B, Y), Then 
@ 2u 6B 2v y 2w 
3° 37 3 
30 38 3v 
> u Vv ,w 
2 ei 2 


Putting this in (ii), we get 
2 2 2 
3 -3 3 ; 
—a] +|—B] +)/— yy] =k 
re) ee) a] 
Pine x 49 

> a+ Bo +y°= - k 
This shows that the centroid of triangle ABC lies on 


4 
la ae ders a 
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Exercise for Session 4 


1. Find the centre and radius of sphere 2(x —5)(x + 1)+2(y +5)(y -1)+ A(z -—2)(z +2)=7 


2. Obtain the equation of the sphere with the points (1,— 1, 1) and (3, — 3,3) as the extremities of a diametre and 
find the coordinates of its centre. 


3. Find the equation of sphere which passes through (1, 0, 0) and has its centre on the positive direction of Y-axis 
and has radius 2. 


4. Find the equation of sphere if it touches the plane r- (21 -2j - k) =0 and the position vector of its centre is 
3i+6j—4k. 
Find the value of 4 for which the plane x + y + z = V3A touches the sphere x* + y? +z? —2x —2y —2z =6. 
Find the equation of sphere concentric with sphere 2x2 + 2y? + 2z? —6x +2y —4z =1and double its radius. 
7. Asphere has the equation|r—a ; +|r—b [ =72, where a= i +3] ~6k and b=2i +4j +2k 
Find 
(i) The centre of sphere 
(ii) The radius of sphere 


(iii) Perpendicular distance from the centre of the sphere to the plane r - (2i +2] - k)+ 3=0. 


JEE Type Solved Examples : 


Single Option Correct Type Questions 


Ex. 1 If a line makes angle a, 8 and y with the 
coordinates axes, then 
(a) cos 20 + cos 28 +cos 2y — 1=0 
(b) cos 24 +cos 2B + cos 2y -2=0 
(c) cos 20 + cos 28 + cos 2y + 1=0 
(d) cos 2% + cos 28 + cos 2y + 2=0 
Sol. (c) If cos a, cos B and cosy are the DC’s of a line, then 


2cos’ & +2 cos’ B + 2 cos’ y=2 


=> 1+ cos2a+1+ cos 2B + 1+ cos 2y =2 
> cos 20 + cos 28 +cos 2y+1=0 


Ex. 2 The points (5, — 4, 2) (4, — 3,1), (7,-6, 4) 
and (8,—7,5) are the vertices of 
(a) a rectangle (b) a square 
(c) a parallelogram (d) None of these 
Sol. (c) Let A(5, — 4, 2), B(4, —3, 1), C(7, —6, 4) and D(8, -7,5) 


AB=—i+j-k 
BC =3i-3j+3k 
CD=i-j+k 
and DA=-3i+3j-3k 
Clearly AB || CD and BC || DA 
Also, AB: BC =-9#0 
.. ABCD is a parallelogram. 


Ex. 3 In AABC the mid-point of the sides AB, BC andCA 


are respectively (1,0, 0), (0, m,0) and (0,0, n). Then, 
AB? +BC* +CA? 


FE cept xo? is equal to 
(a) 2 (b) 4 
(c) 8 (d) 16 
Sol. (c) From the figure, 
C (3, 3: Za) 
(0, m, 0) (0, 0, 1”) 


B A 
(Xo, Yo, Z) — (/, 0, 0) (4, V4, 24) 


Xt X_ = 21, y, + yo = 0,2, + 22 =0 

Xo + x3 =0, yo + y3 =2m, Z. + z3=0 
and x, + x3 =0,y, + y3 =0,z, + z3 =2n 
On solving, we get 


Kal xgehxgsal 


YW=—mMy2,=-m, y3 =m 
and Z, =N,Z2=—-n,zZ3,=Nn 
..Coordinates are A (1, — m, n), B (1, m, — n) and C (- I, m,n) 
AB’ + BC? +CA? 
+m? +n? 
_ (4m* + 4n”) + (41° + 4n?) +(41? + 4m?) _ 
+m? +n? 


8 


Ex. 4 The angle between a line with direction ratios 
proportional to 2, 2, 1 and a line joining (3,1,4) to(7, 2,12), is 


ait 2 af 2 
(a) cos (2) (b) cos ( 4 
=f 
(c) tan (2) (d) None of these 


Sol. (a) A line with direction ratios proportional to 2, 2, 1 is parallel 
to the vector a=2i+2j+ k. 


Line joining P(3, 1, 4) to Q (7,2, 12) is parallel to the vector 


PQ=4i+ j+8k. 
Let 8 be the required angle. Then, 
iii ED 8+2+8 
Ja||PQ| 44441 ./16+1+4 64 
> cos 8 ae > 0 cos'(2) 
3x9 3 3 


» Ex. 5 The angle between the lines 2x =3y =— z and 


6x =—y=-—4z is 


(a) 30° (b) 45° 
(c) 60° (d) 90° 
Sol. (d) Given, equation of lines can be rewritten as 
ase eee 
1/2 173 1 
and ep aes 
1/6 -1 —1/4 
ape Gay + bby + C4Co 
Ja + be +e Ja + b3 +c} 
Ld. 1 
x-+—x(-1)-1 x( } 
_2 6 3 4 
bd 1 1 
| oF t 1 t 1+ 
4 9 36 16 
1 1 1 
SS + = 
= 12,3 «4 
11 | 1 1 
t + 1 +1 + 
fe 9 36 16 
> cos8=0 => 80=90° 


Ex. 6 A line makes the same angle ® with X-axis and 
Z-axis. If the angle B, which it makes with Y-axis, is such 
that sin? B =3 sin? ®, then the value of cos” 0 is 


1 2 
(a) 5 (b) 5 
3 2 
(c) 5 (d) 3 


Sol. (c) Since, cos’ @ + cos” B + cos” @=1 (el? +m? +n? =1] 


> 2 cos’ 8 +1 —3sin? @=1 [« sin’ B =3 sin? 6] 
> 2cos” 0 — 3(1 — cos” 0) =0 

3 
> 5 cos? @=3 3 cos’ 8 =~ 


Ex. 7 The projection of a line segment on the coordinate 
axes are 2, 3, 6. Then, the length of the line segment is 
(a)7 (b) 5 
(c) 1 (d) 11 
Sol. (a) Let the length of the line segment be r and its direction 


cosines be J, m, n. Then, its projections on the coordinate axes 
are Ir, mr, nr. 


lr =2, mr =3 and nr =6 


> Vr? + mr? + n’r? = 449 + 36 
> rl? +m? +n’) =49 

2 = 22 2 2 Bi 
> r°=49 >r=7 [lo + m* 4+ n° =1] 


Ex. 8 The equation of the straight line through the origin 
and parallel to the line (b +c)x +(c +a)y 
+(a+b)z =k =(b-c)x+(c—a)y +(a—b)z are 
@) seat 


b= C-a@ ab? 
x yz 
b —= SS SS 
OY ‘ 
x y Z 
(c) = = 
a—be b?-ca c?—ab 


(d) None of the above 
Sol. (c) Equations of straight line through the origin are 
x-0 y-0_z-0 


l m n 
where, l(b +c)+ m(c+a)+n(a+b)=0 
and l(b —c) +m(c —a) + n(a—b) =0 
On solving, 2 = mi 

2(a“ —bc) 2(b* — ca) 
z n 
~ %c2 — ab) 
Equations of the straight line are 
x y Zz 
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Ex. 9 The coordinates of the foot of the perpendicular 
drawn from the point A(1,0, 3) to the join of the points 
B(4,7,1) and C(3,5, 3) are 


(b) (5, 7, 17) 


Sol. (a) Let D be the foot of the perpendicular and let it divide BC in 
the ratio A : 1. Then, the coordinates of D are 


3A 4+4 5A4+7 3A41 
A+1°> A+1 AH1 


Now, ADIBC => AD-BC=0 


= (20 + 3) -252 +7) 4-0 > 2=-7 


So, the coordinates of D are (2. a 1) 


Ex. 10 A mirror and a source of light are situated at the 
origin O and at a point on OX, respectively. A ray of light 
from the source strikes the mirror and is reflected. If the 
direction ratios of the normal to the plane are proportional 
to 1,—1,1, then direction cosines of the reflected ray are 


122 122 
Cea =227 
3.3.3 3.3 3 
1 2 2 1 2 2 
(c)--=,--=,-= (d)--,-=,- 
3 3 3 3 oh 


Sol. (d) Let the source of light be situated at A(a, 0, 0), where, a ¥ 0. 


Let OA be the incident ray, OB be the reflected ray and ON be 
the normal to the mirror at O. 

ZAON = ZNOB = : (say) 
Direction ratios of OA are proportional to a, 0, 0 and so its 
direction cosines are 1, 0, 0. 


Fi ‘ . 1 
Direction cosines of ON are — 


=z 
V3" V3 V3 


O (0, 0, 0) 
Let l, m,n be the direction cosines of the reflected ray OB. 
l4+1 1 m+0 1 
Then, — az = yi 
2 cos 3 2 cos 3 
n+0 1 
and = 
3 
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a 2 
> l= 1lm=--,n= 
3 3 
1 a 2 
> l=-_,m=-—,n= 
3 3 3 
: ; ‘ 1 22 
Hence, direction cosines of the reflected ray are — Ze - m = 


Ex. 11 Equation of plane passing through the points 
(2, 2,1), (9, 3,6) and perpendicular to the plane 
2x +6y +6z —1=0, Is 
(a)3x + 4y +5z=9 
(b) 3x + 4y —5z+9=0 
(c)3x+ 4y -5z-9=0 
(d) None of the above 
Sol. (c) Equation of a plane passing through (2, 2, 1) is 
a(x— 2) +b(y —2) + cz -1) =0 wa) 
This passes through (9, 3, 6) and is perpendicular to 
2x + 6y + 6z -1=0 
F 7a+b+5c=0 and 2a+6b+6c=0 
Solving these two by cross-multiplication, we get 


a bb _e¢ 
—24 -—32 40 
a b c 
=> SS So 
-3 -4 5 


Substituting the values of a, b, c in Eq. (i), we get 
3x + 4y —5z —9 = 0as the required plane. 


Ex. 12 If the position vectors of the points A and B are 
31+ j +2k andi — 2j — 4k respectively, then the equation of 
the plane through B and perpendicular to AB is 

(a) 2x + 3y +6z + 28 =0 

(b) 3x + 2y +6z = 28 

(c) 2x — 3y +6z +28 =0 

(d) 3x — 2y + 6z = 28 
Sol. (a) We have, AB=—2i-3j ~6k 

So, vector equation of the plane is 

|r —(@i — 2} - 4k) |- AB =0 

= r-(—2i-3j-6k) =(i-2j- 4k): (— 2i-3j-6k) 

2+6+ 24 


=> 2x —3y —6z = 
=> 2x + 3y +6z + 28=0 


Ex. 13 A straight line ‘L’ cuts the lines AB, AC and AD of 
a parallelogram ABCD at points B,, C; and D,, respectively. 


1 
If AB,,=2,AB, AD, =A,AD and AC, =A;3AC, then ~— is 
3 


equal to 
1 1 1 1 
i bh} — = —— 
ar ho, OT he 
(c)-A, +A, (d)A, +A, 


Sol. (a) Let AB= a, AD=b, then AC=a+ b 
AB, = A,a, AD, = Azb, AC, = 13(at+ b) 
B,D, = AD, — AB, =A,b—A,a 


Given, 


Since, vectors D,C, and B,D, are collinear, we have 
D,C, =k B,D, for some k ER. 


=> AC, — AD, =k: B,D, 
=> 2,(a+ b)—A,b=k- (Ab — Ana) 
=> Aga t(A3 —Ap)b=k-Agb—k- Aya 
Thus, A3,=—kA, andd,-A,=kA, 
> pos a o| => AQ =AA3 + AQA; 
AL ro 
1 1 
> — = + 
As Ay he 


Ex. 14 If the direction cosines of two lines are such that 


l+m+n =0,/? +m =n? = 0, then the angle between them is 


TU 

a) 7% b) — 
(a) (b) 2 

TT T 
c}— d) — 
Orr ye 

Sol. (b) If 1, m, n are direction cosines of two lines are such that 
l+m+n=0 ...(i) 
and 1? +m’ —n’ =0 ...(ii) 
=> 1? +m? —(-1-m)’ =0 
> 2lm=0 => 1=0orm=0 
If] =0, thenn=—m 
> l:m:n=0:1:-1 
andifm=0,then n=-1 
> l:m:n=1:0:-1 
0+0+1 1 
cos 8 = = 
JO+1+1/0+1+1 2 
> jo 5 
3 


Ex. 15 The equation of the plane passing through the 
mid-point of the line points (1,2, 3) and (3, 4,5) and perpen- 
dicular to it is 
(a)xty+z=9 (b)x t+y+z=-9 
(c)2x +3y+4z=9 (d) 2x +3y+4z=-9 

Sol. (a) The DR’s of the joining of the points (1,2, 3) and (3, 4, 5) and 
G=14=25'=3) 16,292) 
Also, the mid-point of the join of the points (1, 2, 3) and (3, 4, 5) 
is (2, 3, 4). 


*, Equation of plane which passes through (2, 3, 4) and the 
DR’s of its normal are (2, 2, 2) is 
Ax —2) + Ay —3) + Az—4)=0 
x+y+z-9=0 
x+y+z=9 


> 
=> 


Ex. 16 Equation of the plane that contains the lines 
r=(it+ j) + A(i+2j—-k) and, r =(i+ j) +u(— i+ j-2k) is 
(a) r-(2i+ j-3k)=—4 
(b)rx(-i+j+k)=0 
(c)r-(-i+ j+k)=0 
(d) None of the above 
Sol. (c) The lines are parallel to the vectors b, = i+ 2j- k and 
b,=-i+ j-2k. Therefore, the plane is normal to the vector 
: 3s 
n=b,xb,=| 1 2 —-1/=—-3i+3j+3k 
-1 1-2 
The required plane passes through (i+ j) and is normal to the 
vector n. Therefore, its equation is 
ren=an 
= r-(—31+3}+3k) = 


eee 
>r-(- 31+3)+3k) = 34+3 


=r-(-i+j+k)=0 


=9 yet -2=1 
Ex. 17 The line . a ed 
3 2 -1 


intersects the curve 


xy =c’, z =0, if c is equal to 
(a) +1 (by ++ 
3 
(c)+ V5 (d) None of these 


Sol. (c) At the point on the line where it intersects the given curve, 
we have z = 0, so that 


x-2 y+1 0-1 
3 2 -1 
—2Z +1 
=> ~~“ =1 and ¥ =1 
3 2 
> x=5andy=1. 


Putting these values of x and y in xy =c’, we get 
=53c=4 45. 


Ex. 18 The distance between the liner = 2i—2j +3k 
+A - j+4k) and the plane r-(i +5) +k) =5, is 


10 
Ql (b) = wa 


(c) > (d) None of these 
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Sol. (b) Clearly, the given line passes through the point 
a=2i-2j+ 3k and is parallel to the vector b=i—j+ 4k. 


The plane is normal to the vector n= 1+ 5j+ k. 
We have, b-n=1-5+4=0 

So, the line is parallel to the plane. 

.. Required distance 


= Length of the perpendiculars from a point on 
the line to the given plane. 


= Length of the perpendicular from (21-25 + 3k) 
to the given plane. 
_| @i-25+ 3k) -(i+5j+ k) —5 
yl+25+1 


[PB eos |- 


33 


Ex. 19 If the plane 5 + a + ; =1, cuts the coordinate 


axes in A, B, C, then the area of AABC is 
(a) /29 sq. units (b) V41 sq. units 
(c) V61 sq. units (d) None of these 

Sol. (c) The given plane cuts the coordinate axes in A(2, 0, 0), 
B(0, 3, 0) and C(O, 0, 4). 


.. Area of AABC = 5 AB X AC Xsin ZBAC 


Now, AB =,/4+ 9+ 0 = +13, AC =,/4 + 0+ 16 = V20. 


cos ZBAC = AB AC _ (- 21+3)) (= 21+ 4k) 
| AB|| AC | J4+9 J4+16 
4+0+0 ‘ 2 
=> cos ZBAC = = _ 
V13-V20 V3 J20 65 


Ss ta Hanes Wa a 
65 V65 


1 61 
Hence, Area of AABC = s x V13 x /20 x ie =61 sq. units. 


Ex. 20 The distance of the point (1, — 2,3) from the plane 


x zZ-1 
x —y +z=5 measured parallel to the line a” - oe is 
(a) 1 (b) 2 
(c)4 (d) None of these 
Sol. (a) The equation of the line passing through P(1, — 2, 3) and 


parallel to the given line is 


=1 _ yt2_ 2-3 

2 3 —6 
Suppose it meets the plane x — y + z =5 at the point Q given 
by 

=1 ye 23 

2 3 —6 


= ie. (2A + 1,3A —2,-6A + 3) 
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This lies on x — y + z =5. Therefore, 


2X41-3A4+2-6A4+3=5 
a 
> -7X=-1> V=- 
7 
9 11 15 
So, the coordinates of Q are (?. -—, *) 
iL 7 7 
4 9 36 
Hence, required distance = PQ = =1. 
49 49 49 


Ex. 21 The length of the perpendicular from the origin to 
the plane passing through the point a and containing the line 
r= b+Ac is 
ey [abc] 
|axX b+ bxc+ecxa 

[abc] 
|ax b+ bxc| 
[abc] 
|bxc+ecxa| 
[abc] 
|axX b+cxa| 


(b) 
(c) 


(d) 


Sol. (c) The plane passing through a and containing the line 
r= b+ Ac also passes through the point b and is parallel to the 
vector c. So, it is normal to the vector (a— b) x c. 


Thus, the equation of the plane is 
(r—a)-|(a—b) x c| =0 
(r—a)-(ax c— bx c)=0 
r-(ax c— bx c) =a: (ax c—bxc) 
r-(ax c— bx c) =—a-(bx c) 
r-(bxc+cxa)-—[abc]=0 
.. Length of the perpendicular from the origin to this plane 

_| 0-(bx c+ cxa)—[abc] 

| bxc+ecxa| 
_ [abc] 
7 | bxc+exa| 


UuUUL 


Ex. 22 If P(0,1,0) and Q(0,0,1) are two points, then the 
projection of PQ: on the plane x+y +z =3 is 
(a) 2 (b) 3 
(c) V2 (d) V3 
Sol. (c) The projection of PQ on the given plane is PQ cos 0, where 0 
is the angle between PQ and the plane. 
Let n be a vector normal to the plane. 


We have, PQ=-j+k and n=i+jt+k 
(= 
| PQ|| n| 


=> PQ is parallel to the plane. 
Hence, projection of PQ on the given plane 
=| PQ| cos 0 


=| PQ|=,/1+1=42 


Ex. 23 The equation of the plane through the intersection 
of the planes x +y +z =1and2x +3y —z+4=0 and 
parallel to X-axis, is 
(a)y -3z+6=0 (b)3y —-z+6=0 
(c)y+3z+6=0 (d)3y - 2z+6=0 

Sol. (a) The equation of the plane through the intersection of the 
planesx+y+z=land2x+3y—-z+4=0is 


(x+y+z-1)+ A(2x+3y -z+ 4)=0 
or, (20 + 1)x +(3A + 1)y +(1 —A)z t+ 4A -1=0_ ...(i) 
It is parallel to X-axis, i.e. *=V a7 

1 0 0 


12A+1)+0x(BA4+1)+00-A)=0 
=> oe 
2 


1 
Substituting A =— 5 in Eq. (i), we get 


y —3z + 6 =0as the equation of the required plane. 


Ex. 24 A plane passes through the point (1,1,1). Ifb, c,a 
are the direction ratios of a normal to the plane where a, b, 
c(a<b<c) are the prime factors of 2001, then the equation 
of the plane II is 

(a) 29x + 3ly +3z =63 

(b) 23x + 29y — 29z = 23 

(c) 23x + 299y + 3z=55 

(d) 31x + 37y +3z=71 

Sol. (c) The equation of the plane is 

b(x-1)+c(y -1) + a(z 

Now, 2001 =3 x 23 X 29 

: a<b<c 3 a=3,b =23 andc =29. 


Substituting the values of a, b, c in Eq. (i), we obtain 
23x + 29y + 3z =55 as the equation of the required plane. 


Ex. 25 If the direction ratios of two lines are given by 
a+b+c=0 and 2ab + 2ac— bc =0, then the angle between 
the lines is 


27 
(a) ™ 


TU 
(c) 2 


Sol. (b) We have, 
a+b+c=0 and 2ab+2ac—bc=0 


Tv 
De 


> a=-(b+c) and 2a(b+c)—bce=0 

=> —2%b +c)? — be =0 

> 2b* + 5be + 2c? =0 

=> (2b + c)(b +2c) = 0 

> 2b+c=0 or, b+2c=0 

If2b + c = 0, thena =—(b +c) => az=b 
aebndeests = Sal 

1 2. =2 


Ifb+ 2c =0, thena=-(b+c) > a=c 


b 
a=candb 2c > = 
1 =-2 1 


Thus, the direction ratios of two lines are proportional to 1, 1, 
—2and 1, — 2, 1, respectively. So, the angle 8 between them is 
given by 

1-242 _+1 2m 
Ji+1+4/j1+4+1. 2 3 


cos 9 = 


Ex. 26 A tetrahedron has vertices at O (0,0, 0), A(I, 2,1), 


B(2,1,3) and C(—1,1, 2). Then, the angle between the faces 
OAB and ABC will be 
19 
b) cos” | | — 
(b) cos (2) 


(d) 30° 


(a) 90° 


wali 
(c) cos (=) 


Sol. (b) Let n, and n, be the vectors normal to the faces OAB and 
ABC. Then, 
44 
n,=OAXOB=|1 2 1 |=5i—j-3k 
21 3 
i ojok 


and n,»=ABxAC=| 1 -1 2|=i-5j-3k 
S22 21 4 


If @ is the angle between the faces OAB and ABC, then 


n,n 
cos § = —+—* 
| n, || m2 | 
5+5+9 19 
=> cos 8 = = 
J25+1+9j1+254+9 35 
1 (19 
> = cos" (2) 
35 


Ex. 27 The vector equation of the plane through the point 
(2,1,—1) and passing through the line of intersection of the 
planer -(i +3] —k)=0 andr-(j+2k) =0, is 

(a)r-(i+ 9j+11k)=0 (b)#-(1 + 9j + 11k) =6 
(c)?-(i-3j—-13k) =0 (d) None of these 


Sol. (a) The vector equation of a plane through the line of 


intersection of the plane r - (i+ 3y - k) = 0and rj + 2k) =0 
can be written as 
r-(i+3j+—k) +A {r-G+2k)} =0 (i) 
This passes through 21+ j— k. 
(2i + j—k) -G+3j-k)+ AQi+ j-k)-G+2k) =0 
> (2+34+1)+A(0+1-2)=05) =6. 
Putting the value of A in Eq. (i), we get 


the equation of the required plane as 
r-(i+9j+ 11k) =0 
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Ex. 28 The vector equation of the plane through the point 

i +2j—k and perpendicular to the line of intersection of the 
planer (i= jt+ k) =1andr (i+4j-2k) = 2, is 

(a)r-(2i+7j-13k)=1 (b)r-(2i-7j-13k) = 1 

(c) re (2i+ wit 13k) =0  (d) None of these 
Sol. (b) The line of intersection of the planes 

r-(3i-j+ k) =1 
and r- (i+ 4j-2k) =2 


is common to both the planes. Therefore, it is perpendicular to 
normals to the two planes, i.e. 
n, =3i- j +k 

and n)=it+ 4j-2k 
Hence, it is parallel to the vector n, X n, =—21+7j+ 13k. 
Thus, we have to find the equation of the plane passing 
through a= 1+ 2j— k and normal to the vector n= n, X ny. 
The equation of the required plane is 

(r—a)-n=0 


=> ren=a-n 
=> r-(—2i+7j+13k) =(i+ 2j-k)-(— 2147} + 13k) 
=> r-(2i-7j—13k) =1 


Ex. 29 The cartesian equation of the plane 
r=(1+A fii +(2- nj +(3- 2A + 2uW)k, is 


(a) 2x +y=5 (b) 2x -y=5 
(c)2x+z=5 (d)2x —z=5 
Sol. (c) We have, 
r=(1+ A -wi+(2—-A)j+(3—20 + Q)k 
=> r=(i+ 2j)+3k) + A(Gi—j—2k) + w(— i+ 2k) 


which is a plane passing through a= i+ 2j+ 3k and parallel to 
the vectors b= i—j —2k and e=— i+ 2k. 
Therefore, it is normal to the vector 

n=bxc=-2i-k 


Hence, its vector equation is 
(r—a)-n=0 


=> r-n=a-n 
= r-(-2i-k) =-2-3 
=> r-(2it k) =5 


So, the cartesian equation of the plane is 
(xityjtz k) - (2i+ k)=5 2x + z=5 


Ex. 30 A variable plane is at a distance, k from the origin 
and meets the coordinates axis in A, B, C. Then, the locus of 
the centroid of AABC is 

(ax? ty? +77 =k? 

(b) x? +y? 427 = 4k? 
(c) x? ty? +27 = 16k? 
(d) x? +y?% 477 = 9k? 
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Sol. (d) Let the equation of the variable plane be ans = EL 0 4 0 + oO” 1 
a od ; a_bic = 
This meets the coordinates axes at A(a, 0, 0), B(0, b, 0) and = 1 1 1|. f 
C(0, 0, c). Get a 
Let (o, B, y) be the coordinates of the centroid of AABC. Then, 1 1 1 1 
b > —+-—-—+-—-=— 
e222 yee a pb ¢? kK 
3 3 3 2 a2 4B 24 y 2 =9k-? 
: y °=9k 
> a =30, b =3B,c =3Y ..-(i) 
Hence, the locus of (a, B, y) is x” 2 +y" 247% =9K? 


The plane is at a distance, k from the origin. 


JEE Type Solved Examples : 
More than One Correct Option Type Questions 


® Ex. 31 The direction ratios of the line x —y +z -5 =0 ® Ex. 33 The direction cosines of the lines bisecting the 

=x —3y —6are angle between the line whose direction cosines are l,,m,,n, 
(3, 1.=2 andl,,m,,n» and the angle between these lines is 8, are 

1 -2 


3 
Ora a a 


(b) 2,— 4, 1 
@ 224.3. qos m, +m, n,+n, 
Ja’ fa Jai cos? cos® —cos® 
2 2 2 


(+l, m,+m, n,+n, 


Sol. (a, c) Let the DR’s of line are a, b and c. 
As the line is perpendicular to both the planes (b) 5 mE ; 
=> a-b+c=0 2 cos 2 cos 2 cos 
a—3b+0-c=0 2 2 
ab 6 gith m, +m, ny, +n, 
= S ; 0 ’ : r) ’ ; r) 
3 1 -2 sin sin sin 
Hence, (a) and (c) are correct answers. 2 2 
(a) ,-l, m-m, n-n 
oe 0° A) 


» Ex. 32 The equation of the line x +y + z-1=0, 2sin— 2sin— 2sin 
2 2 


4x +y —2z+2=0 written in the symmetrical form is 
Sol. (b, d) Distance ratio of the bisector are 


x+1 y-2_ z-0 
(a) 1 = = = 1 <l+l, m+ m, m + ny > 
ee ee = V(b +L) +(m + m,)? + (rm, + n,)" 
1-2 1 = a2 + 2(L1, + mm, + nn) 
0 
x+1 Z=1 = Ber PCO = 2 00rs 
=] 
(c) 2 _Y =, 2 
1 —2 1 L4] 
+ + + 
(d) x-1 y+2 7-2 «. Direction cosines are ( 212, a ma oe 
= + 
2cos— 2cos— 2cos— 
2 =] 2 2 2 
Sol. (a,b,c,d)x ty +z-1=0 Distance ratio of the other bisector are 
4x+y—2z+2=0 <1, —1,, m, — m,n, — Ny >, ly)? + (m, —m,)? +(n, — ng)? 
.. Direction ratios of the line are (—3, 6, — 3). ae ts) 
=2sin— 
ie. <1,-—2,1> 2 
Let z =k, then x =k —1, y =2 —2k .. Direction cosines of the bisector are 
ie. (k — 1, 2 —2k, k) is any point on the line. 
11 lL -l, m-—m, n-n. 
. (= 1, 2, 0), (0, 0, 1), (- =i :) and (1, — 2, 2) are points on the a “ 12 
2 2sin— 2sin— 2sin— 
line. 2 2 
Hence, (b) and (d) are correct answers. 


Hence, (a), (b), (c) and (d) are the correct answers. 


Ex. 34 Consider the planes 3x —6y +2z +5 =0 and 
4x —12y +3z =3. The planes 67x +162y + 47z +44=0 
bisects the angle between the planes which 
(b) is acute 
(d) None of these 


(a) contains origin 


(c) is obtuse 


Sol. (a,b) 3x -—6y +2z7+5=0 ...(i) 
—4x+12y —-3z+3=0 (ii) 
3x—6y +2z+5  —4x+t lay —3z +3 
9 +36+4 (16 + 144+ 9 


Bisects the angle between the planes that contains the origin. 
13x —6y + 2z +5)=7(— 4x + 12y —3z + 3) 
39x — 78y + 26z + 65 =— 28x + 84y —21z 4+ 21 
67x —162y + 47z + 44=0 ...(iii) 
Let 8 be the angle between Eqs. (i) and (iii), then find cos 8 and 
then we obtain| tan @| <1. 


Hence, (a) and (b) are the correct answer. 


Ex. 35 Consider the equation of line AB is . = a = 2 


Through a point P(1, 2,5) line PN is drawn perpendicular to 
AB and line PQ is drawn parallel to the plane 
3x + 4y +5z =0 to meet AB is Q. Then, 

52 : 78 156 


(a) coordinate of N are} —, : 
49° 49° 49 


(b) the coordinates of Q are (> - > 7 


-1 =.2 =9 
(c) the equation of PN is 7 =¥ =2 
3 — 176 — 89 
156 52 8 
(d) coordinates of N are (=. —- 2) 
49°49 49 
Sol. (a,b,c) Equation of line AB is a a = = ; 


Its DR’s are < 2, —3,6 > 
Let the coordinates be < 2r, — 3r, 6r > 
DR’s of PN are < 2r —1,-—3r —2,6r —5 > 
It is perpendicular to AB 
2(2r — 1) —3(—3r —2) + 6(6r —5) =0 
4r —2+ 9r + 6 +36r —30 =0 


; 26 
49r =26i.e.r = — 
49 


(a) .. Coordinates of N are (2 26. *) 
49 49 49 
(b) Let the coordinates of Q be (2r, — 3r, 6r), then DR’s of 
PQ are< 2r—-1,-3r—2,6r—5>. Since, PQ is parallel to 
the plane. 
3(2r 5) =0 
25=0 


1) + 4(-—3r 
6r —3 —12r 


2) + 5(6r 
8 + 30r 


3 
24r =36,r =—- 
2 
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9 
.. Coordinates of Q are (a es o| 


-1 —2 9 
Equation of PN is x a2 =7 > 
3 -—176 —89 


Ex. 36 The equation of a plane is 2x— y —3z =5 and 


A(1,1, 1), B(2, 1, — 3), C(1, — 2, — 2) and D(- 3,1, 2) are four 
points. Which of the following line segment are intersected 


by the plane? 
(a) AD (b) AB 
(c) AC (d) BC 

Sol. (b, c) For A(1, 1, 1), 2x - y —3z -5=2-1-3-5<0 
For B (2, 1,—-3),2x —-y -3z -5=0-1+9-5>0 
For C (1, — 2, — 2),2x —y —3z -5 =2+2+6-5>0.A,D 
For D (3, 1, 2), 2x-—y —3z -5=-6-1-6-5 =-18 <0 


are on one side of the plane and B, C are on the other side, the 
line segments AB , AC, BD, CD intercept the plane. 


Ex. 37 The coordinates of a point on the line 


x-1 +1 
XT =) = 7 ata distance 414 from the point(1,— 1, 0) 


2 —3 
are 
(a) (9, — 13, 4) 
(b) (8/14 + 1,-12V14 — 1, 414) 
(c)(— 7, 11,- 4) 


(d) (— 8/14 + 1, 1214 - 1,- 4/14) 


(a, c) The coordinates of any point on the given line are 
(2r + 1, —3r -1,r) 
The distance of this point from the point (1, — 1, 0) is given to 


be 414. 


Sol. 


=> (ar)? +(—3r)? +(r)* = (4v14)* 
> 14r? =16 x14 
> r=1+4 


So, the coordinate of the required point are 
(13.4) or 7 11,=4) 


Ex. 38 The line whose vector equation are 
r=21-3j+7k+A(2i+ pj +5k) 


and r=i+2j +3k +U(3i —pj + pk) 
are perpendicular for all values of 1 and if p equals to 
(a)-1 (b) 2 
(c)5 (d) 6 


Sol. (a, d) The given lines are perpendicular for all values of A and 
u if the vectors. 


2i+ ri +5k and 3i- ra + pk are perpendicular 


> 2xX3+p(-p)+5p=0 
=> p’ -—5p-6=0 
> p=-1 or 6 
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Ex. 39 Equation of a plane passing through the lines 
2x-y+z—-3=0,3x+y+z-—5=0 and which is ata 


1 
distance of —= from the point (2,1, —1) is 
v6 


(a)2x -y+z-3=0 

(b)3x +y+z-5=0 

(c) 62x + 29y + 19z—105=0 

(d)x +2y-—2=0 
Sol. (a,c) Equation of a plane through the given line is 

2x-y+z-34+ABx+y+z-5)=0 

=> (24+3A)x+(A-1)y +(A + 1)z-(8 + 5A) =0 
1 224+ 3A)+(A-1)-(A +1) -3 -5A 
V6 4 Shy 4-17 40h 4? 
= 1147 4+124+6=6(A —1)* 


So, 


= 6(A? —2A + 1) 
=> 502 + 240 =0 
= i =0 08 nae 


Thus, the equation of the required planes are 
2x-yt+z—-3=0or62x + 29y + 19z —105 = 0. 


JEE Type Solved Examples : 
Statement | and II Type Questions 


= Directions (Q.Nos. 41-45) For the following questions, 
choose the correct answers from the codes (a), (b), (c) and 
(d) defined as follows: 


(a) Statement I is true, Statement II is also true; Statement II is 
the correct explanation of Statement I. 


(b) Statement I is true, Statement I is also true; Statement II is 
not the correct explanation of Statement I. 


(c) Statement I is true, Statement II is false. 
(d) Statement I is false, Statement II is true. 


Ex. 41 Statement I A line L is perpendicular to the 
plane 3x — 4y +5z =10. 


Statement II Direction cosines of L be 
3 4 1 


“sy” 52° V2 
Sol. (a) lx + my +nz = P be the equation of a plane in the normal 
form. 
..DR of the plane 
3x —4y +5z =10be <3,-4,5>. 
= Direction cosines 
3-4 1 


eo 
5V2° 5/2’ /2 


Ex. 40 The plane passing through the point (— 2, — 2, 2) 
and containing the line joining the points (1, 1, 1) and 
(1,-1, 2) makes intercepts of lengths a, b, c respectively on 
the axes of x, y and z respectively, then 

(a) a= 3b (b) b = 2c 
(cla+b+c=12 (d) a+ 2b + 2c =0 
Sol. (a,b,c) Equation of any plane passing through (— 2, — 2, 2) is 
A(x + 2) + Bly + 2) +C(z —2) =0 
Since it contains the line joining (1, 1, 1) and (1, — 1, 2) these 
points also lie on this plane. 


> 3A4+3B-—-C=0 and 3A+B+0=0 
A B @ 

> =| S=— =, 
1 =3- —6 


So, the equation of the plane is 
(x + 2) —3(y + 2) —6(z — 2) =0 
or x—3y -6z+8=0 


8 8 
1> a=8,b .c 
3 


; Zz 
or : , 
6 

> a=3b,b=2c,a+b+c=12 


and a+2b + 2c =16 


Ex. 42 The equation of two straight line are 


x-1 yt3 z-2 x-2 y-1 z+3 
= — and — = 
2 1 -—3 1 —3 2 


Statement I The given lines are coplanar. 
Statement II The equation 2x, — y; =1, x; +3y, =4, 
3x, + 2y, =5 are consistent. 

Sol. (a) Any point on the first line is (2x, + 1, x, — 3, —3x, — 2). 
Any point on the second line is (y; — 2, 3y, + 1, 2y, — 3). 
If two lines are coplanar, then 2x, — y, =1, x, + 3y, = 4, 
3x, + 2y, =5 are consistent. 


Ex. 43 Statement I The distance between the planes 


3 
4x —5y +3z =5 and 4x —5y +3z +2 =0 is —— 


5/2. 


Statement II The distance between ax + by + cz +d, =0 
d, —d, 


sae Ab? 7 


andax + by +cz +d, =0 is 


Sol. (d) Distance -| an 


= Vor 23 


Ex. 44 Given the line L: e 7 : and the 


planen :x-—2y—z=0 
Statement I L lies int. 


Statement II L is parallel to 7. 
Sol. (c) x=1+3ry= 


1+2r,¢=3—r 
1+3r—2(-—1+ 2r)-3+r=0 
3xX1-2x2+1x1=0 
Hence, L is parallel to 7. 


JEE Type Solved Examples : 
Passage Based Questions 


Passage I 
(Ex. Nos. 46 to 48) 
foo0 Pot gel 


3 A and 


Two line whose equation are 


f=2 PSS 2 
a oe 


-2 
3 lie in the same plane, then. 


Ex. 46 The value of sin™' sin X is equal to 
(a) 3 (b) x — 3 
(c) 4 (d)m- 4 


Ex. 47 Point of intersection of the lines lies on 
(a)3x +y+z=20 (b) 2x +y+z=25 
(c)3x +2y+z=24 (d)x=y=z 


Ex. 48 Angle between the plane containing both the lines 
and the plane 4x + y + 2z =0 is equal to 


TT T 
(a) = (b) 2 
oe crt 
6 186 
Sol. (Ex. 46-48) 
46. (d) Both lines and coplanar 
2 3 Xr 
3. 2 3 |=0 
1. Sd 
> 2(—2 + 3) + 3(3 +3) + A(-3 -2) =0 
= N=4 
sin’'sin 4=sin™'sin(m —4) =" — 4 
47: Git ee, 
2 3 4 
> x=34 25% 
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» Ex. 45 Statement | Line sees ee 


plane 11x— 3z —14=0. 


1 
lies in the 


Statement II A straight line lies in a plane, if the line is 
parallel to plane and a point of the line in the plane. 
Sol. (a) Statement I (1, 2, — 1) is a point on the line and 

11+3-14=0. 

.. The point lies on the plane 11x —3z —14=0. 

Further 3 x 11 + 11(—3) =0. 

.. The line lies in the plane. 


Statement II is also true. 


y =2t 37 
z=1+ 47, 
-2 3 —2Z 
It will lieon ~ y : > ,=1 
3 2 3 


So, point of intersection is (5, 5, 5). 
48. (b) Equation of plane contains both lines 
X-3) You! g—1 
2 3 4 /=0 
3 2 3 
(x —3) (1) +7 —2) 12 —6) +2 
x + 6y —5z =10 


1)(4-9)=0 
_ 7 
Thus, the angle is = 


Passage II 

(Ex. Nos. 49 to 51) 
Leta,xt+bh y+qz+d, =Oand ayx+bhy+Oz=d,=0 be 
two planes, where d,, d, >0. Then, origin lies in acute 
angle, if ajay + bby +.¢,c, <0 and origin lies in obtuse 
angle, if ajay +hbo +c >0. 
Further point (x,, ¥, 2, ) and origin both lie either in acute 
angle or in obtuse angle. If (a,x; +b, +o2, +d,) 
(a2x, + by y, +022, + dz) >0. 
One of (x1, 4, 2, ) and origin lie in acute and the other in 
obtuse angle; if (a,x, +b y, +q,2, +d,) 
(a,x, thy yy, +O2,+d,)<0. 


» Ex. 49 Given that planes 2x + 3y —4z +7=0 and 
x —2y +3z—-5=0. Ifa point P is (1,— 2,3), then 
(a) O and P both lie in acute angle between the planes 
(b) O and P both lie in obtuse angle 
(c) O lies in acute angle, P lies in obtuse angle 


(d) O lies in obtuse angle, P lies an acute angle 
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Ex. 50 Given the planes x +2y —3z +5 =0 and 
2x +y +3z+1=0. Ifa point P is(2,—1, 2), then 
(a) O and P both lie in acute angle between the planes 
(b) O and P both lie in obtuse angle 
(c) O lies in acute angle, P lies in obtuse angle 


(d) O lies in obtuse angle, P lies an acute angle 


Ex. 51 Given the planes x + 2y -3z +2 =0 and 

x —2y +3z+7=0, if the point P is(1, 2,2) then 
(a) O and P both lie in acute angle between the planes 
(b) O and P both lie in obtuse angle 
(c) O lies in acute angle, P lie in obtuse angle 
(d) O lies in obtuse angle, P lies in acute angle 

Sol. (Ex. 49-51) 

49. (b) Equation of the second plane is — x + 2y —3z +5=0 
f- 1) $5.24 2) 3) 5 0 
.. Origin lies in obtuse angle. 

(41 49-3) —4 x94 G14 22) 9K 45) 
=226-1247)(-1-4-945)>0 

..P lies in obtuse angle. 

50. (c)\1X2+2x1-3x3<0 


.. Origin lies in acute angle. 


Also, (2 + 2(— 1) —3(2) + 5)(2X2-14+3xX2+1)=(-1) (10) <0 


.. P lies in obtuse angle. 
51. (a)1-4-9 <0 
.. Origin lies in acute angle. 
Further (1+ 4-6+2)(1-4+6+7)>0 
.. The point P lies in acute angle. 


Passage III 
(Ex. Nos. 52 to 54) 


In a parallelogram OABC with position vectors of A is 
3i+4j and C is 4i +3j with reference to O as origin. A 


point E is taken on the side BC which divides it in the ratio 


of 2:1. Also, the line segment AE intersects the line 
bisecting the ZAOC internally at P. CP when extended 
meets AB at point F. 


Ex. 52 The position vector of P is 
3 28 
(a)it j eer) 


i ae 2 
Oo) rd) 


Ex. 53 The equation of line parallel to CP and passing 
through (2, 3, 4) is 
x-2 y-3 x2 ys 
==? 724 (X22 a4 
(@) 1 5 ‘ () tt 6 . 


x=. y= 
= ,z=3 (d 
Ss a i . 


x=2 V3 723 


given that L=(Ois 


Ex. 54 The equation of plane containing line AC and at a 
maximum distance from B is 


(a)r-(i+ j)=7 
()r-(2i- jy =7 


(b) r-(i- j) =7 
(d) r-(31 + 4j) =7 


(4i+39) C E B(7i+7}) 
a 
O A(3i+4j) 
Sol. (Ex 52-54) 
2 4 2 13 4 21 a 4 
52. (d) OB=71+7j, OE =5i+ ra, , OP = 


53. (b) Direction ratio of CP is (1, 6, 0), then equation of line 
passing through (2, 3, 4) and parallel to CP is 


x2 yrs Z-4 
1 6 0 


54. (a) The plane containing line AC and at a maximum distance 
from B must be perpendicular to the plane OABC. 


Since, OABC is rhombus, so OB must normal to the plane. So, 
equation of required plane is 


[r—4i—39]-(i+ j) =0 
= (i+ j) =7 


Passage IV 
(Ex. Nos. 55 to 57) 


A ray of light comes along the line L=0 and strikes the 
plane mirror kept along the plane P =O at B. A(2,1, 6) is a 
point on the line L=0 whose image about P =O is A’. It is 


e=2 y=] Z=6 
Sg 


and P=0(Ois 


x+y-2z=3, 


Ex. 55 The coordinates of A’ are 
(a) (6, 5, 2) (b) (6, 55 — 2) 
(c) (6, — 5, 2) (d) None of these 


Ex. 56 The coordinates of B are 
(a) (5, 10, 6) (b) (10, 15, 11) 
(c) (— 10, — 15, — 14) (d) None of these 


Ex. 57 If L, =0 is the reflected ray, then its equation is 
x+10 y-5_z+2 


(a) 
4 4 3 
x+10 yt15  z+14 
(b) = . 
3 5 5 
x +10 +15  z+14 
(== 
4 5 3 


(d) None of the above 


Sol. (Ex 55-57) 


55. 


56. 


57. 


(b) Let Q(x2, y2, Z2) be the image of A(2, 1, 6) about mirror 
x + y —2z =3. Then, 
X2,-2  y2-1 _ Z2,—6 


1 1 -2 
=004 1 =12 3) 
=— sav eoh 

1°41" £2 

=> (x2, Ya; Z2) = (6, 5, — 2) 

=2 _ y=1_2=6 
(c) Let ~ -¥ =e =X 


4 5 
x=24+ 3A, y=1+ 4A,z =6 + 5A lies on plane x + y —2z =3 


> 24+3X 414 4A —-2645A)=3 
> 3+7A —12-10A =3 
> —3A =12 

> N=-4 

Point B =(—10, —15, —14) 


(c) The equation of the reflected ray L; = 0 is the line joining 
Q(x2, V2, Z2) and B(— 10, —15 , — 14). 
x +10 


x+10 yti15_ z+14 
4 5 3 


or 


Passage V 
(Ex. Nos. 58 to 60) 


The line of greatest slope on an inclined plane P, is the line 
in the plane P, which is perpendicular to the line of 
intersection of the plane P, and a horizontal plane P). 


Ex. 58 Assuming the plane 4x — 3y +7z =0 to be 


horizontal, the direction cosines of the line of greatest slope 
in the plane 2x +y —5z =0 are 


(Cee (ae a 
afl 41 4/71 ait 4it Ait 
-3 #1 1 

c) ~~, — d) None of these 

©) 11 vV1l1 vii ( ) 
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Ex. 59 The equation of a line of greatest slope can be 


xX yY_ Zz xX y_z 

a) — = - = — b)—-=~4 =— 

@> 1 1 o> -1 1 
xX y_Zz xy 

Cc) —_— = —- = d)—=4=—— 

eS Ce > 3. = 


Ex. 60 The coordinates of a point on the plane 
2x +y—5z=0, 2V11 unit away from the line of intersection 


of 2x +y —5z =0 and 4x —3y +7z =0 are 


(a) (6, 2, ~ 2) 
(c) (6, — 2, 2) 


(b) (3, 1 ~~ 1) 
(d) (4, 3, ~ 1) 


Sol. (Ex. 58-60) 


58. 


59. 


60. 


(a) Plane P, is of the form r- n, = 0, where n, =(4, — 3, 7) 
Plane P, is of the form r- n, = 0, 
n, =(2,1,—5) 


The vector b along the line of intersection of planes is 


where 


n, Xn, =(4,17,5) =n, 
Since the line of greatest slope is perpendicular to n; and nz 
the vector along the line of greatest slope 
=n, Xn, =(3,-1,1)=n, 


and the unit vector 


_. (3 -1 1 
pao (Fa 11’ al 
(b) Since, (0, 0, 0) is a point on both planes, it lies on the line of 
intersection. 
Hence, the equation a line of greatest slope can be 
x y 2 
a St “4 


(c) The point on the line : — 3 = : at a distance 2/11 unit 


from the origin is given by 


The point is (6, — 2, 2). 
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JEE Type Solved Examples : 
Matching Type Questions 


© Ex. 61 Match the entries between following two columns. 


.. The lines are coincident. 
(c) < 5, 4, — 2> are direction ratios of both the lines. 
.. The lines are parallel. 
Also, x =2+5A,y =-3+ 4A,z=5-2A 
245-7 -344.-1_ 5-20 -2 
5 4 —2 


ie. AN-1=A-1= 


-—2 
No value of A. 
Thus, the lines are parallel and different. 


(D) < 2, 3,5 > and <3, 2, 5 > are direction ratios of first and 
second line, respectively. 


» Ex. 63 Match the followings 


Column I Column II 


. The coordinates of a point on the linex=4y+5, p. (—1,-2,0) 
z= 3y — 6at a distance 3 from the point (5, 3, — 6) 
is/are 


The plane containing the lines caer is q. G,0,—6) 
3 5 


ai and parallel to i+ 4j + 7k has the point 
7 


A line passes through two points A(2, — 3, — 1) r. (2,5,7) 
and B(8,— 1,2). The coordinates of a point on this 

line nearer to the origin and at a distance of 14 

units from A is/are 


The coordinates of the foot of the perpendicular s. (14,1,5) 
from the point (3, — 1, 11) on the line 
x y-2_ 2-3 


Column I Column II 
A. if the igh ae ihe inthe pp. sin! & 
1 -2 r 25 
plane 3x —2y +5z=0, then A is equal to 
B. If (3, A,[) is a point on the line q _7 
2xty+z-3=0=x-2y+z-1, then 5 
A+ UW is equal to 
C. The angle between the linex=y=zand rr. -3 
the plane 4x — 3y + 5z=2 is 
D. The angle between the planes é -1 [8 
x+y+z=0 and3x -4y+5z=0is eae: 15 
Sol. (A) > (q), (B) > (), (C) > (p), (BD) > (s) 
7 
(A)3-1-2(—2) +5(A)=0 => ae 
(B) Point (3, A, UW) lies on2x + y+z-3=x-2y+z-1 
=> 3:2+hX+pU-3=0and3-2A+u-1=0 
> A+U+3=0and2A -—u-2=0 
So, A+U=-3 
1-44+1(-3) 41-5 6 
(C) sin 8 = LE = 
Peer fiero+25 v3 v50 
-1 [6 
6 =sin | i= 
25 
1-3+1(--4)+1-5 4 
(D) cos 8 = (4) = 
V3/16+9+25 350 
-, [8 
@=cos * |— 
75 
© Ex. 62 Match the following 
Column I Column II 
A.x-1l_y-2 _z 3 and 1_y-3_2-5 p. coincident 
2 3 4 3 4 5 
are 
B, x7l_y72 273g x73 _ yd _z77— gg parallel and 
2 3 4 2 3 4 different 
are 
Cx Xa. yes. 3 z ond * 7 _yrl_ 2-2 r. skew 
Ry} 4 2 5 4 -2 
are 
DD: X= 3. yo uz 4 nd = 3_y-2_Z-7 5. intersecting 
2 3 5 3 2 5 in a point 
are 
Sol. (A)— (s), (B) > (p), (C) > (q), (BD) > () 
(A) Both the lines pass through the point (7, 11, 15). 


(B) < 2, 3, 4 > are direction ratios of both the lines. Also, 


the point (1, 2, 3) is common to both. 


Sol. (A) > (q), (B) > (p) (C) > (8), (BD) > @) 


(A) The given line is x = 4y +5,z =3y —6, 


i x —5 z+6 
r ——— =y, = 
4 = 3 7 
x-5 y z+6 
or a =X sa 
ra - (say) 


Any point on the line is of the form (4A + 5, A, 3A — 6). 

The distance between (4A +5, A, 3A —6) and (5, 3, — 6) is 3 units 
(given). 

Therefore, (4A +5 —5)’+ (A -3)? +34 -6 + 6)? =9 


> 1607 +A? +9 -6A +94? =9 
> 26\” -6A =0 
3 
> A =0, — 
13 


The point is (5, 0, — 6) 

(B) The equation of the plane containing the lines 

x-2 yt3_z+5 
3 5 


and parallel to i+ 45+ 7k. 


¥-2 ypRS 2+S 
1 4 7 
3 R) 7 


=0 > x-2y+z-3=0 


Point (— 1, — 2, 0) lies on this plane. 
(C) The line passing through points A(2, — 3, — 1) 


=Z +3 +1 
and B(8, — 1, 2) is aa eet =e 
o=2 =1+3 241 
=2 +3 aaa | 
or et =f =A (say) 


6 2 3 


Any point on this line is of the form P(6A + 2, 2A —3,3A —1), 
whose distance from point A(2, — 3, — 1) is 14 units. Therefore, 


=> PA =14 = PA? =(14)* 
=> (6A)* +(2A)? +(3A)" = 196 
=> 49? =19 => V=45)A=42 


Therefore, the required points are (14, 1, 5) and (— 10, — 7, — 7). 

The point nearer to the origin is (14, 1, 5). 

yore 2 
3 4 

M(2A, 3A + 2, 4A + 3). Therefore, the direction ratios of PM are 

20 -3,3A +3 and 4A —8. 

But PM 1 AB 


P (3, -1, 11) 


3 
=his 


(D) Any point on line AB , = 


A B 


M 


22% —3) + 3(3A + 3) + 4(4A —8) =0 
4X -6+9X. +94 16A —32=0 
29K -29=0;A=1 
Therefore, foot of the perpendicular is M(2, 5, 7). 


Ex. 64 Match the followings 


Column I Column II 


A. Image of the point (3, 5, 7) in the plane p. 
2x+y+z=—18is 


ie 1=) 


B. The point of intersection of the line 
my et ee and the plane 
=3 =2 2 


2x+y-z=3is 


q. (—21,-7,-5) 


C. The foot of the perpendicular from the point r. (5 2 8 
(1, 1,2) to the plane 2x —2y + 4z+5=0is 


D._ The intersection point of the lines 
1 2 3 4 
XTi a? =2 and = =2 


2 3 4 5 


Sol. (A) > (q), (B) > (), (C) > (s), (D) > (p) 
(A) If the required image is (x, y, z), then 
x-3 y-5 z-7_ 26+5+7+18) 
2 1 1 Pad? +1? 


= — 12 or (— 21, —7, —5). 
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pt 8 
(B) Any point on the line Ne ay at jis 
—3 2 2 
(-3A +2, 2A + 1,2A + 3), which lies on plane 2x + y —z =3. 
Therefore, 
6A 4+44+2A 41-21 -3=3 
-6A =1 
1 
N=- = 
6 


5 2 8 
Therefore, the point is (3. = ®) 
2 3°.3 


(C) If (x, y, z) is required foot of the perpendicular, then 
(2-2+8+5) 


x-1 y-1_z-2 


2 =2 4 2? 4(-2)° + 4? 
a1) 25 2 
or (x, y, z) =| —, —, — 
12 12 12 
=i -—2 -3 
(D) Any point on the line e = a = is 


P(2X + 1,3A + 2, 4A + 3), which satisfies the line 
x-4_y-1_2Z 


5 2 1 
2A+1-4 3A42-1 4A+3 
or = = 
5 2 1 
> A=-1 


The required point is (— 1, — 1, — 1). 


x-2 -3 z-4 
Ex. 65 =Y-". 
3 4 5 
Column I Column II 
A. Point on the line at a distance 10/2 from p (=i,-5-1) 
(2, 3, 4) 
B. Point on the line common to the plane q. (2, 3, 4) 


x+y+z+3=0 
C. Point on the line at a distance /29 from the origin. r. (8, 11, 14) 


D. Point on the line common to the plane s. (— 4,-5,- 6) 


x+y-Z+3=0 


Sol. (A) (x, s), (B) > (p), (C) > (q), (BD) > (s) 
Any point on the line is @r+2, 4r + 3,5r + 4 
(A) @r + 2-2)? +(4r + 3 —3)? + (5r + 4-4) = 200 
> (9 +16 + 25)r? =200 > r=+2 
For r = 2, the point is (8, 11, 14), For r =—2 it is(— 4, —5, —6) 
(B)3r+2+ 4r+3+5r+4+3=0 
=> l2r+12=0>r=—1 
and the point on the line common to the plane is (— 1, — 1, — 1). 
(C) Gr +2)’ +(4r + 3)? +(5r +4) = 29 


76 
i,r=- 
50 


50r? +76r =0 =r 


For r = 0, the point is (2; 3, 4). 
(D) 3r+2+ 4r+3-—5r—4+3=0 
= ar+4=0 > r=-2 


.. The point on the line common to the plane is (—4, —5, —6) 
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JEE Type Solved Examples : 
Single Integer Answer Type Questions 


Ex. 66 If the perpendicular distance of the point (6, 5, 8) 
from the Y-axis is5X unit, then X is equal to 
Sol. (2) Foot of perpendicular from (6, 5, 8) on Y-axis is (0, 5, 0). 
Required distance = aC 0)? +(5 —5)? + (8 — 0)” 


= 10 unit 


10 
> a a 


Ex. 67 A parallelopiped is formed by planes drawn 
through the points (2, 4, 5) and (5, 9, 7) parallel to the coordi- 
nate planes. The length of the diagonal of the parallelopiped 
Is 
Sol. (7) The length of the edges are given by a =5 — 2 =3, 

b=9-—3=6,c=7—5 =2, so length of the diagonal 


=Ja°+b? +c? 
=/9+ 364+ 4 


=7 units 


Ex. 68 If the shortest distance between the lines 
x-3_y-8_z-3 BS en ae 
3 —1 1 —3 2 4 
then the value of X is 
Sol. (3) Given, lines are 
r =31+8}+3k+A(3i-j+k) 
r =(—-31 -7} + 6k) + w(—3i + 23+ 4k) 
where A, lt are parameters. 


an 


Subjective Type Questions 


Ex. 71 The equation of motion of rockets are 
x=2t,y =— 4t, z =4t, 
where the time t’ is given in second and the coordinates of a 
moving point in kilometres. 
What is the path of the rocket? At what distance will the 
rocket be from the starting point O(0,0,0) in 10s. 


Sol. Eliminating ‘? from the given equations, we get the equation of 
the path, 


or 


Shortest distance 
_ [(-3-3)i + (7-8)} + 6-3)k] 
[(3i — 5+ k) x(-31 + 23+ 4k)] 
_ (6i-15}+3k) x (-6j -15k + 3k) 
4/36 + 225 +9 


= 270 =3V30 unit 


Ex. 69 If the planes x — cy — bz =0, cx —y + az =0 and 
bx + ay — z =0 pass through a line, then the value of 
a’ +b? +c? +2abc is 
Sol. (1) Given, planes are 
x —cy —bz =0 ...(i) 
cx -—y+az=0 ...(ii) 
(iii) 
Equation of planes passing through the line of intersection of 
planes (i) and (ii) may be taken as 


bx +ay-—z=0 


(x —cy — bz) + A(cx —y +. az) =0 ...(iv) 


Now, planes (iii) and (iv) are same 
1+ch_ —(c+A)_—bt+ar 
b a -1 


By eliminating A, we get a? + b® +c? + 2abe =1 


4 y-2 z-k 


x 
Ex. 70 If the line a ae 

plane 2x — 4y + z =7, the value of k is 

Sol. (7) The point (4, 2, k) must satisfy the plane. 


So, 8-8+k=7 > k=7 


lies exactly on the 


Thus, the path of the rocket represents a straight line passing 
through the origin. 

For t=10s 

We have, x= 20, y = — 40, z = 40 


|r|=|OM|= x? +y? 42° 
=,/400 + 1600 + 1600 =60 km 


Ex. 72 Write the equation of a tangent to the curve x =t, 
y =t’?, z=? at its point M(1,1,1);(t =1). 


and 


Sol. Here, r=tit+ ry +Pk 


ar 4 +24 + 3°k 
dt 


Hence, the direction of the tangent at the point M is 
determined by the vector. 


d. ie ee i 
(=) =14+2j+3k 
dt ) yp 
Thus, the equation of the desired tangent is, 
eeL yooh 221 
1 2 3 


Ex. 73 Find the locus of a point, the sum of squares of 
whose distances from the planes x — z=0, x —2y + z =0 and 
xty+z=0 is 36. 

Sol. Given planes are x— z= 0, x -2y +z =0 

and x+y+z=0. 
Let the point whose locus is required be P(@, B, y). According 
to question, 


lat+yl |a-2B+yl? |o+Bryl? _ 
20 6 3 
or 3(a? +? —2ay) +a? + 48 + y? — 48 — 4By + 20 


36 


+ 2a? +B? + y? + 208 + 2By +20y) =36 x6 
or 60” + 68° +6? =36 x6 
or oa? +B + y? =36 
Hence, the required equation of locus is 


x+y? +z? =36 


Ex. 74 The plane ax + by =0 is rotated through an angle 


a about its line of intersection with the plane z =0. Show 
that the equation to the plane in new position is 


ax +by +z,Ja’ +b? tana =0 


Sol. Given planes are 

ax + by =0 zi() 
z=0 (ii) 

.. Equation of any plane passing through the line of 

intersection of planes (i) and (ii) may be taken as, 


ax+ by + kz =0 ...(iii) 
The direction cosines of a normal to the plane (iii) are 


a b k 
a+r +e fa +ePrke fart bth 


The direction cosines of a normal to the plane (i) are 


a b 
Ja +b? Ja? +b? ° 


Since, the angle between the planes (i) and (iii) is a. 
a-at+b-b+k-0 


and 


cos 0 = 


Ja? +b +k? fa? +b? 
Z a+b? 
a+b +k 


k* cos” & =a7(1 — cos” a) + b7(1 —cos” &) 
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wie (a? + b*) sin? 
cos” O 


On putting in Eq. (iii) k = + fa” + b’ tan a, we get equation of 


plane as, 
ax + by + za’ +b’ tana =0. 


Ex. 75 Assuming the plane 4x — 3y + 7z =0 to be hori- 


zontal, find the equation of the line of greatest slope through 
the point (2,1,1) in the plane 2x +y —5z =0. 
Sol. The required line passing through the point (2, 1, 1) in the 


plane 2x + y —5z = Oand is having greatest slope, so it must 
be perpendicular to the line of intersection of the planes 


2x+y—-5z=0 ...(i) 
4x —3y +7z =0 ...(ii) 
Let the DR’s of the line of intersection of Eqs. (i) and (ii) are a, 
b,c. 


and 


2a+b—5ce=0 
4a—3b + 7c =0 
(as DR’s of straight line (a, b, c) is perpendicular to DR’s of 
normal to both the planes) 
a_b_ec 


and 


4 17 5 
Now, let the direction ratio of required line be proportional to 
1, mand n, then its equation be 

x-2 y-1_z-1 


l m n 
where, 2/ + m—5n = 0 and 41 + 17m +5n =0 


So, - == 
3 =] 1 
Thus, the required line is ee a! — = 
a b re ; 
Ex. 76 Does + + =0 represents a pair 
x-y y-Z z-x 
of planes? 
Sol. Here, given equation is 4 B +—“— =0 
Ly Pos Bx 
= aly —z)(z —x) +(x —y) (z —x)+ x —y)(y -z) =0 


=> —axy +ayz —az” +axz + bxz — bx’ — byz 


+ byx + exy —exz —cy” + cyz =0 
> bx” + cy’ +az® —(b +c —a)xy — 
(c +a —b)yz —(a+ b -c)zx =0 


.. Value of determinant; 
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0 0 0 
2 -5(b+e~a) ¢ SAG eS 
1 1 
b + b 
a c) Pg a—b) a 


[R, > R, +R. + R3] 


Hence, the given equation represents a pair of planes. 


-a = = 
Ex. 77 If the straight line a — ys aT etesed 


m n 
the curve ax’ + by” =1, z =0, then prove that 


a(an — yl)? +b(Bn—ym)* =n?. 


Sol. Here, 


.. Any point on the given line 
(Al +0,Am+B +An+ y) 
If it lies on the curve ax’ + by’ =1,z =0 
(as the point of intersection) 
ala. + TA)? +b(B + mA)? =1 (i) 
and An+y=0 ...(ii) 


From Eq. (ii), 4 = = inust satisfy Eq. (i), we get 
n 


ofo-") +(e) a1 


a(no, — ly +b(nB —my)? =n? 


Ex. 78 Prove that the three lines from O with direction 
cosines l,,1m,,n4;l,,m,N, andl,,m3,n3 are coplanar, if 
L(myn3 —nym3) + m4(ngl3— 1,n3) + ny(l,m3 — l,m, ) =0. 
Sol. Here, three given lines are coplanar, if they have common 
perpendicular. 

Let DC’s of common perpendicular be 1, m and n. 
ll, + mm, + nn, =0 ...(i) 
(ii) 
(iii) 


Solving Eqs. (ii) and (iii) by cross multiplication method, we 


ll, +mm, + nn, = 0 


and Il, + mm; + nn3 = 0 


get 
Ie ee OD 
x xo 2 
M3 Ng Ig Ms 
= l _ m n i 


MN; — NM; — Nglz — Nol 7 Lm; — lm, 
=> 1=K(mn3— nym), m= K(ngls — n3l2), n = k(l,m3 — l3m2) 


Substituting in Eq. (i), we get 


K(mn3 — nym )l, +k(ngl3 — n3lz)m, + K(L,m3 


=> (mn, 


I3m,)nz = 0 


nyMy) + m,(Ngl3— n3l) + n(L,m3 — 13m2) 


Ex. 79 A line makes angle, «8, y and6 with the four 
diagonals of cube, prove that 


4 
cos’ &+cos” B +cos” ¥ +cos* oat 


Sol. Let the cube be shown in the figure, where four diagonals are 
OP, AL, BM and CN and A(a, 0, 0) , B(0, a, 0), C(0, 0, a), L(0, a, a), 
M(a, 0, a), N(a, a, 0) and P(a, a, a), hence direction cosines of OP 
are 


a a a 


(et+ata® ja?tarta® far ta?+a? 
-(3 1 ") 
3° V3 V3. 


The DC’s of AL are (- 2, eo =} 


3° V3" V3 
The DC's of BM are [= eeu =} 
V3’ V3" V3 
The DC's of Care 4, “a, 4} 
V3 v3’ V3 
Let the DC’s of required line be (J, m, n). 
coe? ge 
43° ia 
l-m+n l+m-n 
2 alr ed and eS a 


cos’ & + cos” B+ cos’ y + cos” & 


=F {+ m+ ny? +¢ fomanl ed =many? 


4 4 
==(? +m’ +n’) =— 
3 3 


Ex. 80 Let PM be the perpendicular from the point 
P(1, 2,3) to XY-plane. If OP makes an angle ® with the posi- 
tive direction of the Z-axis and OM makes an angle o with 
the positive direction of X-axis, where O is the origin, then 
find® and9. 
Sol. Here, P be (x, y, z) shown as, 


then, x =r sin @-cos , y =r sin ® sing, z =r cos @ (i) 


x M 


=> 1=rsin®@-cos 0,2 =rsin@ sin 0,3 =r cos® 

=> 1°427+3’=r sin’ 0 cos’ > +r’ sin’ @ sin’ +r’ cos’ 0 
=r’ sin? @(cos” @ +sin* 0) +r? cos” @ 
=r’ sin’ @+r? cos’ @=r° 

> r=t+J14 


. From Eq. (i), we have 


1 
sin 8 cos 6 = + —= 


14 
2 3 
sin 6 sin 6 = —, cos 8 = —— 
v14 v14 


(neglecting — ve sign as acute angles) 
sinOsingd 2 


sin 8 cos “4 


and tan 0 = sme _v5 
cos0 3 
=> tan 9 =2and tan =~? 
=> o = tan '2and@ =tan ' (8) 


Ex. 81 Find the distance of the point (1,0, —3) from the 


plane x — y — z =9 measured parallel to the line, 
x-2 yt2 2-6 


2 3 -6 
Sol. Given plane is 
x-y-z=9 (i) 
Given line AB is ~— er (ii) 
3 —6 
Equation of line passing through (1, 0, — 3) and parallel to 
x-2 y+2 z-6 
2 3 —6 
is feel eto ey iii) 
2 3 —6 


Coordinate of any point on Eq. (iii) may be given as 
P(2r + 1, 3r, — 6r — 3) 
If P is intersection of Eqs. (i) and (iii), then it must lie on Eq. (i). 
(2r +1) —Gr) —(-—6r —3) =9 
2r+1—3r+6r+3=9 
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5r =5 
> r=1 
«.Coordinate of P(3, 3, — 9). 
=> Distance between (1, 0, — 3) and (3, 3, — 9) 
= (3-1)? +3 - 0) +(-9 +3) 


=,/4+9+ 36 =7 


Ex. 82 Find the equation of the plane which passes 
through a,x + by +¢,z +d, =0, a,x +byy +c9z +d =0 


x—-a = zZ— 
and which is parallel to the line = B = a 
m n 
Sol. Given, ax + hy +z +d, =0 
a,x + boyy + coz + dz =0 ..-(i) 
and oo a ed (ii) 
l m n 
Equation of plane through the intersection of plane (i) is given 
by 


(a,x +bhy + qz + d,) + Manx +by + coz +d) =0 
or (a, + Aay)x +(b, + Aby)y +(c, + Acy)z 
+ (d, + Adz) =0 ...(iii) 
DR’s of normal to Eq. (iii) are 
(a + hag), (b, + Adz), (C1 + Ae2) 
.. Eq. (iii) is parallel to Eq. (ii). 
= Normal to plane (iii) should be perpendicular to line (ii). 
(a, + Aaz)l +(b, +Ab2)m+t (c, + Acy)n = 0 
__ (@lt+bm 


cn) 


, putting in (iii), we get 


(ayl + bom + con 
(ax + by + qz + d,) (al + bym + can) — (al + b, + cn) 
(ax + boy + cz + dz) =0 
Hence, the equation of required plane. 


Ex. 83 Find the perpendicular distance of a corner of a 
unit cube from a diagonal not passing through it. 


Sol. Let the edges OA, OB, OC of the unit cube be along OX , OY and 
OZ, respectively. Since, OA = OB =OC = 1 unit 
: OA=i, OB=j, OC=k 


ran 


Let CM be perpendicular from the corner C on the diagonal OP. 
The vector equation of OP is 


r= (i+ j+ k) 
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OM = Projection of OC on OP = A+4 w+2 -2A4+7 dy 
= OC: OP At+1 ptt AF+1 wp 
~(itj+k) 1 A+8 Sut4 
=k = = 
v3 V3 A+1 pti 
Now, OC? = OM? + CM? = (A+1)+5  (ut+1)41 
+1 +1 
=> CM? =| 0C ? -oM? =1-+=2 
3 3 2A +1)+9 2u+1)t+1 
+1 
=> CM = fe M+1 
3 (A +1) +7 5(u+1)-1 
+1 uti 
Ex. 84 If a variable plane forms a tetrahedron of constant ee peel 
a = 
volume 64k? with the coordinate planes, then find the locus N+1 w+ 
of the centroid of the tetrahedron. és a i 
Sol. Let the variable plane intersects the coordinate axes at N+1 w+1 
A(a, 0, 0), B(0, b, 0) and C(0, 0, c). Then, the equation of the 7 1 
plane will be 14 = 
A+1 (u +1) 
x y 2Z : 
—+-4+—=1 (i) 1 
a b (a Let =x ——=y 
Let P(a, B, y) be the centroid of tetrahedron OABC, then A+ p 
b => 5x-y=2;9x -y=47x+y=4 
ja ps ye” | y ; y y 
4 4 On solving, x=—, y =— 
or a=40,b =4B,c=4y 2 2 
1 > A+1=2,.u+1=2 
= Volume of tetrahedron = — (Area of AAOB) - OC 
3 A=1,u=1 
3_1f1 _ abc Clearly, if’ =1 andpt =1, 
= og ( ab| = AB and CD bisects each other. 
3.5 9 
e eax? — (401) (4B) (49 é P -(3. 3, ;) 
6 rod 
3 apy 2 2 2 
= = Now, AP= [4 | (7 >) (3 4 
; 5 2 2 2 
..Required locus of P(a, 8, Y) is xyz = 6k”. Ji55 
= 3 = PB 


Ex. 85 Show that the line segments joining the points 7 5 : 
(4, 7,8), (—1, — 2,1) and (2, 3, 4) (1, 2, 5) intersect. Verify Also, CP= ((: ;) [ 4 [« >) 
v3 


whether the four points concyclic. 
Sol. Here, A(4, 7, 8), B (— 1, — 2, 1), C(2, 3, 4) and D(1, 2, 5). If the lines = 


AB and CD intersect at P, then let 
We know four points A, B, C and D are concylic, if 


AP - PB = PC -PD 


A 


B 
AP 3 CP i 


n = 
PB 1 PD 1 


But here, 


AP PB=~* and PC PD= 


Then, Pf N+4 -2047 2 5 


A+1° AFL °AH1 
_{W+2 +3 Su+4 .. Points are non-concyclic. 
u+l w+1 pti 


Ex. 86 If P be any point on the plane lx + my + nz = p 
and Q be a point on the line OP such that OP :OQ = p. 
show that the locus of the point Q is 
p(x +my +nz)=x* +y* +z". 

Sol. Let P(a, B, y) and Q (x4, y;, Z;) 
DR’s of OP are (, 8, y) and DR’s of OQ are (x, 1, 21). 
*: O, Qand P are collinear. 
Oo 7 2g 
m4 WM 7 


Since, P(, B, Y) lie on the plane 


(say) ...(i) 


Ix+my+nz=p, 

la + mB + ny=p 
Since, P(, B, y) lie on the plane Ix + my + nz = p, 
la+mB+ny+ p 
> klx, + kmy, + knz, =p [using Eq. (i)] ...(ii) 
Since, OP OQ =p” 


fa? + B? + 9? [x7 + y? + 2? =p? 
(+ RYE Re abs yee =p 


=> K(x? + yp + 27) =p? ...(iii) 


From Eqs. (ii) and (iii), we get 
Ix, +my,+nz,_ 1 


2 2 2 
x+y + zy Pp 


= p(ly, + my, + nz) =(x + yy + 27) 
Hence, locus of Q 
> pix+my+nz)=x? +y? +2? 


Ex. 87 Find the reflection of the plane 
ax +by +cz+d=0 in the planea’x+b’y +c’z+d’=0 
Sol. Given planes are 
ax+by+cz+d=0 (i) 

and ax+by+cez+d =0 ...(ii) 
Let P(@, B, y) be an arbitrary point in the plane (i) and Q (p, q, r) 
be the reflection of the point P in plane (ii). Locus of Q will be 
the required reflection of plane (i) in plane (ii), let L be the 
mid-point of PQ. 


_ 
er 


Then, fete, a8 r*1) 
2 2 2 


L lies in plane (ii), we get 


@(P*2) y (228) o(29) +d’ =0 
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> d(p+o)+ (q+ B)+c(r+y) +2d’ =0 : 


DR’s of PO area — p,B-g, yr. 
Since, PQ perpendicular on plane Eq. (iii), we get 
ap b=¢_ =r 7 


, , 


a b’ c 


es aO=ptadkp=qt+Uky=rtck 
Putting the values of a, B and y in Eq. (iii), we get 

a (2p + ka’) + b'(2q + kb’) +c(2r + kc’) + 2d’ =0 
=> Ad ptUqt+cer+d’)=—-ka’?+b? +") 
Since, P(a, B, y) lies on plane (i), we get 


aa + bB+cy+d=0 
=> apt+ka’)+n(q +kb’) + cir+kc’)+d=0 
(ap + bg +cr+d) 
(ad’ + bb’ + cc’) 


k= 


Putting the value of k in Eq. (iv), we get 
Aa p+ qtcr+d’) 
(a? +b? +c") (aptbq+cr+d) 
aa’ + bb’ + cc’ 


.Locus of Q (p, q, r). 
ie. equation reflection of plane (i) in plane (ii) is, 
2(aa’ + bb’ + cc’ )(ax+WVy+cz+d’) 
=(a° +? +c) (ax + by +cz +d) 


Ex. 88 A point P moves ona plane ~ oot =1Ap 
a c 


through P and perpendicular to OP meets the coordinate 
axes in A, B and C. If the planes through A, B and C para 


(iii) 


(say) 


lane 


llel 


to the planes x =0, y =0 and z =0 intersect in Q, then find 


the locus of Q. 
Sol. Given plane is = 4 Eee 
a be 


Let P(h,k, 1) be the point on plane. 
h k 1 


—-+-+-=1 
a be 
=> OP =Jh? +k +0 
DC’s of OP = u , : . : 
jetese? Jr tes? f+ +P 
.. Equation of the plane through P and normal to OP is, 
hx ky lz 
(PECL AREAL gh eee 
=jh tht? 
=> Axtkytiz=h+ke40 
2 2, 72 
ie (eeeee ‘ | 
h 


2 2 2 
p=[) tees | 


(i) 
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2 2 2 
cela eeest| 


Let Q(@, B, y), then 


+e +P 
Q =——____., 
h 
W+e+P 
B= ; 
k 
2 2 2 
yet eet (iii) 
a | W+e+e 
NOW; Po tg = a gos, ae 
(od B yo (ho +k’ + 1°) 
1 . 
oe ee .(iv 
W+ke +P = 
From Eq. (iii), we get 
2 2 2 
(22 
a 
h We+keseP 
> at 
a aa 
2 2 2 
Similarly, k = hitk + 
b bp 
2 2 2 
md LotR? 
c cy 
Ree +P Peet? WRT 
aws—“‘(<‘ésé«# cy 
ah kil =1 [from Eq. (ii)] 
a be 
1 1 1 1 
=> + $— = 
aan lB cy hh? +k? +1? 
1 1 1 
ee ee [from Eq. (iv)] 
a? Bp : 


..Required equation of locus is 
1 1 1 1 1 1 
$$ — = + 4+, 
ax by cz x” yo z 


Ex. 89 Prove that the shortest distance between any two 
opposite edges of a tetrahedron formed by the planes 
y+z=0,x+z=0,x+y=0,x+ty+z=~v3a is J 2a. 

Sol. Here, planes 
y+z=0,z2+x=0,x+ y =0 meet at O(0, 0, 0). 
Let the tetrahedron be OABC. 


Let the equation of one of the pair of opposite edges OA and 
BC be 


ytz=0,x+z=0 (i) 
and xty=0,x+yt+z= 3a ...(ii) 
(0,0,0) FP ‘- 
O 


re 
(0, 0, ¥3a) Q B 


Egs. (i) and (ii) can be expressed in symmetrical form as 
x-0 y-0 z-0 


(iii) 


1 1 -1 
and ea) (iv) 
1 = 0 
DR’s of OA and BC are (1, 1, — 1) and (— 1, 1, 0). 
Let PQ be the shortest distance between OA and BC having 
direction cosine (I, m, n). 
.. PQis perpendicular to both OA and BC. 
l+m+n=0 ..(v) 
l—m=0 ..(Vi) 
On solving Eqs. (v) and (vi), we get 
(eee A 
o-G 2 
Poot 
1 2 2 
Also, +m? +n? =1 
Di yey wpe 1 
ko +k’ + 4k°=1 > k= Ars 
l= i= mandn= 
v6 v6 
Shortest distance between OA and BC, 
ie. PQ =Length of projection of OC and PQ 
=| (x2 — 4 )E + (V2 —yi)m+ (22 —2%)n| 
1 1 3a - 2 


alee es a6 
= 2a 


Three Dimensional Coordinate System Exercise 1: 
~ Single Option Correct Type Questions 


. The xy-plane divides the line joining the points 


(-1, 3, 4) (2, —5, 6). 

(a) Internally in the ratio 2 : 3 
(b) externally in the ratio 2 : 3 
(c) internally in the ratio 3 : 2 
(d) externally in the ratio 3 : 2 


. Ratio in which the zx-plane divides the join of (1, 2, 3) 
and (4, 2, 1). 

(a) 1: 1 internally 
(c) 2: 1 internally 
. If P(3,2,—4), O(5, 4, —6) and R(9, 8, —10) are collinear, 
then R divides PQ in the ratio 

(a) 3: 2 internally (b) 3 : 2 externally 

(c) 2: 1 internally (d) 2: 1 externally 

. A (3, 2,0), B(5, 3,2) and C (—9, 6, —3) are the vertices of a 
triangle ABC. If the bisector of ZABC meets BC at D, 
then coordinates of D are 


19 57 17 19 57 17 
(a) (2. aa <) (b) [-2. 4 Z| 
8° 16 16 8’ 16 16 


(2.2.27) 


(b) 1: 1 externally 
(d) 2: 1 externally 


(d) None of these 


. A line passes through the points (6, — 7, — 1) and (2, —3, 1). 


The direction cosines of the line so directed that the 
angle made by it with the positive direction of x-axis is 
acute, are 


2. 2 1 2 2 
(a) <,-=,-~ (b) -=, == 
3 3: 3 33° 3 
2 21 2-2 1 
()<,-5,- 52 
3 33 3°33 


. If Pis a point in space such that OP is inclined to OX at 
45° and OY to 60° then OP is inclined to OZ at 

(a) 75° 

(b) 60° and 120° 

(c) 75° and 105° 

(d) 255° 


. 1,,m4,n, and 1,, m,n, are direction cosines of the two 


lines inclined to each other at an angle 9, then the 
direction cosines of the internal bisector of the angle 
between these lines are 


L+l mt+m nt+n L+l mt+m m+n 
(a) , , (b) : ‘ 
a) _ 9 _ 9 0 is) 
2 sin 2 sin 2 sin 2 cos 2 cos 2 cos 
(c) het oi St (d) h Hi mm nN 
: _ 9 _ 9 is) 
2 sin 5 2sin— 2sin— 2 cos 2 cos 2 cos 


10. 


11. 


12. 


13. 


14. 


. The equation of the plane perpendicular to the line 


=] = 2 2 1 
: : y ; id and passing through the point (2, 3, 1), 
2 


(b) xr. (i — 5+ 2k) =1 
(d) None of these 


. The locus of a point which moves so that the difference 


of the squares of its distances from two given points is 
constant, isa 
(a) straight line 
(c) sphere 


(b) plane 

(d) None of these 

The position vectors of points a and b are i= j +3k and 
3i+ 3 +3k respectively. The equation of a plane is 
r. (5i + 2j - 7k) +9=0. The points a and b 

(a) lie on the plane 

(b) are on the same side of the plane 

(c) are on the opposite side of the plane 

(d) None of the above 

The vector equation of the plane through the point 
2i — j — 4k and parallel to the plane 

r.(4i— 12j- 3k) —7 =0,is 

(a) v.(4i-12}-3k)=0  (b) x. (41 12} — 3k) =32 

(c) x. (44 -12j-3k)=12 (d) None of these 


Let L, be the line r, =2i+j- k+r (i + 2k) and let L, 
be the another line r, = 3i+ j +u (i + j = k). Let 7 be 
the plane which contains the line L, and is parallel to 
L,. The distance of the plane 7 from the origin is 


2 1 
(a) ie (b) 7 


(c) V6 (d) None of these 
| = 2 =3 

For the line ~ at =e 
1 2 


following is incorrect ? 
(a) it lies in the plane x —2y + z=0 


, which one of the 


(b) it is same as line as a =— 
1 


(c) it passes through (2, 3, 5) 
(d) it is parallel to the plane x —-2y + z-6=0 


The value of m for which straight line 

3x —2y+z+3=0=4x —3y+ 4z+1is parallel to the 
plane 2x — y+ mz—2=0is 

(a) -2 (b) 8 

(c) -18 (d) 11 


230 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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The length of projection of the line segment joining the 
points (1, 0, —1) and (—1, 2,2) on the plane x + 3y — 5z =6, 
is equal to 


271 

(a) 2 (b) = 
472 [474 

(c) 31. (d) 35. 


The number of planes that are equidistant from four 
non-coplanar points is 
(a) 3 
(c) 7 


In a three dimensional co-ordinate system, P,Q and R 


(b) 4 
(d) 9 


are images of a point A (a, b,c) in the xy, yz and zx 
planes, respectively. If G is the centroid of triangle POR, 
then area of triangle AOG is (O is the origin) 

(a) 0 (b) a? +b? +0? 


(c) ; (a? +b? +c’) (d) None of these 
A plane passing through (1, 1, 1) cuts positive direction 
of coordinate axes at A, Band C, then the volume of 
tetrahedron OABC satisfies 


9 9 
a)V <— b)V>-— 
(a) 5 (b) 5 
(c) V =: (d) None of these 


If lines x =y=zandx= Y =? and third line passing 
2 3 


through (1, 1, 1) form a triangle of area 6 units, then 
point of intersection of third line with second line will 


be 


(a) (1, 2, 3) (b) (2, 4, 6) 


(d) None of these 


The point of intersection of the line passing through 
(0, 0, 1) and intersecting the lines x + 2y + z=1, 
—-x+y-2z=2andx+y=2,x+z=2 with xy plane is 


D1 
(a) =. —3 0 (b) (1, 1, 0) 


2 1 
©) (. “3 0 


Two systems of rectangular axes have the same origin. If 
a plane cuts them at distance a, b, cand a’, b’, c’ from the 
origin, then : 

1 1 1 af 


(a) eee es + s+ + + =0 
a b? 2 a“? bp”? oo 
1 1 1 1 1 1 
(b) 2 2 2+ 72 72 =o 
a b c a b c 
(c) 1 i 1 P 1 1 1 1 0 
c 
a b? C2 2 bp”? 72 
1 1 1 1 1 1 
(d) F 72 72 9 


22. 


23. 


24. 


25. 


26. 


x+6 yt+10 z+14 
3 

isosceles right angled triangle whose opposite vertex is 

(7, 2, 4). Then which of the following is not the side of 


the triangle ? 
aL m2. Zod 
(a) =4 “= 


The line 


is the hypotenuse of an 


2 -3 6 
x-7 y-2_ 2-4 
()~— =7 “= 
3 6 2 
Lh “ye. Be 
. _ = 
OF 5 -1 


(d) None of these 


Consider the following 3 lines in space 
L:r=3i-j+2k+A (2i+ 4j-—k) 

L,:r=it+ j-—3k+u (4i + 2j+ 4k) 

L,:r =3i+ 2j-—2k+4+ t¢(2i+ j+ 2k) 

Then, which one of the following pair(s) is/are in the 
same plane ? 
(a) Only LL, 
(c) Only L3L, 
Let r=a + Aland r=b+um be two lines in space, 
where a =5i+ j+2k,b =-i+7j+8k,1=-4i+j-—k, 
and m = 2i — 5j —7k, then the position vector of a point 
which lies on both of these lines, is 


(b) Only L,L, 
(d) L,L, and L,L, 


(ajit+2j+k 
(b) 2i+ j+k 
(c)i+ j+2k 


(d) non-existent as the lines are skew 


L, and L, are two lines whose vector equations are 
L,:r =A [(cos® + V3)i + (V2 sin®)j + (cos 0 — V3)k] 
and L,: r= (ai + bj + ck) 

where, A and are scalars and o is the acute angle 


between L, and L,. If the angle & is independent of 9, 
then the value of & is 


TT TT 
(a) 6 (b) 4 
T Tt 
(c) 4 (d) 7 


The vector equations of two lines L, and L, are 
respectively, 
r=17i-9j+9k+A (i+ j+5k) 
r=15i—-8j—k+wu (41 +3)) 

I. L, and L, are skew lines. 

II. (11, —11, —1) is the point of intersection of L; and Ly». 
II. (—11, 11, 1) is the point of intersection of L,; and L. 


and 


IV. cos (=) is the acute angle between, L, and L,. 


35 
Then, which of the following is true ? 
(a) Il and IV (b) I and IV 
(c) Only IV (d) III and IV 


27. 


28. 


29. 


30. 


31. 


32. 


33, 


34, 


Consider three vectors p=i+ j+k,q=2i+ 4j—kand 
r=i+j+3k.If p,q and r denotes the position vector of 
three non-collinear points, then the equation of the 
plane containing these points is 

(a)2x -—3y +1=0 (b) x —3y + 2z =0 
(c)3x-y+z-3=0 (d)3x-y-2=0 


The intercept made by the plane r.n = q on the x-axis is 


(a) oo 
in qd 

(c) (in) g (a) 4 
|n| 


If the distance between the planes 
8x +12y—14z=2 and 4x+6y—7z=2 


; 1 . 
can be expressed in the form ——, where N is natural, 


JN 
then the value of ees is 
(a) 4950 (b) 5050 
(c) 5150 (d) 5151 


A plane passes through the points P (4, 0, 0) and Q (0, 0, 4) 
and is parallel to the Y-axis. The distance of the plane 
from the origin is 

(a) 2 (b) 4 

(c) V2 (d) 22 

If from the point P(f, g, h) perpendiculars PL and PM be 


drawn to yz and zx-planes, then the equation to the 
plane OLM is 


Oe Oe 
g 

sv a FG d) 4 24 ZH 9 

OF cok (d) eo es 


The plane XOZ divides the join of (1, — 1,5) and (2, 3, 4) in 
the ratio A :1, then A is 


1 
(a) -3 (b) oe 


1 
(c) 3 ls 
A variable plane forms a tetrahedron of constant volume 
64K°* with the coordinate planes and the origin, then 
locus of the centroid of the tetrahedron is 
(a) x t+y%+z3 =6k (b) xyz = 6k? 
(c) x? + y? + 2? = 4k? (d)x?+y?4+27 = 4k? 


Let ABCD be a tetrahedron such that the edges AB, AC 
and AD are mutually perpendicular. Let the area of 
AABC, AACD and AADB be 3, 4 and 5 sq units, 
respectively. Then, the area of the ABCD, is 

(a) 5/2 (b) 5 


(c) 5//2 (d) ; 
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Equation of the line which passes through the point 
with position vector (2, 1, 0) and perpendicular to the 
plane containing the vectors i+ j and j+ kis 
(a) r =(2,1, 0) + ¢ (1, -1, 1) 
(b) x =(2,1, 0) + t(-1, 1,1) 
(c) r =(2, 1, 0) + £(1, 1, —1) 
(d) r =(2, 1, 0) + t (1, 1, 1) 
Where, t is a parameter. 
Which of the following planes are parallel but not 
identical ? 

P,:4x—2y+6z=3 

P, :4x —2y—2z=6 

P; :-6x + 3y—9z=5 

Py :2x-y-z=3 
(a) P, and P; (b) P, and P, 
(c) BR and P; (d) P, and P, 
A parallelopiped is formed by planes drawn through the 
points (1, 2, 3) and (9, 8, 5) parallel to the coordinate 
planes, then which of the following is not the length of 
an edge of this rectangular parallelopiped ? 


(a) 2 (b) 4 
(c) 6 (d) 8 
vector equation of the plane 


r=i-j+A(i+jt+k)+u (i-2j+ 3k) in the scalar dot 
product form is 

(a) x. (5i —2j + 3k) =7 

(b) r. (5i + 2j 3k) =7 

(c) ri —2j —3k) =7 

(d) v.(5i + 25 +3k) =7 


The vector equations of the two lines L, and Ly are 

given by L, :r=(2i+9j+13k)+A (i+2j+3k) 

and L,:r =(-3i1+ 7j+ pk) + (-i + 2j —3k). 

Then, the lines L, and L, are 

(a) skew lines for all p € R 

(b) intersecting for all p € R and the point of intersection is 
(-1, 3, 4) 

(c) intersecting lines for p =—2 

(d) intersecting for all real pe R 


Consider the plane 
(x, y, z)=(0,1,1) +A (1,-1,1) +p (2,-1.0). The distance 
of this plane from the origin is 


1 V3 
= by 
Br, (b) 5 
3 2 
a dy 
) 2 OR 
The value of a for which the lines ee oO" 


x-a_y-7_Zzt2 


and intersect, is 
-1 2 -3 

(a) -5 (b) —2 

(c) 5 (d) —3 
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, which one of the 


-1 =2 
For the line > = —“ = 
1 2 
following is incorrect ? 
(a) It lies in the plane x —-2y + z =0. 


(b) It is same as line -= : =f 
1 


(c) It passes through (2, 3, 5). 
(d) It is parallel to the plane x —2y + z-6=0. 
Given planes P,:cy+bz=x; 
Py :az+cx=y 
P;:bx +ay=z 
P,, P, and P; pass through one line, if 
(a)a’+b°? +c? =ab+bet+ca 
(b) a? +b? +c? + 2abe =1 
(cla? +b? +c? =1 
(d) a* + b? +c? + 2ab + 2be + 2ca + 2abe =1 


=2 —3 -—4 =] -4 =) 
The lines - as =e and - ae = 
1 —k k 2 1 
are coplanar, if 
(a)k =0 or—-1 (b)k =1 or-1 
(c)k =0 or -3 (d) k =3 or -3 
2 +1 -1 
The line = ae = intersects the curve 
2 =1 
xy =c’,in xy-plane, if c is equal to 
(a) +1 (b) i. 
(c) tv5 (d) None of these 


The line which contains all points (x, y, z) which are of 
the form (x, y, z) =(2,—2,5) +A (1, —3, 2) intersects the 
plane 2x — 3y + 4z =163 at P and intersects the YZ-plane 
at QO. If the distance PQ is a/b, where a, be N and a> 3, 
then (a+ b) is equal to 
(a) 23 

(c) 27 


(b) 95 
(d) None of these 
If the three planes r.n, = pj,r.n, =p,andr.n; =p; 


have a common line of intersection, then 
pi (mz Xn3)+ pz (nz Xn,)+ p3 (ny; X nz )is 


equal to 
(a) 1 (b) 2 
(c) 0 (d) -1 


The equation of the plane which passes through the line 
of intersection of the planes r.n, = q,,r.n, =q2 and is 
parallel to the line of intersection of the planes 

rn3 =q3 andr.n, =qu4,is 

(a) [my nz ny] (r.nj —q@) =[n, ng ny] (r-my — go) 

(b) [m, nz nz] (r-ny — g4) =[ny ng n,] (rn, — go) 

(c) [ay ng ny] (r-my — gy) = [ny ny 13] (1-2 — qa) 

(d) None of the above 


49. 


50. 


51. 


52. 


53. 


54. 


99. 


A straight line is given by r=(1+t)i+3t j+(1-t)k, 
where t € R. If this line lies in the plane x + y+ cz =d, 
then the value of (c + d) is 

(a) -1 (b) 1 

(c)7 (d) 9 


The distance of the point (—1, —5, — 10) from the point of 


intersection of the line NEB LEE Fos and the 
4 12 

plane x -y+z=5is 

(a) 2v11 (b) /126 

(c) 13 (d) 14 


P(p) and Q(q) are the position vector of two fixed points 

and R(r) is the position vector of a variable point. If R 

moves such that (r — p) x (r — q) = 0, then the locus of R is 

(a) a plane containing the origin O and parallel to two 
non-collinear vector OP and OQ. 

(b) the surface of a sphere described on PQ as its diameter. 

(c) a line passing through the points P and Q. 

(d) a set of lines parallel to the line PQ. 


The three vectors i+ j, j+ k, k + i taken two at a time 


form three planes. The three unit vectors drawn 
perpendicular to these three planes form a 
parallelopiped of volume 


(b) 4 
V3 4 
Ps @78 


The orthogonal projection A’ of the point A with 
position vector (1, 2, 3) on the plane 3x — y + 4z =0is 


15 
(a) (-1, 3, 1) (b) (5 . 7 
1 5 
(c) (- “7 -1) (d) (6., -7, -5) 


The equation of the line passing through (1, 1, 1) and 
perpendicular to the line of intersection of the planes 
x +2y— 4z =Oand 2x — y+ 2z =0is 


ead Ay ee eel Tay 21 
(a) = = (b) = = 
5 2 —5 1 2 
(jen eee (goo he 
0 —-10 5 —10 0 —5 


A variable plane at a distance of 1 unit from the origin 
cuts the axes at A, B and C. If the centroid D (x, y, z) of 


AABC satisfies the relation 2 + ae + = = K, then the 
x2 y? 7? 
value of K is 
(a) 3 (b) 1 
1 
= d)9 
(c) 5 (d) 


56. 


97. 


58. 


59. 


60. 


61. 


62. 


63. 


The angle between the lines AB and CD, where 
A =(0,0,0), B=(1,1,1), C =(-1,-1,-1) and D =(0, 1,0) is 
given by 


a 4 
(a) cos 0 = aR (b) cos 8 5 
(c) cos 0 = (d) cos 8 = 


The shortest distance of a point (1, 2, —3) from a plane 


making intercepts 1, 2 and 3 units on position X,Y and 
Z-axes respectively, is 


(a) 2 (b) 0 
13 12 
(c) ory (d) 7 


A tetrahedron has vertices O (0, 0,0), A (1, 2, 1), B(2, 1, 3) 
and C (—1, 1,2). Then the angle between the faces OAB 


and ABC will be 
17 
b Sad ee 
(b) cos (2) 


(19 
(a) cos (2) 


(c) 30° (d) 90° 
The direction ratios of line I, passing through P (1, 3, 4) 

=i —2 =3 
and perpendicular to line J, Te aY =? 

3 4 

(where, I; and I, are coplanar) is 
(a) 14, 8,1 (b) -14, 8, -1 
(c) 14, -8, -1 (d) -14, -8,1 


Equation of the plane through three points A, B and C 
with position vectors —6i + 3j + 2k, 3i — 2j+ 4k and 

5i + 7j + 3k is equal to 

(a) ri -—j+7k)+23=0 (b) (it j+7k) =23 

(c) r.(i + j—-7k)+23=0 (d)r(i-j—7k) =23 

OABC is a tetrahedron. The position vectors of A, B and 
C are i,i+jand j+k, respectively. O is origin. The 
height of the tetrahedron (taking plane ABC as base) is 


1 1 
(c) aE (d) None of these 


The plane x — y — z = 4 is rotated through an angle 90° 


about its line of intersection with the plane 

x +y+2z = 4. Then the equation of the plane in its new 
position is 

(a)x + y + 4z =20 
(c)x+y—4z =20 


Fewer cere 
plane area A on the xy, yz, zx plane respectively 


Then A? = 
[2 2 2 
(b) Axy Ayz Ax 


(a) Axy a Abe a a 
(d) Ay A Axx 


(b) x + 5y + 4z =20 
(d)5x + y + 4z =20 


A,, be the area of the projection of a 


(c) Agy ae Ay; + Ax YZ 
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Through the point P (h, k,!) a plane is drawn at right 


angles to OP to meet co-ordinate axes at A, Band C. If 
OP = p then the area of the AABC is 


5 5 
P P 
b) 2 
©) oak Oa 
p P 
qd) PE 
©) 2hkl @ hkl 
The volume of the tetrahedron included between the 
plane 3x + 4y — 5z — 60=0and the co-ordinate planes is 
(a) 60 (b) 600 
(c) 720 (d) 400 
The angle between the lines whose direction cosines are 


given by the equations 1* + m* —n* =0,1+ m+n=0is 


(a) cos! (2V3) (b) cos? V3 
T T 
we dd 

(c) 4 (d) ; 

The distance between the line 


r= 2i-2j+3k +A (i-j+4k) and the plane 
r-(i+5j+k)=5is 


10 10 
foe 5) = 
© 3B ws 
10 10 
ee ao 
(c) F (d) B 
The Cartesian equation of the plane perpendicular to the 


KU! Yo 22> 


i 7 and passing through the origin 


line 


is 
(a) 2x —y +2z-7=0 
(c)2x -y+2z=0 


(b) 2x + y+2z=0 
(d)2x-y-z=0 


Let P (3, 2,6) be a point in space and Q be a point on the 
line r= (i - j + 2k) +u (-3i + j + 5k). Then the value of 
ut for which the vector PQ is parallel to the plane 
x—4y+3z=1is 


1 1 
= b) —— 
(a) ri (b) r 
a 1 
7 d) —— 
(c) 3 (d) ; 
A plane makes intercepts OA, OB and OC whose 


measurements are a,b and c on the OX, OY and OZ axes. 
The area of triangle ABC is 


(a) (ab + be + ca) (0) abe (a + b + 0) 


() . (a2b? + bc? + ca)! (a) ; epee 


The radius of the circle in which the sphere 

x? +y? +z° +2x —2y—4z-19=Dis cut by the plane 
x+2y+2z+7=0is 
(a) 2 

(c) 4 


(b) 3 
(d) 1 
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Leta =i+ j and b = 2i-— k, then the point of 
intersection of the lines rx a = b Xa andr X b=a x bis 
(a) (3, -1, 1) (b) 3,1, -1) 

(c) (-3, 1, 1) (d) (-3, -1, -1) 

The co-ordinates of the point P on the line 

r=(i+ j+k)+A (-i+ j—k) which is nearest to the 


origin is 
4 2 
b FY en 
o($-33) 
(d) None of these 


The 3-dimensional vectors v,, V2, V3 satisfying 

V1-V, = 4,Vy.V2 =-2.V1.V3 =6,V9.V_ =2,V2.V3 =—5, 
V3.V3 =29, then v3, may be 

(a) -31 + 2] + 4k (b) 3i —2j + 4k 

(c) -21 + 3] + 4k (d) 21+ 33+ 4k 


The points i= j +3k and 3i+ 3j +3k are equidistant 
from the plane r. (5i + 2j - 7k) +9 =0, then they are 


(a) on the same sides of the plane 

(b) parallel of the plane 

(c) on the opposite sides of the plane 
(d) None of the above 


A, B,C, D are four points in space. Then, 
AC” 4+ BD* +.AD* + BC* = 


1 1 
(a) AB? + CD* (b —— 

) ; F AB’ CD? 
(c) Ch? = An? (d) None of these 


Hf| x1|>|y1] + |2al-|y2l> 1x21 +1221, 1zal>1x31 +1 ysb 
then mit yij+zik, xoit yoptZok and 
x3ity3j+Z3k are 


(b) collinear 
(d) non-coplanar 


(a) perpendicular 
(c) coplanar 


The position vector of the point of intersection of three 
planes r.n, =q;,r.-n, =q2,¥r.n3 =q3, where n,,n, 
and n3 are non-coplanar vectors, is 
1 
(a) ———— [qs (m X ng) + q (mg X n3) + go (m3 X n;)] 
[n; n, ns] 
1 


(b) ————~ [q (ny X nq) + gz (nz X ng) + G3 (Ng X y)] 
[n, n, ns] 


(c) -— 


[n3 n, nz] 
(d) None of the above 


[q (ny X nz) + gz (My X n3) + gs (Ns X n))] 


A pentagon is formed by cutting a triangular corner 
from a rectangular piece of paper. The five sides of the 
pentagon have length 13, 19, 20, 25 and 31 not 
necessarily in that order. The area of the pentagon is 
(a) 459 sq units (b) 600 sq units 

(c) 680 sq units (d) 745 sq units 


80. 


81. 


82. 


83. 


84. 


85. 
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In a three dimensional coordinate system P, Q and Rare 


images of a point A(a, b,c) in the XY they YZ and the ZX 
planes respectively. If G is the centroid of triangle POR, 
then area of triangle AOG is (O is the origin) 

(a) 0 (b) a? +b? +c? 

(c) (a! +b? +c”) (d) None of these 


A plane 2x + 3y + 5z = 1has a point P which is at 


minimum distance from line joining 


A(1, 0, — 3), B(1, — 5,7), then distance AP is equal to 

(a) 3V5 b) 2v5 

(c) 45 (d) None of these 

The locus of a point which moves in such a way that its 


ay 


. i x Zz. A ; 
distance from the line — = ~ = —— is twice the distance 
1 1 


on the eas x+y+z=0is 


(a) x? + y? +z? -5x—3y —3z =0 
(b) x? +y? +2? + 3y +3z=0 
(c) x° + y? +2? —5xy —3yz —32x =0 
(d) x° + y? +27 + 5xy + 3yz + 3zx =0 


A cube C = {(x, y, z)| 0S x, y,zS lh is cut by a sharp knife 
along the plane x = y, y=z, z= x. If no piece is moved 
until all three cuts are made, the number of pieces is 

(a) 6 (b) 7 

(c) 8 (d) 27 

A ray of light is sent through the point P(1, 2,3) and is 
reflected on the XY-plane. If the reflected ray passes 
through the point Q(3, 2,5), then the equation of the 
reflected ray is 


x3. yo! <2-9 x3 pod. 25 
a = b = = 
@) 0 1 ©) 1 0 -4 
¥=3 you2 _ 2=5 y-2 2-3 
c = = d = = 
©) 1 0 4 @) 1 0 4 


A plane cutting the axes in P, Q, R passes through 
(a—B8,B —y, y — @). If O is the origin, then locus of 
centre of sphere OPQR is 

(a)ax+ By + yz=4 


(b)(@ -B)x + B-y)y +(y¥-a)z =0 

(c)(@ —B)yz + B= yex + (¥-Q)xy = 2xyz 
1 1 1 

a2 : B? : 7 x y' +2°)=xyz 


The shortest distance between any two opposite edges 
of the tetrahedron formed by planes x + y=0, y+z=0, 
Z+x=0x+ty+z=a is constant, equal to 


2a 

(a) 2a (b) Ve 
a 2a 
wile ae 


87. 


88. 


89. 


90. 


91. 


92. 


97. 


Chap 03 Three Dimensional Coordinate System 235 


The angle between the pair of planes represented by (a) the direction cosines of three mutually perpendicular 
equation 2x? — ay” +42" + 6xz+ 2yz + 3xy = 0is Epes 

(b) the direction ratios of three mutually perpendicular lines 
(a) cos (:) (b) cos (+) which are not direction cosines 


(c) the direction cosines of three lines which need not be 


(c) cos" (=) (d) cos”! (=) perpendicular 
: os (d) the direction ratios but not the direction cosines of three 


Let (p, g, r) be a point on the plane 2x + 2y + z =6, then lines which need not be perpendicular 
the least value of p 2 q 2 4 Pr? is equal to 93. If ABCD is a tetrahedron such that each AABC, AABD 
(a) 4 (b) 5 (c) 6 (d) 8 and AACD has a right angle at A. If ar(AABC) = ky, 
ar (AABD) = ky, ar(ABCD) = k3, then ar (AACD) is 
The four lines drawing from the vertices of any kkk 
tetrahedron to the centroid of the opposite faces meet in (a) Jke ++ kb (b) /—7223 
a point whose distance from each vertex is ‘k’ times the eek 
distance from each vertex to the opposite face, where k (c) | kp + ki —K | 
a 1 1 3 5 94. In a regular tetrahedron, if the distance between the 
(a) 3 x) 2 i?) a id) 4a mid-points of opposite edges is unity, its volume is 
The shortest distance from (1, 1, 1) to the line of (a) ; (b) ; 
intersection of the pair of planes xy + yz + zx + y* =Ois 1 1 
: 9 1 2 (c) Vo (d) 62 

(a) .|— (b) (c) = (d) — 

v3 v3 2 95. A variable plane makes intercepts on X,Y and Z-axes 
The shortest distance between the two lines L; : x =k; and it makes a tetrahedron of volume 64 cu. u. The locus 


y=k, and Ly :x=k3; y=kz, is equal to of foot of perpendicular from origin on this plane is 
HK 2°X=K3;y=hq 


(a)| /k? + ke — ke + ki | (b) fk, + koky 
(0) Oki + ks) + (he + ka)? @ Vk —s)? + (ek? aye 08 , 
bey ay ar iQweys (2 142) = 16 
x y Zz 
(d) xyz (x+y+z)=81 


(a) (x? + y? +z”)? =384 xyz 


A=|Il, mz, nzlandB=|p. q2 r2|,where 


I; m3 nz P3 43 13 96 


. If P,Q, R,S are four coplanar points on the sides AB, BC, 
Pi» Qi»¥; are the cofactors of the elements /;, m;,n; for AP BQ CR DS 
i=1,2,3.If(1,, m,,n,),(1.,m ,n,)and(l,,m,,n3) are CD, DA of a skew quadrilateral, then —-—~-—-— 
the direction cosines of three mutually perpendicular PB Oe RDS 
lines, then (p1,91,171),(P2,42,12) and (p3,q3,13) are equals 
(a) 1 (b)-1 (c) 3 (d) -3 


Three Dimensional Coordinate System Exercise 2 : 
More than One Correct Option Type Questions 


Given the equations of the line 3x — yt+z+1=0 and (c) Equation of the plane through (2, 1, 4) and perpendicular 


5x + y + 3z=0. Then, which of the following is correct ? a a ae 


(a) Symmetrical form of the equations of line is (d) Equation of the plane through (2, 1, 4) and perpendicular 
1 5 to the given lines is x + y —2z+5=0. 


wo 8 8 98. Consider the family of planes x + y + z=c where c is a 
¢ sc ; ; a parameter intersecting the coordinate axes at P,Q and R 
(b) Symmetrical form of the equations of line is and a, B and ¥ are the angles made by each member of 
al 5 ‘ P : a : 
x+=> yrs this family with positive x, y and z-axes. Which of the 


ji 8 = = a = = following interpretations hold good for this family? 
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(a) Each member of this family is equally inclined with 
coordinate axes. 

(b) sin? @ + sin’ B + sin? y=1 

(c) cos” & + cos’ B + cos’ y =2 

(d) For c =3 area of the APOQR is 33 sq units. 

Equation of the line through the point (1, 1, 1) and 


intersecting the lines 2x —-y—z-2=0=x+y+z-1 
and x —y-—z-3=0=2x+4y-z-4 


(a) x -1=0,7x + 17y —3z —134=0 
(b) x -1=0,9x + 15y —5z -19=0 
-1 -1 
(c) x 1=0,2 == 
1 3 


(d) x —2y + 2z -1=0,9x + 15y —5z -19=0 


Through a point P (h,k,1) a plane is drawn at right 


angles to OP to meet the coordinate axes in A, Band C. If 


OP = p, Axyis area of projection of AABC on xy-plane, 
Ay, is area of projection of AABC on yz-plane, then 
3 5 A A 

p lo w a|EI fq Ao =| 


p 
hkl 2hkl | Ay. | h| 7 | 


yz 


(a) A= 


(b) A = 


‘Vz 


Which of the following statements is/are correct? 

(a) If n.a = 0, n.b = 0 and n.c = 0 for some non-zero vector n, 
then [a b c] =0 

(b) There exist a vector making angles 30° and 45° with x-axis 
and Y-axis. 


(c) Locus of point for which x =3 and y = 4is a line parallel to 


the Z-axis whose distance from the Z-axis is 5 

(d) The vertices of regular tetrahedron are O, A, B, C where 
‘O’ is the origin. The vector OA + OB + OC is 
perpendicular to the plane ABC 


Which of the following is/are correct about a 

tetrahedron ? 

(a) Centroid of a tetrahedron lies on lines joining any vertex 
to the centroid opposite face 

(b) Centroid of a tetrahedron lies on the lines joining the mid 
point of the opposite faces 

(c) Distance of centroid from all the vertices are equal 

(d) None of the above 


A variable plane cutting coordinate axes in A, B,C is at a 


constant distance from the origin. Then the locus of 
centroid of the AABC is 


(a)x + y? +z =16 (b) x? + y? +27 =9 


olf = | =0(d)X+Y=0 


x" yo Zz 


— x; 


: ae : x 
Equation of any plane containing the line 
a 


V7 _ 474% 
b c 


then pick correct alternatives 


is A(x—x,)+ Bly—y,)+C(z-z,)=9, 


105. 


106. 


107. 


108. 


109. 


110. 


(a) 2 = : = = is true for the line to be perpendicular to the 
a c 
plane 


(b) A(a+3)+ B(b-1)+ C(c—-2)=0 

(c) 2aA + 3bB + 4cC =0 

(d) Aa + Bb+Cc=0 

2 ytl1l_z- 
2 —1 

x? +y" =r’,z=0then 


sie 
intersects the curve 


The line oe 
3 


(a) Equation of the plane through (0, 0, 0) perpendicular to 
the given line is3x + 2y —z =0 

(b) r = V26 (c)r=6 

(d) r=7 

A vector equally inclined to the vectors i- j +k and 

i+ j ~ k then the plane containing them is 


(a) 


i+j-k p.4-% 
a (b)j-k 


Consider the plane through (2, 3, — 1) and at right angles 


(c) 21 (d)i 


to the vector 3i— 4j +7k from the origin is 


(a) The equation of the plane through the given point is 
3x —4y +7z+13=0 


1 
b) perpendicular distance of plane from origin —= 
(b) perp Pp aT 

13 
c) perpendicular distance of plane from origin —— 
(c) perp Pp ar 

21 
d) perpendicular distance of plane from origin —— 
(d) perp Pp on 4 


A plane passes through a fixed point (a, b, c) and cuts the 


axes in A, B,C. The locus of a point equidistant from 
origin, A, B and C must be 


(a) ayz + bzx + cxy =2xyz pet ag 
x y « 

nea ae Ca aoe 
x YY =z x y Zz 


Let A be vector parallel to line of intersection of planes 

P, and P,. Plane P, is parallel to the vectors 2j +3k and 

4j —3k and that P, is parallel to j -k and3i+ 3], then 

the angle between vector A and a given vector 

2i + j—2k is 
1 


(a) a 


31 


1 
(b) 2 ; 


Tl 
(c) 3 (d) 


Consider the lines x = y = z and the line 
2x +yt+z-1=0=3x+y+2z—2, then 


‘é ‘ aa 
(a) the shortest distance between the two lines is — 


V2 
(b) the shortest distance between the two lines is V2 


(c) plane containing 2nd line parallel to 1st line is y—z+1=0 


3 
(d) the shortest distance between the two lines “ 


111. 


112. 


113. 


114. 


115. 


116. 


117. 


118. 


If p1, P2, p3denote the perpendicular distances of the 
plane 2x — 3y + 4z +2=0 from the parallel planes. 

(a) Pi + 8p, — ps = 0 (b) ps = 16p, 

(c) 8P2 = Pi (d) py + 2p, + 3p = 29 

A line segment has length 63 and direction ratios are 3, 
—2,6. The components of the line vector are 


(a) -27, 18, 54 (b) 27, -18, 54 
(c) 27, -18, 54 (d) -27, 18, -54 

= 2, -3 -—4 =] -—4 =5 
The lines . wr = and é mes Oh 

1 1 —k k 2 1 


are coplanar if 
(a)k=0 (b)k =-1 
(c)k =2 (d)k=-3 


The points A (4, 5, 10), B (2,3, 4) and C (1, 2, — 1) are three 


vertices of a parallelogram ABCD, then 
(a) Vector equation of AB is 2i+ 3j+ 4k + A (i+ j + 3k) 
x-2 y-3_z-4 


(b) Cartesian equation of BC is ; z 


(c) Coordinates of D are (3, 4, 5) 
(d) ABCD is a rectangle 


The line x = y =z meets the plane x + y+ z=1at the 
point P and the sphere x” +y” +z” =1at the points R 
and S, then 


(a) PR + PS =2 (b) PR x PS == 


(c) PR = PS (d) PR + PS = RS 


A rod of length 2 units whose one end is (1, 0, — 1) and 
other end touches the plane x — 2y + 2z + 4=0, then 


(a) The rod sweeps the figure whose volume is 7 cubic units. 

(b) The area of the region which the rod traces on the plane is 
27. 

(c) The length of projection of the rod on the plane is V3 units. 

(d) The centre of the region which the rod traces on the plane 


Consider the planes P, :2x +y+z+4=0 
P,:y—z+4=0and P; :3x+2y+z+8=0 

Let L,, Lz, L3 be the lines of intersection of the planes 
P, and P;, P; and P,, and P, and P, respectively. Then, 
(a) at least two of the lines L,, L, and L; are non-parallel 

(b) at least two of the lines L,, L, and L; are parallel 

(c) the three planes intersect in a line 

(d) the three planes form a triangular prism 


The volume of a right triangular prism ABCA, B,C, is 
equal to 3. Find the coordinates of the vertex Aj, if the 
coordinates of the base vertices of the prism are 

A(1, 0, 1), B(2, 0,0) and C (0, 1, 0). 

(a) (— 2, 0, 2) (b) (0, — 2, 0) 

(c) (0, 2, 0) (d) (2, 2, 2) 
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119. 


120. 


121. 


122. 


123. 


124. 
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Let a plane pass through origin and is parallel to the line 
x-1 yt3 z+! 
2 =f —2 


such that distance between plane 


and the line is az Then, equation of the plane is ........ . 
3 


(a) x —2y + 2z =0 
(c)2x+2y+z=0 


(b) x —2y —2z =0 

(d)xt+ty+z=0 

OABC is a regular tetrahedron of side unity, then 

(a) the length of perpendicular from one vertex to opposite 
face is J2/3 

(b) the perpendicular distance from mid-point of OA to the 
plane ABC is1/ V6 

(c) the angle between two skew edges is 1 /2 

(d) the distance of centroid of the tetrahedron form any 


vertex is ¥3/8 
If OABC is a tetrahedron such that 
OA? + BC? = OB? +CA* =OC? + AB’, then 
(a) OA L BC (b) OB L AC 
(c) OC L AB (d) AB LAC 


If the line Peace intersects the line 
2 


SB? +0 — day +2 =3=— “foo + 3(1 ~ 2B)y + 22 


then point (a, B, 1) lie on the plane 
(b)x+y-—z=2 
(d)2x-y=0 


(a)2x-y+z=4 
(c)x-—2y =0 
Let PM be the perpendicular from the point P(1, 2, 3) to 
XY plane. If OP makes an angle @ with the positive 
direction of Z-axis and OM makes an angle @ with the 
positive direction of X-axis, where O is the origin and 0 
and @ are acute angles, then 


(a) tan® = “ (b) sin 8 sin @ = a 
(c) tand =2 Ce 


J14 


A variable plane which remains at a constant distance P 


from the origin (0) cuts the coordinate axes in A, B,C 
(a) Locus of centroid of tetrahedron OABC is 
22 16 ARE 


2,2 = 
Yu + 2x" => xyz 


22 
xy 


(b) Locus of centroid of tetrahedron OABC is 


2.2 22 2202 
yrrex= 


4 
yey z 


paey, 
xy 
(c) Parametric equation of the centroid of the tetrahedron is 
P P P 
of the form [Fseca sec Preece cosec B, z cosec a 


a, B €(0, 2x) — {x /2, 2, 30/2} 
(d) None of the above 
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Three Dimensional Coordinate System Exercise 3 : 


~ Statement | and II Type Questions 


= Directions (Q. Nos. 125 to 138) For the following 
questions, choose the correct answers from the codes (a), 
(b), (c) and (d) defined as follows : 


125. 


126. 


127. 


128. 


129. 


(a) Statement I is true, Statement II is also true; Statement II 
is the correct explanation of Statement I 

(b) Statement I is true, Statement II is also true; Statement II 
is not the correct explanation of Statement I 

(c) Statement I is true, Statement II is false 


(d) Statement I is false, Statement II is true 

Statement I Let A (i + j + k) and B (i - j + k) be two 
points, P (2i + 3j + k) lies exterior to the sphere with AB 
as one of its diameters. 

Statement II If A and Bare any two points and Pisa 
point in space such that PA. PB > 0, then the point P 
lies exterior to the sphere with AB as one of its 
diameters. 

Statement I If r= xi + yj + zk, then equation 

rx (2i - j + 3k) =3i+k represents a straight line. 
Statement II If r= xi+ yj + zk, then equation 

rx (i + 2j - 3k) =2i- j represents a straight line. 
Statement I Let 0 be the angle between the line 

x-2 y-l1l_zt 


2 
and the plane x + y—z=5. 
2 -3 —2 


» 1 
Then, 0 =sin’ (4) 
V51 
Statement II Angle between a straight line and a plane 
is the complement of angle between the line and normal 
to the plane. 


Statement I A point on the straight line 2x + 3y — 4z =5 


and 3x — 2y + 4z =7 can be determined by taking x =k 
and then solving the two equations for y and z, where k 
is any real number. 


Statement II If c’ # kc, then the straight line 
ax + by+cz+d=0, Kax + Kby+c’z+d’ =0, does not 


intersect the plane z =a, where @ is any real number. 
: : ie el =3- 2 
Let the line L having equation =V""= ; 
2 R) ) 
intersects the plane P, having equation x — y+z=5at 


the point A. 

Statement I Equation of the line L’ through the point 
A, lying in the plane P and having minimum inclination 
with line Lis 8x +y—-—72-—4=0=x-y+z-5 


Statement II Line L’ must be the projection of the line 
L in the plane P. 


130. 


131. 


132. 


133. 


134. 


135. 


136. 


x-4 yt5 z-1 
= a a 
4 -3 1 8 2 
Statement I The lines intersect. 


Given lines 


Statement II They are not parallel. 


Consider the lines L;}:r=a+A bandL,:r=b+ a, 
where a and b are non-zero and non-collinear vectors. 


Statement I L, and L, are coplanar and the plane 
containing these lines passes through origin. 


Statement II (a — b).(b X a) =0 and the plane containing 
L, and L, is [ra b]=0 which passes through origin. 
Statement I P is a point (a,b,c). Let A, B, C be the 
images of Pin yz, zx and xy planes respectively, then 


equation of the plane passing through the points 


A, Band Cis~ 4% 47 =1 
a be 


Statement II The image of a point Pin a plane is the 
foot of the perpendicular drawn from P on the plane. 
Statement I The locus of a point which is equidistant 
from the points whose position vectors are 3i — 2j + 5k 
and i+2j—kis r(i-2j+3k)=8 

Statement II The locus of a point which is equidistant 
from the points whose position vectors are a and b is 


~227| (a—w)=0 


r 


Statement I If the vectors a and care non-collinear 
then the lines r = 6a — c+ A (2c —a) and 
r=a—c+U (a + 3c) are coplanar. 


Statement II There exist A and Ut such that the two 
values of r in Statement I becomes same. 


= +1 
Statement I The lines > = 2 =* ~~ and 
—-1 1 
x-2 +1 
Ree eV a2 are coplanar and equation of the plane 
1 2 3 


containing them is 5x + 2y —3z-—8=0 
x-2 +1 

Se le 
2 3 
perpendicular to the plane 3x + 6y + 9z —-8=0and 
parallel to the plane x + y—z=0 


Statement II The line 


The equation of two straight lines are 
x= Il +3. z-2 x-2 =i 23 
=*"= and =". : 
2 1 =3 1 = 2 


Statement I The given lines are coplanar. 


Statement II The equations 2x, — y, =1,x, +3y, =4 
and 3x, + 2y, =5are consistent. 


137. Statement I A plane passes through the point 
A (2,1, —3). If distance of this plane from origin is 
maximum, then its equation is 2x + y —3z = 14. 


Statement II Ifthe plane passing through the point 
A (a) is at maximum distance from origin, then normal 
to the plane is vector a. 
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138. Statement I At least two of the lines L,, L, and L; are 
non-parallel. 


Statement II The three planes do not have a common 
point. 


Three Dimensional Coordinate System Exercise 4: 


~ Passage Based Questions 


Passage I 
(Q. Nos. 139 to 142) 
Let A (1, 2,3), B (0, 0,1) and C(-1, 1, 1) are the vertices of 
A ABC. 


139. The equation of internal angle bisector through A to side 
BC is 


i+ 2] + 3k +p (3i + 2j+ 3k) 
b)r=i+2j)+3k+p (Gi + 45+ 3k) 
i+2j+3k+ (i+ 3j + 2k) 
i+ 2}+3k+p(3i+3j+ 4k) 


140. The equation of altitude through B to side AC is 


(a)r =k +t(7i - 10} + 2k) 
(b) r =k +t (-7i + 10} + 2k) 
(c)r =k+t(7i —10j —2k) 
(d) r =k+1t(7i+ 10j + 2k) 


141. The equation of median through C to side AB is 


(a)r =-i+ j+k+ p(i-2k) 
(b)r=-i+ j+k+ p(3i+ 2k) 
(c)r =-i+ j+k+ p(-3i+ 2k) 
(d) r=-i+ j+k+ p(3i+2}) 
142. The area of (AABC) is equal to 
9 N17 17 7 
(a) 2 (b) a (c) - (d) 2 
Passage II 


(Q. Nos. 143 to 144) 
Consider a plane x + y— z=1and the point A (1,2, —3). 
A line L has the equation x =1+3r, y=2-r, z=3+4r 


143. The coordinate of a point B of line L, such that AB is 
parallel to the plane, is 
(a) (10, —1, 15) 
(c) (4, 1,7) 


144, Equation of the plane containing the line L and the point 
A has the equation 
(a)x-3y +5=0 
(c)3x-y-1=0 


(b) (-5, 4, —5) 


(b) x + 3y -7=0 
(d)3x+y-5=0 


Passage III 
(Q. Nos. 145 to 148) 
Consider a triangular pyramid ABCD the position vector of 
whose angular points are A(3, 0,1), B(-1, 4, ), C(5, 2, 3) and 
D(0, —5, 4). Let G be the point of intersection of the 
medians of the ABCD. 


145. The length of the vector AG is 


oi m2 of @® 
3 9 4 
146. Area of the AABC (in sq units) is 


(a) 24 (b) 8V6 
(c) 476 (d) None of these 
147. The length of the perpendicular from the vertex D on 
the opposite face is 
14 2 
ai b) 
(a) a7 (b) a7 
(c) x (d) None of these 


148. Equation of the plane ABC is 
(a)x+y+2z=5 (b) x -—y-—2z=1 
(c)2x+y—-2z=4 (d)x+y-2z=1 


Passage IV 
(Q. Nos. 149 to 151) 

A line L, passing through a point with position vector 

p=i+2j+3k and parallel a=i+2j+3k, Another line Ly 

passing through a point with position vector =2i +3j+3k 
and parallel to b=3i+ j+2k. 

149. Equation of plane equidistant from line L, and L, is 
(a)@.(i-7j-5k)=3 — (b) #. (i + 77 + 5K) =3 
(c)?.(i-7j-5k)=9 (a) #. (i + 77 -5k) =9 

150. Equation of a line passing through the point (2, —3, 2) and 
equally inclined to the line L, and L, may be equal to 


x-2 y-3 z-2 x-2 
a = = b =y+3=z-2 
(= =X =F way 

¥-—2 PS, 2°35 x+2 ss ee 
(== (@) —"=* = 

—4 3 2 4 3 —5 
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151. The minimum distance of origin from the plane passing 
through the point with position vector p and 
perpendicular to the line L» is 


7 
(a) V14 (b) Vi4 
ie a ti) Mone or these 


Passage V 
(Q. Nos. 152 to 154) 


For positive l, m and n, if the planes x =ny+mz, y= Iz + nx, 
z=mz + lyintersect in a straight line, then 


152. 1, m and n satisfy the equation 


(a)l? +m? +n? =2 (b) 2 + m? +n? + 2lmn=1 
()? +m? +n’? =1 (d) None of these 
153. cos-'1+ cos’ m+ cos’ nis equal to 
(a) 90° (b) 50° 
(c) 180° (d) None of these 


y 


154, The equation of the straight line is * = ¥=* where the 
a 


c 
ordered traid (a, b, c) is 


ator, ji-m, ji-n 


(b) l,m andn 


1 
(c) Spee Laer and 


(d) None of the above 


n 
ji-n 


Passage VI 
(Q. Nos. 155 to 157) 


Ifa =6i+7j+7k, b=3i +2j—2k, P(I, 2, 3) 

155. The position vector of L, the foot of the perpendicular 
from P on the line r=a + Ab is 
(a) 61 + 7) + 7k (b) 31 + 2j -2k 
(c)3i + 5j+ 9k (d) 91 +93 +5k 


156. The image of the point P in the line r=a + Ab is 
(a) (11, 12, 11) (b) (5, 2, —7) 
(c) S, 8, 15) (d) (17, 16, 7) 

157. If A is the point with position vector a then area of the 
triangle APLA is sq. units is equal to 


(a) 36 (b) a 
(c) Vi7 @) a 
Passage VII 


(Q. Nos. 158 to 160) 
A(—2,2,3) and B(13,—3,13) and Lis a line through A. 


158. A point P moves in the space such that 3PA = 2PB, then 
the locus of P is 
(a) x’ + y° +27 + 28x -12y + 10z — 247 =0 
(b) x? + y? +z? — 28x + 12y + 10z —247 =0 
(c) x? + y? +z" + 28x —12y —10z + 247 =0 
(d) x? + y? +z” — 28x + 12y -10z + 247 =0 

159. Coordinates of the point P which divides the join of A 
and Bin the ratio 2:3 internally are 


33 2 
(a) & =e 7 (b) (4, 0,7) 


32 12 17 
c)| —,-=, — 
o(% 5 =) 


160. Equation of a line L, perpendicular to the line AB is 


(d) (20, 0, 35) 


x+2 = 2 2 =3 
(a) -=2 == 
3 —5 10 
+2 _2 +3 
(b) == =2 
3 13 2 
x42 =2 22 =3 
(:) = => = 
3 13 2 
x= 2 +2 243 
(d) —- => *-= 
15 —5 10 
Passage VIII 


(Q. Nos. 161 to 163) 


The vector equation of a plane is a relation satisfied by 
position vectors of all the points on the plane. If P is a 
plane and nis a unit vector through origin which is 
perpendicular to the plane P then vector equation of the 
plane must be r.n=d where d represents perpendicular 
distance of plane p from origin. 


161. If A is a point vector a then perpendicular distance of A 
from the plane r.n = d must be 


b)|d —an| 
(d) |d -4| 


(a) |d + an| 
(c) |al —d| 

162. If b be the foot of perpendicular from A to the plane 
r.n=d thenb must be 
(ajat+(d-ah) a 
(c)jlat+an 


(b)a-(d-a.n)n 
(dja-an 


163. The position vector of the image of the point a in the 
plane r.n=d must be (d #0) 
(a) a. (b)a —2Ad —a.A)a 
(c)a+Ad-aa)a (d)a + d(-a.f) 


Passage IX 
(Q. Nos. 164 to 166) 
A circle is the locus of a point in a plane such that its 
distance from a fixed point in the plane is constant. 
Anologously, a sphere is the locus of a point in space such 
that its distance from a fixed point in space is constant. 


The fixed point is called the centre and the constant 
distance is called the radius of the circle/sphere. 

In anology with the equation of the circle | z—c|=a, the 
equation of a sphere of radius a is |r — ¢|=a, where cis the 
position vector of the centre and r is the position vector of 
any point on the surface of the sphere. In Cartesian system, 
the equation of the sphere, with centre at (— g, — f, —/) is 
ae +e +29x +2 fvt+2hz+c=0and its radius is 


AP? 4p? 4 =e 
164. Radius of the sphere, with (2, — 3, 4) and (— 5, 6, — 7) as 


extremities of a diameter, is 


251 251 
Oe Cry 
251 251 
OVE eS 


165. The centre of the sphere 
(x—4)(x + 4)+(y—3)(y +3) +z? =0is 
(a) (4, 3, 0) (b)(— 4,-3.0) 
(c) (0, 0, 0) (d) None of these 
166. Equation of the sphere having centre at (3, 6,— 4) and 
touching the plane r-(2i - 2j = k) = 10, is 
(x —3)? +(y- 6)? +(z+ 4) =k’, where k is equal to 
(a) 3 (b) 4 
(c) 6 (d) V17 


Passage X 
(Q. Nos. 167 to 168) 
Let A(2, 3,5), B(—1, 3,2), C(A, 5, W) are the vertices of a 
triangle and its median through A (i.e.) AD is equally 
inclined to the coordinates axes. 


On the basis of the above information answer the following 
167. The value of 2A —U is equal to 

(a) 13 (b) 4 

(c) 3 (d) None of these 
168. Projection of AB on BC is 


8v3 — 83 
(a) rh (b) Fr 
(c) — 48 (d) 48 
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Passage XI 
(Q. Nos. 169 to 171) 


The line of greatest slope on an inclined plane P, is that 
line in the plane which is perpendicular to the line of 
intersection of plane P, and a horizontal plane P3. 


169. Assuming the plane 4x — 3y + 7z =0to be horizontal, the 


direction cosines of the line of greatest slope in the 
plane 2x + y—5z=Oare 


3-1 1 ¢ 4 <4 
(a) (Fe ate Fa) ' (+. = 


170. The equation of a line of greatest slope can be 


x yz x y Zz 
a)-—-=-—- =— b) —=— = — 
@; Is =] O =a 

x  y_z x y_ Zz 
CC) = = = d)— =2=—_— 
OT; 1 1 @ 3 -1 


171. The coordinates of a point on the plane 2x + y —5z =0is 


vV11 units away from the line of intersection of the given 
two planes are 


(a) 3, 1, — 1) 
(c) 3, — 1, 1) 


(b) (— 3, 1, 1) 


Passage XII 
(Q. Nos. 172 to 174) 
Given four points A(2, 1,0), B(1, 0,1), C(3, 0, 1) and 
D(0, 0, 2). Point D lies on a line L orthogonal to the plane 
determined by the points A, B and C. 


172. The equation of the plane ABC is 
(a)x+y+z-3=0 (b) y+z-1=0 
(c)x+z-1=0 (d)2y+z-1=0 

173. The equation of the line L is 
(a) r =2k + AG +k) 

(b) r =2k + AQ}+ k) 
(c)r =2k + AG +k) 
(d) None of the above 


174. The perpendicular distance of D from the plane ABC is 
(a) J2 (b) 1/2 
(c) 2 (d)1/ V2 
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Three Dimensional Coordinate System Exercise 5: 


~ Matching Type Questions 


175. Consider the following four pairs of line in Column I 
and match them with one or more entries in Column II. 


Column I Column II 
(A) Lyx =1+t,y=t,z=2-5t 
Ly:r = (2, 1, -—3)+ A(2, 2, -10) 


(B) pe yo3_ 2-2 


(p) non-coplanar 
lines 


(q) lines lie ina 


2 2 -1 unique plane 
xX-2_ y-6_2z+2 
aa -l1 -l 
(C) Ly:x =—-6t, y= 1+ 9t,z =—3t (r) infinite planes 
Lx =1+2s,y=4-3s,z=5 containing both 
the lines 
(D) ,.*_ 7! _ 2-2 (s) lines are not 
“ 2 3 intersecting at a 
pe _ y-2 23) unique point 
—4 =3 2 


176. P(0,3,—2), O(3,7,-1) and R(1,—3,—1) are 3 given points. 
Let L, be the line passing through P and Q and L, be the 
line through R and parallel to the vector V=i+ k. 


Column I Column II 
(A) Perpendicular distance of P from Z, (p) 7V3 
(B) Shortest distance between L; and, (q) 2 
(C) Area of the APOR (r) 6 
(D) Distance from (0, 0,0) tothe plane (s) 19 _ 
POR 147 


177. Match the statements of Column I with values of 


Column II. 
Column I Column II 
(A) te the tine Zt = 241 224" hies in © gin-t | 6 
1 =2 25 
the plane 3x — 2+ 5z=0, then A is 
equal to 
(B) If (3, A, L) is a point on the line (q) _7 
2x+ y+z-3=0=x-2y+z-1 then 5 
A + LL is equal to 
(C) The angle between the line x = y=z (r) -3 
and the plane 4x — 3+ 5z=2is 
(D) The angle between the planes (s) 1/8 
x+ y+z=0Oand 3x -4y+ 5z=0 on 5 


178. Consider the lines given by L, : x +3y—5=0, 
Ly :3x-—ky-—1=0Oand L; :5x+2y—12=0. 


Match the statement of Column I with values of Column 
IL. 


Column I Column II 


(A) L,, L, and L; are concurrent, if (P) ,= 9 _6 5 
> 


(B) One of L;, Ly and L; is parallelto  (q) , __ 6 9 
atleast one of the other two, if 5° 
(C) L,, Ly and L; form a triangle, if () pe 5 
6 
(D) L,, 2, and L; do not form a (s) k=5 
triangle, if (t) k=0 


179. A variable plane cuts the x, y and z-axes at the points, 
A, Band C, respectively such that the volume of the 
tetrahedron OABC remain constant equal to 32 cu units 
and O is the origin of the coordinate system. 


Column II 
(p) xyz = 24 


Column I 


(A) The locus of the centroid of the 
tetrahedron is 


(B) The locus of the point equidistant 
from O, A,B andC is 


(q) (7? + +27) 
= 192 xyz 
(C) The locus of the foot of 


perpendicular from origin to the 
plane is 


(D) If PA, PB and PC are mutually 
perpendicular, then the locus of P is 


(r) xyz=3 


(s) (x? + a + 2y 
= 1536 xyz 


180. Match the statements of Column I with values of 
Column IL. 


Column I Column II 


(A) The area of the triangle whose vertices (p) 0 
are (0, 0, 0) (3, 4, 7) and (5, 2, 6) is 


(B) The smallest radius of the sphere (q) 70 
passing through (1, 0, 0), (0, 1, 0) and 3 


(0, 0, 1) is 
(r) Aa 
3 


(C) The value(s) of A for which the 
triangle with vertices 
A(6., 10, 10) BC, 0, — 5) and 
C(6, —10, 2) will be a right angled 
triangle (right angled at A) is/are 


(D) d is the perpendicular distance from (s) 3 J65 
fice ae SS SF thes 2 
-1 1 1 
d 
value of —— 
2v3 
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181. Match the statements of Column I with values of Column II. Consider the cube 


Column I 


(A) Angle between any two solid diagonal 


(B) Angle between a solid diagonal and a plane 


(C) Angle between plane diagonals of adjacent faces 


(D) The values of |a x b| 


Column II 
(p) 


(q) 
(r) -1 


(s) 1 


Three Dimensional Coordinate System Exercise 6: 


~ Single Integer Answer Type Questions 


182. 


183. 


184. 


185. 


186. 


187. 


188. 
189. 


190. 


191. 


In a tetrahedron OABC, if OA = i, OB=i+ j and 
OC=i+ 2j +k, if shortest distance between edges OA 
and BC is m, then 2m is equal to ... (Where O is the 
origin) 

A parallelopiped is formed by planes drawn through the 
points (2, 4, 5) and (5, 9, 7) parallel to the coordinate 


planes. The length of the diagonal of the parallelopiped 
1S esescte2 


If the perpendicular distance of the point (6, 5, 8) from 
the Y-axis is 5A units, then A is equal to ......... 


If the shortest distance between the lines 
=3 -—8 -3 +3 +7 —6. 

. aw af and ~ ad a is 1/30 
3 -1 1 3 2 

units, then the value of A is ......... 


If the planes x — cy — bz =0, cx —y + az =Oand 
bx + ay — z =O pass through a line then the values of 
a +b? +67 + 20d iS cesses 


If xz-plane divide the join of point (2, 3, 4) and (1, — 1,5) in 
the ratio A : 1, then the integer 1 should be equal to 

If the triangle ABC whose vertices are 

A (-1, 1,1), B(1,—1,1) and C (1, 1, —1) is projected on 
xy-plane, then the area of the projected triangles is .......... 
The equation of a plane which bisects the line joining 

(1, 5, 7) and (—3, 1, -1) is x + y + 2z =A, then A must 

Be sai sasscies 


The shortest distance between origin and a point on the 
space curve x =2sint, y=2c0s t, Z =3t is... 


The plane 2x — 2y + z+12=0 touches the surface 
oo" +y° +27 -2x- 4y + 2z —3=0only at point 
(-1, A, — 2). The value of A must be 


192. 


193, 


194. 


195. 


196. 


197. 


198. 


199. 


If the centroid of the tetrahedron OABC where A, B,C 
are the points (a, 2, 3), (1, b, 2) and (2, 1, c) be (1, 2, 3), then 
the point (a, b, c) is at distance 5VX from origin, then A 
must be equal to ........... 


If the circumcentre of the triangle whose vertices are 
(3, 2, —5), (—3, 8, —5) and (—3, 2, 1) is (—1, A, —3) the integer 
A must be equal to ........... 


If P,P, is perpendicular to P, P;, then the value of k is, 
where P,(k, 1,—1), P,(2k, 0, 2) and P; (2+ 2k, k, 1) is... 
Let the equation of the plane containing line 
x-y-z-4=0=x+y+2z-4 and parallel to the line 
of intersection of the planes 2x + 3y +z =1and 
x+3y+2z=2be x + Ay+ Bz+C =0. Then the values 
of |A+B+C—-Alis ww. : 

Let P(a, b,c) be any point on the plane 3x + 2y + z=7, 


then find the least value of 2a” +b? +c”). 


The plane denoted by P, : 4x +7y + 4z +81=0is rotated 


through a right angle about its line of intersection with 
the plane P,:5x+3y+10z = 25. If the plane in its new 
position be denoted by P, and the distance of this plane 


from the origin is d, then the value of H (where [.] 


represents greatest integer less than or equal to k) is ...... 

The distance of the point P(—2, 3, — 4) from the line 

x+2  2y+3  3z+4 
3 4 

4x + 12y —3z+1=0is d, then find the value of (2d —8). 


measured parallel to the plane 


The position vectors of the four angular points of a 
tetrahedron OABC are (0, 0, 0), (0, 0, 2), (0, 4, 0) and (6, 0, 0), 
respectively. A point P inside the tetrahedron is at the 
same distance ‘r’ from the four plane faces of the 
tetrahedron. Then, the value of 97 is 0.00.0... , 
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200. 


201. 


202. 


203. 


204. 
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Value of i do the planes x — y+z+1=0, 
Ax + 3y + 2z-3=0,3x+Ay+z-—2=0form a triangular 
prism must be 


If the lattice point P(x, y, z); x, y,z>Oand x, y,z€ I with 
least value of z such that the ‘P’ lies on the planes 
7x + 6y + 2z=272and x —y+z=16, then the value of 
(x+y+z-— 42) is equal to 
If the line x = y = z intersect the line 
xsin A+ ysinB+zsinC — 2d? =0 
=xsin2A+ ysin2B+zsinC — d’, where A, B, C are the 
internal angles of a triangle and sin a sin 2 sin Be k, 

2 2 2 
then the value of 64k is equal to 
The number of real values of k for which the lines 
x y-l_z aq k_ y-k_z 
1 k -1 2k 3k —-1 


2 ‘ 
are coplanar, is 


Let G,, G, and G, be the centroids of the triangular 
faces OBC, OCA and OAB of a tetrahedron OABC. If V; 


205. 


206. 


207. 


denotes the volume of tetrahedron OABC and V, that of 
the parallelepiped with OG,,OG, and OG; as three 
concurrent edges, then the value of 4V, / V, is (where O 
is the origin) 

A variable plane which remains at a constant distance p 
from the origin cuts the coordinate axes in A, B, C. The 
locus of the centroid of the tetrahedron OABC is 


k ; 
xy? +y?z2 4+27x? = — x? y?2*, then ¥/2k is 
P 


If (1,, m,,n,); (12, mz, nz) are D.C’s of two lines, then 
(1,mz —1,m,)? + (mn — m,n,)° 


+(nl, — Wali) + (Il, + mm, +nn,)’ = 


If the coordinates (x, y, z) of the point S which is 
equidistant from the points O(0, 0,0), A (n° , 0, 0) 
B(0,n*,0), C (0,0, n) obey the relation {x + y+z)+1=0. 


If ne Z, then|n|= 
function). 


(|. | is the modulus 


Three Dimensional Coordinate System Exercise 7 : 
Subjective Type Questions 


208. 


209. 


210. 


211. 


212. 


Find the angle between the lines whose direction 
cosines has the relation / + m+n=0Oand 
al? +2m? —n? =0. 


Prove that the two lines whose direction cosines are 
connected by the two relations al + bm + cn =0 and 


ul? + vm® + wn® =Oare perpendicular if 
a’(v+w)+b?(wtu)+c7(u+v)=0 


a” ok a 
and parallel if — +— +— =0. 
uv ow 


x+2 ytl_ z-3 
2 2 
distance of 3/2 from the point (1, 2, 3). 


ata 


Find the point on the line 


A line passes through (2, — 1,3) and is perpendicular to 

the lines r-(i+ j—k)+A(2i—2j+ k) and 

r= (2i - j - 3k) + wi + 2j + 2k) obtain its equation. 

Find the equations of the two lines through the origin 

x-3_y—3 
1 


which intersect the line 


=~ at angle of = 
3 


each. 


213. 


214. 


215. 


216. 


217. 


Vertices Band C of AABC lie along the 
x+2 y-1_z 

1 
given that A has coordinates (1, — 1, 2) and line segment 
BC has length 5. 


line 


— : Find the area of the triangle 
4 


A point P moves on the plane 4 ; +~ =1which is 
a c 

fixed. The plane through P perpendicular to OP meets 
the axes in A, Band C. The planes through A, B,C 
parallel to yz, zx, xy planes intersect in Q. Prove that if 
the axis be rectangular, then the locus of Q is 

1 1 1 1 1 1 

+—+—=—+—+ 

by cz 


ax 


Prove that the distance of the point of intersection of the 

x-2 ytl_ z- 
4 

from the point (—1, —5, — 10) is 13. 


line 


@ and the plane x = y42=8 


Find the equation of the plane through the intersection 
of the planes x + 3y + 6 =0 and 3x — y — 4z =0, whose 
perpendicular distance from the origin is unity. 


Find the equation of the image of the plane 
x —2y + 2z—-3=0in the plane x+y+z-1=0. 
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Three Dimensional Coordinate System Exercise 8 : 
~ Questions Asked in Previous Years Exam 


(i) JEE Advanced & IIT JEE 


218. 


219. 


220. 


221. 


222. 


Consider a pyramid OPQRS located in the first octant 


(x20, y20,z2 0) with O as origin and OP and OR along 
the X-axis and the Y-axis, respectively. The base OPQR of 
the pyramid is a square with OP =3. The point S is 
directly above the mid-point T of diagonal OQ such that 
TS = 3. Then, 

[More than One Correct Type Question, 2016 Adv.] 


(a) the acute angle between OQ and OS is . 


(b) the equation of the plane containing the AOQS is 
x-y=0 
(c) the length of the perpendicular from P to the plane 


3 
containing the AOQS is — 
Osa 


(d) the perpendicular distance from O to the straight line 


15 
containing RS is i 


Let P be the image of the point (3, 1, 7) with respect to 
the plane x — y+ z =3. Then, the equation of the plane 
passing through P and containing the straight line 
x YZ. 
—=-+=-is 
1 2 1 

[Single Option Correct Type Question, 2016 Adv.] 
(a)x+y—3z=0 (b)3x+z=0 
(c)x-—4y + 7z=0 (d)2x-y=0 


From a point P(A,A,A), perpendiculars PO and PR are 


drawn respectively on the lines y = x,z =1and 
y=-x,z=-—1If Pis such that ZQPR is a right angle, 
then the possible value(s) of A is (are) 

[Single Option Correct Type Question, 2014 Adv.] 


(a) v2 (b) 1 (c) -1 (d) —V2 


Two lines L,:x =5, —Y— =~ and La ee a c 
3-Q -2 -1 2-4 
are coplanar. Then, & can take value(s) 
[More than One Correct Type Question, 2013 Adv.] 
(b) 2 
(d) 4 


(a) 1 
(c) 3 


A line / passing through the origin is perpendicular to 
the lines [More than One Correct Type Question, 2013 Adv.] 
1, :(3 + t)it (-1 +4 2t)j+ (4+ 2t)k, -0<t<0 

1, :(3 + 2s)it (3 + 2s)j + (2+ s)k, -w<s< oo 

Then, the coordinate(s) of the point(s) on /, ata 


distance of 417 from the point of intersection of | and 
Ll, is (are) 


223. 


224. 


225. 


226. 


Perpendicular are drawn from points on the line 
x+2 ytil 
2 —1 

perpendiculars lie on the line 
[Single Option Correct Type Question, 2013 Adv.] 


=~ to the plane x + y+ z=3. The feet of 
3 


x -1 z-2 x 1. .g-2 
(a) ==*— = (b) [== =a 
5 8 —13 2 3 =9 
x y-l1_ z-2 x y-1_ z-2 
Cc) -—= = d) —= — 
) 4 3 =] (¢) 2 —7 5 
x-1 Z+3 
Consider the lines L, : == , 
2 —1 1 


* Bd 0 7 padthewiaaes 

1 1 2 
Pi: 7x +y+2z =3, Py :3x + 5y —6z= 4. Let 
ax + by + cz =d the equation of the plane passing 
through the point of intersection of lines L,; and L, and 
perpendicular to planes P, and P,. 


L2 


Match List I with List II and select the correct answer 
using the code given below the lists. 
[Single Option Correct Type Question, 2013 Adv.] 


List I List I 
P; a= 1. 13 
Q. b= a = 
R. c= 3: 1 
S. d= 4. —2 
Codes 
PQ RS PQ R 
(a)3 2 4 1 () 1 3 4 2 
(c) 3 2 1 4 (d) 2 4 1 3 
-1 +1 
If the straight lines et ay a7 and 
k 
+1 +1 
xe tay" es 5 are coplanar, then the plane(s) 
3) 2 


containing these two lines is/are 

[More than One Correct Type Question, IIT-JEE 2012] 
(a) y+2z=-1 (b) y+z=-1 
(c) y-z=-1 (d) y-—2z=-1 


If the distance between the plane A x — 2y+ z=d and 
08 Oe 2 od 
3 4 


4 
is V6, then id) is equal to.... 
5 


the plane containing the lines 


x-2 y-3_2z 
3 4 
[Single Option Correct Type Question, IIT-JEE 2010] 
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Passage 
(Q. Nos. 227-229) 
Read the following passage and answer the questions. 
Consider the lines 
xt+1_oyt2 zt+1 


Ly 
3 1 2 
x-2 +2 2z-3 
Lys -/ = 
1 2 3 


[Passage Type Question, IIT-JEE 2008] 


227. The distance of the point (1, 1, 1) from the plane passing 
through the point (—1, — 2, — 1) and whose normal is 
perpendicular to both the lines L, and L, , is 


(a) 2//75 unit (b) 7/V75 unit 

(c) 13/4/75 units (d) 23//75 units 
228. The shortest distance between L, and L, is 

(a) 0 unit (b) 17//3 units 

(c) 41/53 units (d) 17/53 units 


229. The unit vector perpendicular to both L, and L, is 


-i+7j+7k ~j{ -7j+5k 
@) ho ar 
~i+7j+5k 7i-7j-k 
as a io 


= Directions (Q. Nos. 230-231) For the following questions, 
choose the correct answer from the codes (a), (b), (c) and 
(d) defined as follows. 


(a) Statement I is true, Statement II is also true; Statement II 
is the correct explanation of Statement I 

(b) Statement I is true, Statement II is also true; Statement II 
is not the correct explanation of Statement I 

(c) Statement I is true; Statement II is false 

(d) Statement I is false; Statement II is true 


(ii) JEE Main and AIEEE 


233. If the image of the point P(1, — 2,3) in the plane 
2x + 3y — 4z +22 =0 measured parallel to the line 


x yz, : 

—=- =~ js O, then PO is equal to 

14 °5 e ane [2017 JEE Main] 
(a) 3V5 (b) 242 

(c) 42 (d) 6V5 


234. The distance of the point (1, 3, -7) from the 
plane passing through the point (1, — 1, — 1) 
having normal perpendicular to both the lines 
x-1l_yt2 2-4 dae ce a ae 


and s 
1 =2, 3 2 -1 -1 
20 10 
(a) —= units (b) —= unit 
V74 V83 [2017 JEE Main] 
(c) = units (d) x units 
V83 V74 


230. Consider three planes 
Poix-yt+z=1, Pyo:xt+y-z=—-1 
and P;: x—-3y+3z=2 
Let L,, Lz, L3 be the lines of intersection of the planes 
P, and P;, P; and P,, P, and P,, respectively. 
Statement I Atleast two of the lines L,;, L, and L3 are 
non-parallel. 


Statement II The three planes do not have a common 
point. [Assertion and Reason Type Question, IIT-JEE 2008] 


231. 


Consider the planes 
3x—6y—2z=15 and 2x+y-2z=5. 
Statement I The parametric equations of the line of 


intersection of the given planes are x =3+14t, 
y=1+a2t, z=15t. 


Statement II The vectors 141 +2 j +15k is parallel to 


the line of intersection of the given planes. 
[Assertion and Reason Type Question, IIT-JEE 2007] 


232. Consider the following linear equations 
ax + by + cz =0,bx +cy +az=0,cx +ay+bz=0 


[Matching Type Question, IIT-JEE 2007] 


Column I Column II 
A. a+b+c#0and p. The equations represent 
Pag gy gee are een planes meeting only at 
a single point 
B. a+b+c=0Oand q. The equations represent the 
a+bh+¢#ab+be+ca line x= y=z 
C. at+b+c#0and r. The equations represent 
2t+R +e abs ber ca identical planes 
D. a+b+c=0Oand r. The equations represent the 
PER eC ahs bet wn whole of the 


three-dimensional space 


235. The distance of the point (1, — 5, 9) from the plane 


x —y+z=5 measured along the line x = y = z is 


(a) 310 (b) 10/3 [2016 JEE Main] 
10 20 
(c) Ee (d) = 
3 yt2 z+ 


4 
lies in the plane, 


236. If the line, = 
2 =i 


Ix + my —z=9, then 1* + m? is equal to [2016 JEE Main] 
(a) 26 (b) 18 (c) 5 (d) 2 
237. The distance of the point (1, 0, 2) from the point of 
—2 ytil_z-2 
4 12 
[2015 JEE Main] 


and the 


: . ee: 
intersection of the line 


plane x -—y+z=16, is 


(a) 2/14 (b) 8 
(c) 321 (d)13 


238. 


239. 


240. 


241. 


242. 


243. 


244, 


245. 


The equation of the plane containing the line 

2x —5y+z=3,x+y+4z=5and parallel to the plane 

x + 3y + 6z =1, is [2015 JEE Main] 
(a) 2x + 6y + 12z =13 (b) x + 3y +6z=-7 

(c)x+3y +6z =7 (d) 2x + 6y + 12z =—-13 


The angle between the lines whose direction cosines 
satisfy the equations 1+ m+n=0and1* =m’? +n? is 
Tt 4 
ia) — (b) — : 
3 4 [2014 JEE Main] 
a 1 
2 d) — 
(c) - (d) 5 
-1 =3 -4 
The image of the line sTt ay a2 in the plane 
3 1 =9 


2x —y+z+3=Ois the line [2014 JEE Main] 


x3 =5 22 X53 —-5 z+2 
(a) =—- =7 > = (b) = =4 > = 
3 1 —5 —3 -1 5) 
x-—3 +5 z-2 x3 +5 z-2 
(:) == =" = @)— =2 = 
3 1 —5 —3 =] 5 
Distance between two parallel planes 2x + y + 2z = 8 and 
4x+2y+4z+5=0is [ 2013 JEE Main] 
3 5 
a) — b) = 
(a) 5 (b) : 
7 9 
c) — d) = 
(c) 5 (d) 5 
If the lines 
=—2 -3 -4 -1 -4 =) 
x-2 y-3_2 ag 
1 1 —k k 2 1 


are coplanar, then k can have 
(a) any value 
(c) exactly two values 


[2013 JEE Main] 
(b) exactly one value 
(d) exactly three values 


An equation of a plane parallel to the plane 

x — 2y + 2z —-5=0and at a unit distance from the origin 

is [AIEEE 2012] 

(a) x-2y + 2z -3=0 (b) x -2y+2z+1=0 

(c) x-2y +2z-1=0 (d) x-2y+2z+5=0 

ee eae ee 
3 4 1 2 1 

[AIEEE 2012] 


x-3 y-k_z 


If the line a 7 


intersect, then k is equal to 


2 
= b) = 
(a) ey 
9 
= d) 0 
(c) , (d) 
If the angle between the line x = bse a and the 
plane a 
x +2y+3z=4is cos” S| then A equals 
14 [AIEEE 2011] 
3 2 
2 b) = 
as Oe 
5 2 
2. d)* 
(c) 5 ( i 
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247. 


248. 


249. 


250. 


251. 


252. 


247 


Statement I The point A (1, 0,7) is the mirror image of 
yod -£>2 

i or 2 

zZ-2 


the point B (1, 6,3) in the line nae 
1 


=i 
Statement II The line ~ = 2 = 
1 


bisects the line 


segment joining A (1,0,7) and B(1, 6,3). [AIEEE 2011] 

(a) Statement I is true, Statement II is true; Statement II is not a 
correct explanation for Statement I 

(b) Statement I is true, Statement II is false 

(c) Statement I is false, Statement II is true 

(d) Statement I is true, Statement II is true; Statement II is a 
correct explanation for Statement I 


The length of the perpendicular drawn from the point 
(3,-1, 11) to the line os Aide — cla is 

2 3 4 [AIEEE 2011] 
(a) V66 (b) 29 
(c) ¥33 (d) 53 


The distance of the point (1-5, 9) from the plane 


x-y+z=5 measured along a straight line x = y =z, is 


[AIEEE 2010] 
(a) 35 (b) 10V3 
(c) 5v3 (d) 3V10 


A line AB in three-dimensional space makes angles 45° 
and 120° with the positive X-axis and the positive Y-axis, 
respectively. If AB makes an acute angle 0 with the 


positive Z-axis, then 0 equals [AIEEE 2010] 
(a) 30° (b) 45° 
(c) 60° (d) 75° 


Statement I The point A(3, 1, 6) is the mirror image of 
the point B(1, 3, 4) in the plane x-—y+z=5. 
Statement II The plane x—y+z=5 bisects the line 
segment joining A(3,1,6) and B(1, 3, 4). [AIEEE 2010] 
(a) Statement I is true, Statement II is true; 

Statement II is the correct explanation of Statement I 
(b) Statement I is true, Statement II is true; 

Statement II is not the correct explanation of Statement I 
(c) Statement I is true, Statement II is false 
(d) Statement I is false, Statement II is true 
2 y-1_zt 

=5 

x +3y—0z+ =0. Then, (co, 8) equals [AIEEE 2009] 
(a) (6,-17) (b) (-67) (©) 6-15) (d) (—5,15) 


The projections of a vector on the three coordinate axes 
are 6, — 3, 2, respectively. The direction cosines of the 


2 lies in the plane 


Let the line 7 
3 


vector are [AIEEE 2009] 
6 32 
a) 6,—3,2 b) -,--,- 
(a) ee ar 
6 32 3 2 
ce) == d) -=,-=,= 
©) 7 77 @ Te 
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253. 


254. 


255. 


256. 


257. 


258. 
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The line passing through the points (5, 1 a), and (3, b, 1) 
-13 
crosses the YZ-plane at the point [0 all =} Then, 
2 Z 
[AIEEE 2008] 
(a) a=8,b=2 
(c) a=4,b =6 


(b) a=2,b=8 
(d) a=6,b=4 
If the straight lines 
x-1_y-2_z-3 | x22 yros_Z-1 
k 2 3 3 k 2 


intersect at a point, then the integer k is equal to 
[AIEEE 2008] 


(a) - 2 
(c) 5 
Let L be the line of intersection of the planes 
2x+3y+z=land x +3y+2z=2. If L makes an angle o 
with the positive X-axis, then cos equals [AIEEE 2007] 
(a) 1/3 (b) 1/2 

(c) 1 (d) 1/V2 


(b) -5 
(d) 2 


: Tv. oe : : 
If a line makes an angle of — with the positive directions 
4 


of each of X-axis and Y-axis, then the angle that the line 


makes with the positive direction of the Z-axis is 
[AIEEE 2007] 


(a) 1/6 
(c) 1/4 


(b) 2/3 
(d) 2/2 

If (2, 3, 5) is one end of a diameter of the sphere 

x’ +y* +z” —6x—12y—2z +20 =0, then the coordinates 
of the other end of the diameter are [AIEEE 2007] 
(a) (4, 9, —3) (b) (4, ar 3) 

(c) (4, 3, 5) (d) (4, 3, -3) 

The two lines x =ay+b,z=cy+dand 
x=a’y+b’,z=c’y+d' are perpendicular to each 
other, if [AIEEE 2006,2003] 


259. 


260. 


261. 


262. 


263. 


(a) aa’ + cc’ =1 (b) —+—=-1 


, 


a Cc 


a 
(c) —+—=1 (d) aa’ + cc’ =—-1 
a ec 


The image of the point (—1, 3, 4) in the plane x — 2y =Ois 


(a) (5,11, 4) (-2,-2,) 
a 3 [AIEEE 2006] 
9 13 
8, 4, 4 d)| -,-—, 4 
(c) ( ) (d) ( ee = 
If the plane 2ax — 3ay + 4az + 6=0 passes through the 


mid-point of the line joining the centres of the spheres 
x? +y? +z" +6x—8y—2z=13and 
x? +y* +z" -10x+4y—2z =8, then a equals 

[AIEEE 2005] 
(a) 2 


(c) 1 
If the angle @ between the line * - re an ae ; a 


(b) -2 
(d) -1 


and 


the plane 2x — y+ VAz + 4 =0is such that sin @ = : The 
3 


value of A is [AIEEE 2005] 
4 3 
as b) — 
(a) ; (b) Fi 
3 5 
a) d) 2 
(c) 5 (d) - 
The angle between the lines 2x = 3y = — z and 
6x =—y=— 4zis [AIEEE 2005] 
(a) 30° (b) 45° 
(c) 90° (d) 0° 
The plane x + 2y — z= 4 cuts the sphere 


x? +y? +z? —x+z-2=0ina circle of radius 
[AIEEE 2005] 
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olutions 


1. Suppose xy-plane divides the line joining the given points in 


the ratio A : 1. The coordinate of the point of division are 
24-1 -5A +3 6A+4 


R41) At1 A+F1S 


This point lies on xy-plane. 
6A + 4 


A+1 


Hence, xy-plane divides externally in the ratio 2 : 3. 


2 
=0>A=- 
Fe 


Aliter We know that the xy-plane divides the line segment 
joining P (x, yy, z;) and Q (x9, yo, Z2) in the ratio —z, : Z». 
Therefore, xy-plane divides the segment joining (—1, 3, 4) and 
(2, —5, 6) in the ratio —4:6 ie. 2: 3 externally. 


» Suppose zx-plane divides the join of (1, 2, 3) and (4, 2, 1) in the 
ratio X : 1. Then, the co-ordinates of the point of division are 


(a 2h +2 +3) 


R41 A+1° AFI 


This point lies on zx-plane 


20 +2 
y-coordinate = 0 => 0>A=-1 
A+1 


Hence, zx-plane divides the join of (1, 2, 3) and (4, 2, 1) 
externally in the ratio 1: 1. 

Aliter We know that the zx-plane divides the segment joining 
P (x, yy, Z,) and Q (x, yy, Za) in the ratio —y, : yp. 

..zx-plane divides the join of (1, 2,3) and (4, 2, 1) in the ratio 
—2:2ie.1:1 externally. 


. Suppose R divides PQ in the ratio 4 : 1. Then, the coordinates 
of Rare 


5A+3 4442 -6A-4 
A4+1°> A441 At1 


But, the coordinates of R are given as (9, 8, —10). 
oh 4h+2_. 


A+1 °° A+1 
and SNS 10 > 2 
+1 


Hence, R divides PQ externally in the ratio 3 : 2. 


. D divides BC in the ratio AB: AC ie. 3 : 13. Therefore, 
coordinates of D are 


3x-94+13x5 3xX64+13X3 3X-34+13xX2 or(2 17) 
3413 > 3413 9 3413 8°16 16) 


» Let 1,m,n be the direction cosines of the given line. Then, as it 
makes an acute angle with x-axis. Therefore, | > 0. The line 
passes through (6, —7, —1) and (2, —3, 1). Therefore, its direction 
ratios are 
6-—2,-7+3,-1-1 or 4,—4, —-2 or2, —2, 
3 % ; ; . 2 2 1 
Hence, direction cosines of the given line are 3 - re - 4 


1 


6. We have, a = 45° and B = 60° 


Suppose OP makes angle y with OZ. Then, 
cos’ o + cos”B + cos” y=1 


2 2 
=> (= oe (:) + cos” y=1 
V2 2 


1 
> cos’ = 7 = cosy =+ 


Nl eR 


=> y = 60°, 120° 


» Let OA and OB be two lines with direction 1, m,, nand 


Ip, Mg, Np. 

Let OA = OB = 1. Then, the coordinates of A and B are 

(L,, m,, m,) and (1), my, n,) respectively. Let OC be the bisector of 
Z AOB. Then, C is the mid point of AB and so its coordinates 
are 


(te m +m, m 7) 


> 


2° 2 2 
Ya 
B (-15,Mo,N 
Cleme ott m4+Mp5 a 
2 2 2 
A (-1,174,11) 
xX’< >X 


7 Bs bee a oe 
: 2 2 2 


es F L+l, m+m, n+n 
..Direction ratios of OC are — ee 24 : 
2 


2 Zz 
hth) m +m m+n) 
Nom oa 42) + (BEM) (AEH) 
2 2 2 
Ob=e 
2 


(iz + m2 +n?) + (3 + m2 + n2) + hl, + mm, + nn) 


1 
> OC = ane +2cos0 [-" cosO =1,1, + mm, + nn, ] 
1 
> OC = —./2 + 2cos® = cos 
2 2 
.. Direction cosines of OC are 
L+l mt+m m+n 


2(OC)’ 2(0C) * 2(0C) 


L+l mt+m nt+n 
or, > > 


8 A) 0 
2 2 2 
oor ieee ( co) 


. The given line is parallel to the vector n = 1 — j + 2k. The 


required plane passes through the point (2, 3, 1) ie., 21 + 35 + k 
and is perpendicular to the vector n =i — j + 2k. So, its 
equation is 


{r —(21+ 33+ k}-G 


2k) = 00000 
+ 2k) =1 


9. 


10. 


TL. 


12. 


13. 


14. 


Le the position vectors of the given points A and B bea and b 
respectively and that of the variable point P be r. It is given 
that 


PA® — PB’ =k (constant) 
=> | AP|? -|BP|? =k 
> |r —al’ -|r —b|’ =k 
=> {\r)’ + lal? —2r-a} — {[r|? + |b]?-2r- b} =k 
=> ar -(b—a) =k + |b|* — al’ 
= r-(b—a) =A,where A=” {k + [bl? —|al?} 


Clearly, it represents a plane. 


The position vectors of two given points area=1—]J +3k and 
b=314+3j +3k and the equation of the given plane is 


r =(51+2j-7k)+9=0 


or r.n+d=0 

Wehave  an+d=(i-j+3k)-(5i+2j-7k)+9 
=5-2-214+9<0 

and b.n+d=(3i+3j+3k) -(51+2j-7k)+9 


=15+6—-21+9>0 
So, the points a and b are on the opposite sides of the plane. 


The equation of a plane parallel to the plane 
r-(4i—-12j—3k)—7=0 is, 
r-(4i -12j-3k)+A=0 
This passes through 21 —j-4k 
(2i-j—4k)-(41-12j-3k)+2=0 
=> 8+12+12+A=0 
= X=-32 
So, the required plane is r-(41—12] —3k)-32=0 


Equation of the plane containing L,, 
A(x—2)+ B(y—1)+C(z+1)=0 


where A+2C=0; A+ B-C=0 
> A=-2C, B=3C, C=C 
=> Plane is —2(x—2)+3(y—1)+z+1=0 
or 2x—3y —-z—-2=0 
—2 2 
Hence, =|_—|=,|- 
a i; 
(1, 2, 3) satisfies the plane x—2y+z=0 and also 
(i+2}+3k)-(i-2}+k)=0 
Ph ye 2 4 


Since the lines >= 
1 es 3 


ane both satisfy (0,0,0) and (1, 2, 3), both are same. Given 


line is obviously parallel to the plane x—2y+z=6 


Vector (3i— 2j + k) «(41 -3] + 4k) is perpendicular to 23 -j +mk 
3 -2 1 
=> 4 -3 4/=0 > m=-2 


2 -1 m 
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15. 


16. 


a, 


18. 


19. 


20. 


Let A(1, 0,—1),B(—1,2,2) 
Direction ratios of segment AB are < 2,—2,—3 >. 
_2xI43¢-2)-563) . it it 
f1+9+25 [44449 V17V35 595 


Length of projection = (AB)sin 0 


_ figy2 2 2 _ 121 
= /(2)°+(2)°+@)* x_/1 = 


V474 474 
= J17 =,/—— units 
V17 35 35 


Let the point be A, B, C and D 
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The number of planes which have three points on one side and 


the fourth point on other side is 4. The number of planes 
which have two points on each side of the plane is 3. 


=> Number of planes is 7. 
Point A is (a, b, c) => Points P, Q, R are (a, b, —c), (—a, b, c) and 
(a, —b, c) respectively. 


= Centroid of triangle PQR is (<. E “| =>G= & 2 “| 
33° 3 3.3 3 


=> A, O, Gare collinear => area of triangle AOG is zero. 


Zz 
Let the equation of the plane be~ +247 21 
a boc 
1 1 1 
> ee es | 
a be 


= Volume of tetrahedron OABC = V = “(a bc) 


Now, (abc)? > : , , 23(GM2HM) 
a be 
9 
> abc2>27 > V =a 
A (1, 1, 1) 
Z) 
fo) B (A, 2, 3A) 
Let any point of second line be (A, 2A, 3A) 
V6 
cos 8 = ——, sin 8 = -— 
42 42 
AoaB = 5 (A)OBsin 8 
Jiu’ oe shes 
2 42 
So, B is (2, 4, 6). 
Equation of line x + 2y + z-1+ A(-x + y —2z -2) =0 
x+y-2+p(x+z-2)=0 
(0, 0, 1) lies on it 
=> X=0,n =-2 


For point of intersection, z = 0 and solve (i) and (ii). 


252 = Textbook of Vector & 3D Geometry 


y 


Zz 
+ —=1and 
c 


21. The planes are Pie . 7S 

a aq vb e¢ 
Since the perpendicular distance of the origin on the planes is 
same, therefore 


-1 _ -1 
feta (athe 
Va? Bb? oc? | Va? be? oe? | 

ee 1 1 1 


=> t t =0 
2° pe eg pe? 


22. Given one vertex A(7, 2, 4) and line 
x+6 yt10_ z+14 
5 3 8 
General point on above line, B = (5A — 6, 3A — 10, 8A — 14) 
Direction ratios of line AB are <5A —13,3A —12,8A —18> 
Direction ratios of line BC are <5, 3,8 > 


T 
Since, angle between AB and BC is ry 


m (5 —3)5 + (3A —12) + 8(8A — 18) 
cos = 


Squaring and solving, we have A = 3, 2 
x-7_y-2_2z-4 
—3 6 
x-7 _ y-2_z-4 
3 6 2 
23. LL, intersecting; L,L, parallel; L,L, skew. 


Hence, equation of lines are 


and 


24, 2. = =1 (point of intersection of two lines) 
=> r=at+lorb+mie,r=i+2j+k 
25. Both the lines pass through origin. 
Line L, is parallel to the vector 
V, =(cos0 + V3)i + (V2 sin®) j + (cos® — V3)k and L, is parallel 
to the vector 
V, = ai + bj + ck 


_ a(cos @ + V3) + (bV2)sin 8 + c(cos 8 — V3) 
free fone + V3)? + 2sin20 
+ (cos 8 — V3)? 
(a + c)cos@ + bV2sin 0 + (a —c)v3 
ja’ +b? +c? J2+6 


In order that cos & in independent of 0 


a+c=0 

and b=0 
cosa = 2av3 v3 
aV2-2V2 2 


26. Given lines are skew lines and angle between them 
—_jf124340] 


= cos | W35v25 | 


=cos | a 
35 
27. Equation of plane 


|x-1 y-l1 z-1| 


1 3 —2 |=0 
0 0 2 
P(1, 1,1) S(x,y. 2) 
R 
Q(2,4,-1) 19) 
> 23x -3-—y+1)=0 
= 3x-y= 
28. x-intercept = = 4 
n 
xi n=q > x,=— 
i-n 
29. P=4x+6y—-7z-1=0 
P,=4x+ 6y —7z-2=0 
- 1 ae | 
16+ 36+ 49 101 
101 x 102 
nC ye 


30. x and z-intercept of the plane is 4 and it is parallel to y-axis, 
hence equation of the plane is x + z = 4. 
Its distance from (0, 0, 0) is 2/2. 


31. Coordinate of L(0, g, h) and M(f, 0, h). Now, to find the 
equation of OLM. 


7 
eP (x,y, 2) 


[x y 2| 
=> 0 g hij=0 
f Oh 
= (gh)x + (fh)y —(af)z = 0 
or Spt Eg 
i eh 
32. y-coordinate of P is zero. 
= _34+(-1) . : 
A+] 1,-1,5 2, 3,4 
> ene 
3 


34, 


35. 


36. 


37. 


Pej a tay 
4 4 4 
x, = 4u, y; = 4v, z; = 4w 
|4u 0 0 | 
1 64 
v=_| 0 4v 0 [=(S Juv 
6 6 
[0 0 4w| 
(2) = 64k? 
6 
24 
x4 
1 


1 
Area of ABCD = —| BC x BD| 


=1\ bi -c3) x Qi ~ ae)|=4) ba + bee + dei 


1 
= ave +c7d* + d°b? 
Now, 6 = bc, 8 = cd, 10 = bd 
b*c? + c'd® + d*b* =200 
On substituting the value in Eq. (i), we get 
1 
A= 3200 =5/2 


r=2i+j+0k+ i+ j)xG+k) 


=(2,1, 0) + (k —j + i)=(2,1, 0) + 1, -1,1) 


: 2 Aes 
Option (a), a = “| # 5 
Option (b), 2 =2 =2 =2 identical 
Option (c), Se # 2 

3 3 3 B} 

Option (d),2=2 #-6 
x=o x7 =1 
y=8y =2 
2=5:2=3 


Edges of the cuboid are 8, 6 and 2. 


...(3) 
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38. Plane through a and parallel to two non-collinear vector 
(takes dot with b x c both sides) 


39. 


40. 


41. 


42. 


(x —a)-(b x c) =0 


ie., (xr —(i — j)-(Gi — 2] —3k) =0 
=> r-(51 —2j —3k) =7 
Intersecting, if 
|5 2 13-p| |5 2 13-p 
12 3 |=/0 2 0 
1 2 3 1 2 3 
—4(-15+ 13-p)=0 
p=-2 
Aliter 
(A + 2) =—(u +3) 
2n+ p=2A+7 
3A +13=p—3p 


From Eq. (i) dW =(—A +5) 
On putting in Eq. (ii), 24 +9 =-2(A +5) +7 


N=-3 
Now, from Eq. (iii), -9 + 13 =p +6 

p=-2 
r=a+ ybt+uc 


Taking dot with b x ¢ 
{r bc]=[abc] 
b =(1, -1, 1) andc =(2, -1, 0) 


253 


[where, a = (0, 1, 1)] 


}o 1 1 
[a be] =|1 -1 1|=0-(0—2)+1(-142)=3 
|2 -1 0 
|x y z 
and [rb e]=|1 -1 1|=x(0 +1)—y(0 —2) + 2(-142) 
|2 -1 0 
=x+2y+z 


Hence, equation of plane is x + 2y + z =3 


oes Oe 
»-|2\-3 


2-a 9-7 13-(-2) 
1 2 3 =0 
| -1 2 3 | 
=> a=-3 
On (1, 2, 3) satisfies the plane x — 2y + z = 0 and also 


(i+ 23+ 3k)-G-2j+ k)=0 
Since, the lines ~— iam 
1 2 3 
and *=7 =< both satisfy t + 1 and 3t + 3. 


Hence, both are same. 


Given line is obviously parallel to the plane x —2y + z =6 
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44, 


45. 


46. 


47. 
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| 1 -c -b | 
Infinite solution |c -1 a |=0 
boa -1 
=> a+b 4+c?=1 


Note that 3 such planes can meet only at one point i.e. (0, 0, 0) 
or they may have the same line of intersection i.e., at infinite 
solution. 


The given lines are coplanar, if 
|2-1 3-4 4-5| 1-1-1 
1 91 -k [=0 => |i 1 -k/= 
| k 2 1 | k2 1 
1 0 0 
=> 1 1 1-k/=0 
kk+21+k 
> 2(1 + k) -—(k + 2)(1 —k) =0 
if k? +3k=0 = k=0or-3 
Put z = 0 in the line given x =5 andy =1 
=> 51=c 
Equation of the line is oa a7" ae 7 =X ..-(i) 
Hence, any point on the line (i) can be taken as 
x=A+2 
y =-(3A + 2) 
z=(2A +5) 
From some A point lies on the plane 
2x —3y + 4z =163 ...(ii) 
2(A + 2) + 3(3A + 2) + 4(2A +5) = 163 
19A = 133 
> N=7 
Hence, P =(9, —23, 19) 
Also, Eq. (i) intersect YZ-plane ie., x = 0 
X+2=0 
Hence, XN =-2 
Q(0, 4, 1) 


PQ =./9° + 27° + 187 
=9,1+37 +2? =9/14 


=> a=9andb=14 

Hence, a + b=9+ 14 =23 

Equation of the plane passing through the line of intersection 
of the first two planes is r-(n, + An), = p, + Apo. where A is a 
parameter 

Since, three planes have a common line of intersection the 
above equation should be identical with r-n = p; for some A. 
That is for some A, 


n, + An, =kn, (i) 
and Pi + Ap. =kps ..(ii) 
From Eq. (i) 

n, Xn; + An, Xn; =0 
and n, Xn, =kn; X ny ...(iii) 


From Eq. (ii) 


48. 


49. 


50. 


91. 


52. 


(p, + Ap2)(my X ny) = kp;(n, X m3) 
= p(n, X n,) 
p(n, X ny) + pA(n, X nz) + p(n; + n,) =0 
=> pz X nz) + p(n3 X n)) + p3(m, X nz) = 0 
(Using Eq. (iii)] 


...(iv) 


Equation of any plane through the intersection of r-n, = q, 
and r- ny» = q is of the form 

ren, +Ar-n,=q, + Aq (i) 
where A is a parameter. 


So, n; + An, is normal to the plane (i). Now, any plane parallel 
to the line of intersection of the planes r-n3 = q3 and 
r-ny = q, is of the form. 


r-(n3 + Un,) =q3 + Hq, hence we must have 
n, + An, =k(n; + [n,) for some k 


> [n,; + An, ]-[n, x n,]=0 
> [n, n3 ny] + A{n, n3 ny] =0 
Ss 4 =m n; ny] 

[n, n3; ny] 


On putting this value in Eq. (i), we have the equation of 
required plane as 
r-n, fers BE ci 
[nz n3 nq] 


qz) 


= [n, n, n,](r-n, —q) 


=[n, n, n, |(r-n, — q2) 


Equation of line is 
r=i+0j+k+«i+3j-k) (i) 

Eq. (i) lies inx + y +ez=d 
: 1+ 0+c=d 

l+c=d 
Also, 1-141-3+c(-1)=0 

c=4 

as 14+4=d >d=5 
> (c+d)=4+5=9 
Any point on == =2*1-2—* can be 


(2r + 2, 4r —1, 12r + 2) 
which lies on x -y +z =5 
(2r + 2) —(4r —1) + 12r+2=5 
r=0 
..Point on the plane = (2, —1, 2) 
Distance between (2, —1, 2) and (—1, —5, —10) 


= (2 +1)? + (145)? +2410)? 
=13 
R(r) moves on PQ, 
R(r) 
P(p) Qq) 
(i+ j5)XQGt k)=i- jt+ k = Unit vector perpendicular as to 
the plane off + ond] 4+ ke —_G =} 410. 


V3 


Similarly, other two unit vectors are 
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1 = 4 “es x ¥: z . 
> and —(-i+ j+ k). 55. Let — + — + = =1 be the variable. 
ej as or 
}1 -1 1 | 
oe 1 4 i 
V =(n,, fh., n,]=—=| 1 1 -1|/=—= eS 
[fiy, Ay, ns] 33 _ 33 So that, ; ; ; 1 
oa aes + — 
Aliter a” bP 
Leta=i+j,b=jt kande=k+i. Then, the coordinates of AABC are A(a, 0, 0), B(0, b, 0) and 
Now, [a x b,b x c,c Xa] =[a b c]” CAO, Oe), b 
11 07 The centroid of AABC is (. -, :) 
| | 3 3:3 
=|0 1 1] =[10)-1(0-1)]? =4 a b c 
101 oo ge geo a 
Hence, actual volume with unit vectors 1 4 iL + ak. =9 
7 4 xy 2? 
Jaxb||bxec||exa| 56. Direction ratios of AB are 1:1:1. 


Now, |a x b| =./a*b? -(a-b)? =./4-1= /3 ete. Direction ratios of CD are 1:2: 1. 
4 


Angle between AB and CD, 


Vectual =—= 

aed 3B 1xX141x241x1_ 4 

cos 8 = = 
, n=3i—j+ 4k V3V6 3/2 
Line through A are parallel to n is 57. Equation of plane is $2 p24 
r=i+2j+3k+ AGi—-j+ 4k) ee 
=3A4+1,2-A,34+ 40 ...(i) ae 3 1 

n A (1, 2, 3) .. Required distance 1338 =0 


(-O-0) 


58. Angle between the faces = Angle between the normals 
n, = Vector normal to face OAB 


co. 
Hence, Eq. (i) must satisfy the plane =OAXOB=|1 2 1/=5i-j ~3k 
3x-y+4z=0 2 4 3 
3(3A + 1)-(2-A) + 464 4A) =0 
( )~( ee ) n, = Vector normal to face ABC 
26A + 13 =0 4 
1 1 k 
hoe d 
2 =ABXxXAC=|1 —-1 2 
ie yes ae : =f. -=151 
Hence, A’ is e - 1 | which is the foot of the perpendicular 
from A on the given plane. =1-5j—-3k 
. On solving x + 2y — 4z = 0and2x —y + 2z = 0, we get Angle between faces = cos? i cos( 2) 
oe [n,][n2] 35 
Be Ve 
0 -10 —5 59. Q=(14+2A,24+3A3+4 4A) 
One point P on line is (0, —10t, —5t) and Q = (1, 1, 1) Direction ratio of PQ = 2A, 3A -1, 44-1 
Direction ratio of PQ =(1, 1+ 10t, 1 + 5t) Now, (2A)2 + 3«—1)3 + (4A —1)4 = 0) 
0-10 —100t —5 —25t=0 29 =7 
3 
=> t=-— x = a 
25 29 
= Pe (0 2 :) Direction ratio of line PQ is (14, —8, —1). 
60. Equation of the plane passing through three points A, B and C 
x-1_l-y_z- a with position vector a, b and c is 


Hence, required equation = 
5 1 2 r-(axb+bxcect+cxa)=a-bxe 
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So that, ifa, b, c represent the given vectors, then 


li? 7 kl 
axb+bxetexa=|-6 3 2 
| 3 —2 4 | 
i j k i jk 
+13 -2 4)/4+/)5 7 3 
[5 7 3 | | -6 3 2 | 
=-13i + 13} - 912k 
-6 3 2 
and a-axc=|] 3 -2 4]=299 
[5 7 3 


So, the required equation of the plane is 
r.(—131 + 13j—91k) = 299 or r-(i —j + 7k) + 23 =0 


61. The volume of tetrahedron 


|1 0 of 
1 1 Dots 
=~(OA OB OC) = =| 1 1 0 |= units 
6 6 6 
}o 1 1| 
Area of the base = "|(i+ j i)xGj+k i) | 
ls -, 1 
=-ji+ k|=— 
2 | V2 
3 x Vol 3 1 
nes ee 
Area of base 6 V2 


2 


0 


62. x y—-z-4=0,x+yt+2z-4 
Required plane is of the form 
(x-y-z-4)+A(x+y4+2z-4)=0 
Since, this plane is perpendicular to the plane x — y —-z —4=0 


1+h+(A—1)(-1) + 20 —1)( 1)=0A=5 


“. Required plane 5x + y + 4z =20 


63. Let 1, m,n be the direction cosines of the normal to the plane 
on which lies the plane area A. 
Then, A,,, = projection of A on the xy-plane 


= Acos a, where o is the angle between the plane 
and xy-plane. 
10+ m0+n1 


cos 1 = 
1 
Since, the normal to the xy-plane has direction cosines (0, 0, 1) 
3 Ayy = An 
Similarly, Ayxz = Aj 
Az = Am 


2 2 2 2 
Ay + Ay + AQ =A 
64. Equation of the plane through P(h, k, Ll) perpendicular to OP is 
q p & perp 
xhtyk+2l=h? +k? +1? =p? 


where, p =h+krPs+l? 


a 
Pe 
l 


65. 


66. 


67. 


69. 


2 2 2 2 
Pe ey ep OY 
2h k 2k 1 
2 2 
A, <1. 
21h 
2 


= 2 2 
A=,jA2, + Az, + AZ, 


=P Jawa oo | p 7 p> 
4 Wk? 2 \n'k71? — 2hkl 


5 


Hence Ar(DABC) = P 


2hkl 
Equation of the given plane can be written as 
Og ae 
20 15 —12 


which meets the co-ordinates axes in points A(20, 0, 0), 
B(0, 15, 0) and C(0, 0, —12) and the co-ordinates of the origin 


are (0, 0, 0). 
.. The volume of the tetrahedron OABC is 
20 0 0 
1 | 1 | 

ri 0 15 0 “|e ee) nee 

\S}o 0 -12I| 
l+m4n=0,1° +m’ —n’ =0 
> 1? + m? -(-l—m)* =0 
> 2lm = Oie.,1 =O orm=0 


If1=0,m=-—nandifm=0,l=—-n 
Since d.r.’s of the two lines are 0, 1, —1 and 1, 0, —1 
0x1+1x0+(-1)x(-1)_1 


V2J2 2 


cos § = 


> 6=— 
3 


(i-j+ 4k)-G+5j+k)=0 
Therefore the line and the plane are parallel. A point on the 


line is (2, — 2, 3). Required distance is equal to distance of 
_|2+5(-2)+3-5|_ 10 


Waser 27 


(2, —2, 3) from the given plane 


. ‘*« Plane is perpendicular to the line 


.. Equation of plane is of the form 2x —y + 2z+k=0 
‘ If passes through origin .. k = 0 
i 2x-yt+2z=0 
PQ = i(-2 — 3) + ju —3) + kp — 4) 
PQ is parallel to x — 4y + 3z =1 
= 1(-2 —3u) -— 4(u —3) + 36 — 4) =0 
1 


> = 
4 


. Plane meets axes at A(a, 0, 0), B(0, b, 0) and C(O, 0, c). 


Then area of AABC = - | AB x AC | 


| (—ai + bj) x (—ai xck) | 


(a°b? + b’c* + ca? 


Nl w]e w 
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71. Centre of the sphere is (—1, 1, 2) and its radius > B=-2 
= f1+14+4419 =5 and V3-V, =29=0 +B’ + 7 


= y=t4 


CL, perpendicular distance of C from plane, is oye. , 
v3 =31—2j4 4k 


-1424447 |. 
es a 75. The given plane is r-(5i +2j —7k) =— 
Length of the perpendicular from i — j + 3k to it is 
9-(i-j4+3k)-Gi+2j-7k)_ -9-5+2+21_ 9 
J5+4+ 49 V78 V78 
Length of the perpendicular from 31 + 3j + 3k 
9 —(31 +3} + 3k)-(51+2j-7k) -9-15-6+21 9 
Now, AL’ =CA*® — CV =25-16 =9 J78 78 78 
Hence, radius of the circle = /9 =3 Thus, the length of the two perpendiculars are equal in 
29 iat ee ee eee magnitude but opposite in sign. Hence, they are located on 
opposite side of the plane. 
r tb) xa=0 76. Let the position vector of A, B,C, Dbea, b, candd 
> r=bt+ta : 
7 respectively. 
Similarly, other line r =a + kb, where t and k are scalars. Then, AC? + BD? + AD? + BC? 
Now at+kb=b+ ta 4 oe 
> t=1,k=1 (equation the coefficients ofa and b) eee Salat )-( ) 
4, ot ¢ + (d —a)-(d—a) + (c—b)-(c —b) 
r=a+b=i+jt+2i-k ; ; 5 , 
eae =|c|°+|a|°-—2a-c+|d|°+|b| 
=31+j—-k 2 2 2 
—2d-b+|d|° + |a|°-2a-d+|e| 
ie. (3, 1, —1) 
, A Tae eee +|b|’?-2b-c 
73. Let the point P be (x, y, z), then the vector x1 + yj + zk will lie ; ; , ; 
on the line =|a|'+|b|°-2a-b+ |e] +|d| 
= (x -1)i + (y -Dj+(@ -—Dk —2e-d+|al?+|b|?+/e??+|d/? 
=-M+Aj-Ak + 2a-b + 2c-d—2a-c—2b-d 
> x=1-A,y=1+Aandz=1-A ~2a-d—2d-¢ 
Now point P in nearest to the origin. =(a—b)-@—d) +(e = (c — d)+ 
= D=(1-2)? +0. +4)? 40-2) +(a4 c—d)-(a+b-—c-d) 
aD = AB’ + CD’? +(a+b-—c-—d)(at+ b—c-d) 
dr > AB’ + CD 
=> r= 4 4M WM A 
3 77. If the given vectors are coplanar, then] x, y, z,|=0 
= The point is (2, = 2) | x3 3 23 | 
3 33 : 
The set of equation 
74, We have, | v, | =2,| v2 | = V2 and| v; | = /29 uxt yy +242 =0 
If @ is the angle between v, and v», then X_X + yoy + Zz =0 
2/2 cos 0 = —2 xX3X + yay + Z3z =0 
9 1 eaqaet has a non-trivial solution. 
> =-——_. >> = 
~ V2 Let the given set has a non-trivial solution x, y, z without loss 
of generality, we can assume that x 2 y 2 z. 
For the given equation x,x + yy + z,z = 0, we have 
" X= — Vy — 212% 
We =z laxl=|yy + az| S| nyl+| az | 
. i oe = | ax] S| yx] +| 2x] 
Beek eo ane Nae ie = eel ele] 
Since V3°V, =6 =20 Which is a contradiction to the given inequality. 
= ase Im ]>li1 +1411 


Also, V3°V,=-5=-a+f 
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Similarly, the other inequalities rule out the possibility of a 
non-trivial solution. 


Therefore, the given equations have only a trivial solution. 
So, the given vectors are non-coplanar. 
The vectors n, X ny, ny X n3z and n; X n, are non-coplanar 
vectors, so every vector can be written as 
r=a(n, Xn,)+ b(n, X n;)+ c(n; X n,) 

Substituting this value in r-n, = q,, a,b, we get 

a(n, X nj): n, + b(n, X n3)-n, + c(n3 Xn,)-n) =q 
n 


n, Ny ng 


b(n, n, n3)=q => b= 


Since, the required point of intersection will have the position 
vector, 
1 


r= ——_ 
(n, n. n;) 


[qs(m X nz) + gi(mz X n3)+ qo(n3 X n;)] 
Since r* + s* =e? 

=e =31 ore =19 is not possible. 

Therefore, e equals 13, 20 or 25. 

The possibility for triplet {r, s, e} are {5, 12, 13}, {12, 16, 20}, 
{15, 20, 25}, {7, 24, 25}. 


d r 


Since 16, 15 and 24 do not appear among any of pair wise 
differences of 13, 19, 20, 25, 31 


19, b =25, c =31,d =20, e =13 
Hence, required area = 745 sq units. 
Point A is (a, b, c) 


=> Points P, Q, R are (a, b, — c), (— a, b, c) and (a, — b, c) 
respectively. 


>a 


=> Centroid of triangle PQR is & -. ‘) 


= A, O, Gare collinear => Area of triangle AOG is zero. 


Let line joining AB meet plane 2x + 3y + 5z =1at P. 


a pe A+1 5A 7h—-3 [AP _, 
Vat had ha | PB 
—5Xr 7A — 
2.143 +5 =1 
A+1 A+1 
2(+1)-15A 435A -15=A41 
=> ia* 
3 
=> P =(1, -2,1) 
=> AP =2V5 


82. 


83. 
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Q=(r,7,-1r) 

; av 

PQ perpendicular a ae 

(a —r)-14+(Q-r)-1+(y+r)(-1)=0 
a+B-y 
tS — 
3 
PQ’ =" {a +B’ + y' —aB + By + ¥} 


But PQ =2 
{perpendicular distance from P(@, B, Y) to plane x + y + z = 0} 


272 Rd, a ; : _ a+B+y¥] 
3 © +B +y ap + By + ya)=4)2*B* 1 


o? +B? + y? + 5a + 3By + 3ya =0 


The cut x = y separates the cube into points with x < y and 
those with x > y. 


. So, number of pieces equals to the number of ways of 
arrangements of x, y and z which is 3! =6. 


Aliter Since in each coordinate there is inequality x > y > z. 
So, number of pieces = number of ways of arranging x, y, z =6 
Here P and Q lie on the same side of XY plane 


Image P(1, 2,3) on the XY plane is P’(1, 2, — 3) 
—3_y-2_2=5 


Reflected ray is P’Q > . 


2 0 8 
= x _y 27-95 
1 0 4 
Let~ +% 47% =1be required plane. 
a b ce 

Let the sphere be x” + y? +z” + 2ux + 2vy + 2wz +d =0 
d = Oif it passes through origin. 
Also, a = —2u,b =—2v,c =—2w 

a — - —a 
and B aa gf =1 


—2u —2v —2w 
Locus of centre (— u, — v, — w) is L(& — B)yz = 2xyz 
On solving the given planes, the vertices are O(0, 0, 0), 
A(- a, a, a), B(a, — a, a), C(a, a, — a). 
Consider the edges OA, BC whose equations are ne a = 
x-a_y+a_z-a 
0 1 = 


Now, find S.D. between the lines. 


The angle between the pair of planes is 
ax’ + by” + cz” + 2fyz + 2gzx + 2hxy = 0 is 


i{ 2 f? +g? +h? — ab —be—ca 
at+b+c 


6 =tan- 


2pt2q+r=6 
= (21 + 254+ k)-(pi+ qj + rk) =6 
(a-b)’ <|a|*|b/? 
6° < Ap? +q?> +r’) 


ptd@tr<4 


89. Let A(X, V1, 21), B(X2, Vas Z2), C(X3, V3, Z3), D( x4, Y4, Z4) be the 
vertices of tetrahedron. If E is the centroid of face BCD and G is 
the centroid of ABCD then AG =3/ 4(AE) 


; K =3/4. 
90. y(xty)+2x+y)= 
x+y=0 = drsareb, =(1,1, 0) 
and y+z=0 = drsare b, =(0, 1,1) 
2" 
Now, b, xb, =/1 1 0}=(,-1,1) 
0 1 1 
and a, —a, =(1, 1, 1) —(0, 0, 0) =(1, 1,1) 
sD = \(1, 1, 1) =a -1, nO _ 12, 0, 2)| 
| (1, — |, -1, 1)| 


see 


1+1+1 


91. L, || L, Then required distance = distance between (k;, kp, 0), 
(ks, ky, 0) 


= (ki — by)? + (he ka)? 
92. Leta =1i + mj+ nk, b=1,1 + mj+ nok 
and ¢ =1,1 + mj + ngk 


Given that a,b,c are three mutually perpendicular unit 


vectors. 
Then, pitqjtrnk=bxc=a 
(. b X c parallel to a and b x ¢, a are unit vectors) 
Similarly, pot + qoj + nk=cxa=b 
and pai + qj + mk =axb=c 


These vectors also mutually perpendicular unit vectors. 
93. Let us suppose A be origin. 
ar(AABC)* + ar(AACD)’ + ar(AABD)? = ar(ABCD)” 
Hence the result follows. 


94. a,b, cbe P.V. of A, B,C,|a|=|b]=|e]= 


op =* _bte 
2 
b+ 
Given, | DE| = -— oT?) =1 > |bt+c-al=2 
1 1 
=> 3k? + 2k" Seles )=4 
2 2 
O 
B E E 
=> K= 72 


Volume = ' (base area x height) = . [2 x pe =! 
3 3\ 4 3 3 
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95. The plane equation in the intercept forms is Fg ee ei, 
a c 
Volume of tetrahedron OABC is 
abc 
v . 64 = abc =384 
Foot of perpendicular from (0, 0, 0) on this plane is 
1 
ie i et 
1/a 1/b I1/e sgt eter 
a c 
k k k 
=> x= y=—,2=- 
a b c 

1 1 1 1 
and = 

koa Be? 

1 xtty?42? 
=> -= 

k ke 

2 


=> x4 y? +z°=k 
w(x + y?+2°)8 =k =abe xyz =384 xyz is the required 
locus. 

96. Let A(x, 1, 21), B(x, Vo, Z2) 


C(X3, V3, 23) D(X4; Yas Z4) 
and the equation of the plane containing P, Q, R and S is 
ax + by + cz +d =Oandkg =ax, + by, + cz,+d 

AP BQ CR DS —K; —K, —K3; —K, 
PB QC RD SA K, K, Ky Ky 


=1 


97. Let a, b andc be the DR’s of the given line. Then, 


we have 3a-—b+c=0 
5a+b+3c=0 

b 
On solving, we get = =— 
1 1 -2 


Again, suppose the given line intersect the plane z = 0 at 
(x; yi, 0), then 3x, —y, +1=Oand5x, + y, =0 


On solving, we get x, =— : y= ; 
Hence, the symmetrical form of the line is 
gel get 
8 _ 8 _ #% 
iL 1 —2 
Equation of plane through (2, 1, 4) is 
a(x —2) + Wy -1) + c(z — 4) =0 


when a =1,b =1andc =—21 
x-2+y-1-2%z-4)=0 
x+y-2z+5=0 
98. Vector normal to the plane 


n=i+j+k 
V.=1,9,218 Vek 
cos (90° — a1) = a 
n| 
=> sina =—= 
3 
Similarly, sin =—~ and sin y=—— 
B V3 
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Hence, Y sin’ =1 ={(at+b+c)-clb—-{(at+b+c)-a}b 

and Y cos’o =2 +{a+b+c)-c}b-{at+b+c)-b}xe 
{a+b+c)-a}e—{(a+b+c)-a}a 

Also, plane is equally inclined with the coordinate axes. =(a+b+c)-(b—c)jat (at b+c) 


(c—a)b+ {a+b+c)-(a—b)}e 
c’)a +(b-c—b-a 


1 93 
Also, A= 59 $97 49% = v3 


2 =(a-b-a-c+ b? 


99. 


2x-y-z-2+A(x+y+z-—1) = 0 satisfies (1, 1, 1) + (2 -a)b + (a? —b? 4 ¢-a-e—b)e=0 
2-1-1 . +43 -1)=0 Thus, the statement is true. 
=1 
aa . 102. Let A(a), B(d), C(c) and D(d) be the vertices of a tetrahedron, 
ba ll) then centroid of the tetrahedron is 
x-y-—z—-3+(2x+ 4y —z-4)=0 ea bt eed 
—4 + (1) =0 a as 
w=4 : ._ b+cer+d 
x-y—z-3+ 42x + 4y —z-4)=0 centroid G, of the face BCD is ————— 
9x + Sy —5z-19=0 ---(ii) Now, centroid of the tetrahedron G, divides AG, in the ratio 
From Eqs. (i) and (ii), we get 3:1. 
x—-1=0,9x + 15y —5z -19=0 i 3b+e+d)+a_at+btecta 
a=0Oandc=3b _ 341 4 
x ee ae a “. C lies on AC,. 
2 (b) The edges AB and CD. Let E be the mid point of AB and F 
100. op =Jh? +k? +0 be the mid point of CD 
‘as _at+b 
Direction ratios of OP are (. us 1) AA HOSIENE VEStEL OF MAg 
Ppp 
hx ky Iz Positive vector of F is = 
Equation of plane is — + —+—=p 
Pp op Pp A 
2 2 2 
Al2 ool B 02 olc 6,02 
h k l 
Z 
C 
Cc 
. y B D 
a Mid-point of EF is Seber s which is the centroid of the 
x A tetrahedron ABCD. 
103. Let the plane be ca ae ae ee 
101. (a) Since, n-a=n-b=n-c=0 a boc 
. a, b and care coplanar | | 
[a, b, c]=0 1 7 ae ee 
(b) cos?30° + cos” 45° + cos’ y =1 2 Rp 


. sin’r = 2 + ta which is not possible. 
4 2 4 
(c) Obvious 
(d) AB x BC is perpendicular to the plane ABC. 
AB x BC =(OB — OA) x (OC — OB) 
= OB x OC - OA x OC + OA x OB 
= OA x OB + OB x OC + OA x OB 
ie. aX b+ bxXc+c Xa is perpendicular the plane ABC. 
(a+b+c)x(axb+bxec+c Xa) 


1 or 
++} * 
a b c 
The plane cuts the coordinates axes at A(a, 0, 0), B(0, b, 0), 


c(0, 0, c). The centroid of AABC is 
(let) 


ab ¢ 
—,—,-|=(% y, Z) 
(: 3 :) 7 
x?+y?*4z7%=9 
-1 
1} 1 1 1 
or pte th =0 
9{x° yo z 


104. 


105. 


106. 


107. 


108. 


109. 


When a line lies in a plane, then it is at right angles to the 
normal to the plane. Here, d.r’s of the line are < a, b,c > and 
altitude numbers of the plane are being taken as < A, B,C >. 
So, we must aA + bB +cC = 0. 


For the given curve z = 0, therefore, the line and the curve 
x-2 yt1_0-1 
Z —1 


-—2 oh 
x ae 


meet where 


i.e. where =1lie., where x =5, y =1 


z 
So, the given line and the given curve meet in the point 
(5, 1, 0). Since, this point lies on the curve also, therefore, 
541 =r? 


= r* = (26) 
> r=+ 26 


A vector coplanar with given vectors is 
(1+ A)i + (A -—1)j + (1 —A)k. Since it is equally inclined to 
the two given vectors 


(+ Ajit (A-1j9+0-Nk G-j+k 
GekiehaijeG=0n| 43 
_ (++ Q-Dj+0-Ak G+j-k 
(a+ARt+(A-Dj+G—-A)k] VB 


N=1 
Required vector is 2i or 1 


The equation of the plane through (2, 3, -1) and perpendicular 
to the vector 3i — 4j + 7k is 


3(x — 2) + (-4)(y —3) + 7(z —(-1)) = 0 
or 3x —4y + 7z+13=0 


Distance of this plane from the origin 
_|3x0-4x04+7x0413|_ 12 


V3? + (4° +7? v74 


Let A, B, C be (, 0, 0), (0, B, 0) and (0, 0, y) then the plane ABC 

_x y Zz 

is—+—+—=1 

a B ¥ 

Since it always passes through a, b, c 
a bc : 
—+—-—4-=1 ...(i) 
a B y¥ 

If pis(u, v, w) then OP? = AP? = BP? =CP? 

> w+vtw=(u-aytv tw? 


u 
> OL > , 

2 B 2 ’ 2 
On putting a, B, y in (i), we get 


a bc 
Be ge a 
uv ow 
a bc 
= Locus of (u, v, w)is—+—+—=2 
x y Zz 


Normal of plane F, is 

n, = (2j + 3k) x (4j —3k) =—18% 
Normal to plane P, is 

n, =(j—k) x 3i + 3j) =3i —3) —3k 
.. A is parallel to (n, < n,) = + (-54j —54k) 
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110. 


111. 


112. 


113. 


114. 
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. Angle between A and 2i + j— 2k is 


cos = + odd + 54k) i + J 2k) _ 1 
54/23 V2 

ga igge® 

4 4 


Any plane through the second line is 
2x+ytz—-1+kBbx+y4+2z-2)=0 
If this is parallel to the first line, then 
(2+ 3k)+(1+k)+(1+2k)=0 
2 


> k=-- 
3 


2 
= Planeis2x+y+z-1 Pe is 2)=0 


or y —z +1=0. The required SD must be distance of this 
plane from any point on the line x = y =z say (1, 1, 1) 


= re eee 
(Perec +2 

a 472-4 a 

Pi ha9' Tog 2,J20° 8 ~ a9 


For these values all the choices are easily verified. 


Let the components of the line segment vector be a, b, c, then 
a’ +b? +c? =(63) (i) 
a bc 
also — =— =— =) (say) then 
a (say) 


a=3A,b=-2A and c=6A 
and from (i), we have 
On + 40? + 36d? = (63)? 


=> 492” = 63)" 
63 
= N=t = =+9, 


The required components are 27, —18, 54 or —27 , 18, —54 


The given lines are coplanar if 
2-1 3-4 4-5| 
O=/ 1 1 —k 
k 2 1 
1 = 1 1 0 0 
=/1 1 -k/=]1 2 1-k 
k 2 1| |k k+2 14+k| 


or if 211 + k) —(k + 2)(1—k) =0 
or ifk? +3k=Oorifk =0,-3. 


Direction ratios of AB are 4 — 2,5 —3,10 — 4o0r 1, 1, 3.So ABin 
parallel to the vector 1 + j + 3k and passes through B (2, 3, 4), 
the vector 21 + 3j + 4k, its equation is 

21+ 3j+ 4k + AG + j+3k) 

Similarly, BC passes through the points B (2, 3, 4) and its 
direction ratios are 2 —1,3 —2,4+1or1, 1,5. 


So its cartesian equation is 
x-2 y-3_2z-4 
1 1 5 
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Next, if D is (a, b, c), then since ABCD is a parallelogram mid 
point of AC and BD is same. (diagonals of a parallelogram 
bisect each other) 


a+2 b+3 s+ 4). 579 

( 2° 2° 3 Oral 
> (a, b, c) = (3, 4.5) 
AB is not perpendicular to BC because 


1x14+1x1+3x5#0. 
ABCD is not a rectangle. 


115. The coordinates of P where the line x = y =z meets the plane 


x+y +z =1are (1/3, 1/3, 1/3) and the co-ordinates of R and S 
where the line meets the sphere x* + y* + z* =1are 


(1 / V3, 1/ V3, 1/ V3) and (-1/ V3, -1/ V3, -1/ v3) 


1 1 1 1 
So that pr=.8|(2 +} [4% 4] 
and s=W3(2+ +] 
3 V3 
=> PR: PS =3( 2-2) =2 
3. 9 3 
PR+ PS =2 
and RS = (1 / V3 + 1/3)? x3 =2 


So that, PR + PS = RS 
116. The rod sweeps out the figure which is a cone. 


A (1, 0, -1) 


The distance of point A(1, 0, —1) from the plane is 
|1-2+4| 


V9 
The slant height / of the cone is 2 units. 
Then the radius of the base of the cone is 


T 
Hence, the volume of the cone is ae Ne -1=7 cubic units. 


= 1 unit. 


Area of the circle on the plane which the rod traces is 37. 
Also, the centre of the circle is Q(x, y, z). 
x-1 y-0 2+1 


Then 
1 -2 2 
_-+1-0-2+4 4) 
1? + (-2)? + 2? 
22-5 
or x, y,z)=|-,-, — |. 
Q(x, y, z) (: 5 =) 


117. Observe that the lines L,, L, and L, are parallel to the vector 
(1, — 1, — 1). 
Also, A= 0 =A, and b,c. — bac, # 0 


118. Volume = Area of base x height 
A,(a, 6, C) 


B ‘5 C 
(2, 0, 0) (0, 1, 0) 
3 => x V2 x V8 xh 
h=V6 
(A.A)? =h? =6 
A,A- AB=0 
A,A- AC =0 
AA, -BC =0 


On solving, we get position vector of A; are (0, — 2, 0) or (2, 2, 2). 
119. Let the equation of plane be Ix + my + nz = 0, where I, m,n be 
dc’s 31° +m? +n* =15 (i 


Kod. pts Bed 


Given line A 5 => 21-m-2n=0- (ii) 
1-3m—- 3) 
Also, ten ae? 
VP +m+n? 3 
5 ai 
> Postma =) 


Solving (i), (ii) and (iii), we get equation of plane as 
x—-2y+2z=0 or 2x+2y+z=0. 


120. (a) Height = h = p-2 ae 


(b) Required distance = ; 2) gs 


(c) Angle = 7 


3 3{ [2 3 
d) Required dist =—(h)= = 
(d) Require ance i. ) { 2) : 


121. Let OA = a, OB = b, OC =c then 
a-a+(b—c):-(b—c)=b-b + (c—a)-(c—a) 
> 2b-c 2c-a=>(a-b)-c=0 
or BA-OC =0 
Hence, AB | OC similarly BC L OA and CA OB. 
122. Intersection of line with both the planes are the same 
3 _ ~6 
3B + 611-20) +3 6a? + 6(1—2B) +6 
> a(B — 1)? + 3(@ -2)? =0 5a =2,B=1 


123. If Pbe (x, y, z) then from the figure, 
x =rsin®@ cos, y =rsinOsind, z =rcosO0 
= 1=rsin@cos@, 2 =rsinOsind, 3 =rcosd 


374+243 =P >r=t V4 
1 2 3 
sin 8 cos 6 = ——, sin ® sin ¢ = —, cos 8 = —— 
14 14 v14 
Zz 
A 


(neglecting negative sign as @ and @ are acute) 
sinOsing 2 
sinOcosg 1 

5 


tan60 = — 
3 


=> tan > =2 


Also, 


124. 


Let (1, m, n) be the direction cosines of the line perpendicular to 
the plane. 
=> Equation of the plane lx + my + nz =p 


x Zz 
ee =1 


oloka 
i m n 
A(p/I, 0, 0), B(0, p/m, 0), C(0, 0, p/n) 
Centroid of tetrahedron OABC is 


=| PP. P: 
(2)-(£,2, 2) 


Using, 1? +m? +n? =1 


16 
2,2 2,2 Bu 2,202 
xy" + yy Zo + 2x =— xyz 


P P p 


Put x =~secasecB, y =~seca cosec B , z = — cosec & 
4 4 4 


1 4 1 4 ; 4. 
— =— cosa cos, — = —cosasinB, — = —sina 


Y Pp z p 


ta 
s 


[cos’o cos”B + cos’asin?B + sina] 
16 1 
= [cosa + sin?a] = = 
125. Statement I PA- PB =9 > 0 


..P is exterior to the sphere 
Statement II is true (standard result) 


|i jk | 
126. Statement Ilr x(i+2j—3k)=|x y z 
2 


| 1 
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i(—3y — 2z) — j(-3x —z) + k(2x-y) 
—3y —2z =2,3x+z=-1,2x-y=0 
ie. —6x —2z =2,3x+Z=1. 
Straight line 2x —y =0,3x+z=-1 
Statement I 


li 3 kl 
rx(2i-j+3k)=|x y z 
2 -1 3 


= i(3y + z) — (3x —2z)4 k¢ x —2y) 


3y + z =3,3x -—2z =0,-x -—2y =1 
3x — 23 —3y)=0 
3x + 6by =6 
> x+2y=2 
Now, x+2y =—-1,x+ 2y =2are parallel planes. 
vn X(2i-j+ 3k) =3i+ kis nota straight line. 


2-342 if 
127. sin@ = = 
V4+9+ 43 | 51 
.. Statement I is true, Statement II is true by definition. 
128. Statement I 


3y —4z =5 —2k 
—2y + 4z =7—3k 


31 — 


2 x=k, y =12—5k,z= is a point on the line for all 


real value of k. 

Statement I is true. 

Statement II Direction ratios of the straight line are 

< be’ —kbc, kac — ac’, 0 > direction ratios of normal to be plane 
<0,0,1> 

Now, 0 x (bc’ — kbc) + 0 x (kac — ac’) +1x0=0 

.. The straight line is parallel to the plane. 

Statement II is the true but does not explain Statement I. 


129. 


Equation of the plane, perpendicular to the plane P and 
containing line Lis 8x + y —7z = 4. 


130. L, and L, are obviously not parallel. 
Consider the determinent 
|2 -4 1 | 
D =| 2 4 -3 | 
}1 3 2 | 
=2(8 + 9) + 4(4 +3) + 166 — 4) 
=34+ 284+ 2 


D#0 => Skew 
Hence, Statement I is false. 


131. n =a x b. Equation of the plane 


n 
a a 
R (r) 
b 
b 
(r —a)-(a x b) =0 
[ra b]=0 
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132. Statement II is not true because image of P in a plane is a point 
M such that PM is perpendicular to the plane and the 
mid-point of PM lies on the plane. 


The point A, B, C are respectively (—a, b, c), (a, — b, c) and 


(a, b, —c) 
which lie on the plane 2% . + = =1 and thus Statement | is 
a c 
true. 
133. In Statement II, let r be the position vector of the point on the 
locus, then 
|r-a|=|r—b| = (r-a)’ =(r-b)’ 
=> |r|? +]a|? -2r-a=|r/?+|b/’—2r-b 
=> ar-(a—b) +|b|’-|a|’? =0 
=> 2r-(a—b)+(b-a):(b+a)=0 
= [x-222).(a-b)=0 


Showing that Statement II is true using it for Statement I. 


we get the required locus as 
31 -2j+5k+i+2j+k 


1 
[' 


(3i -23+5k-(i+ 2j-k) =0 
= [r —(2i + 2k)-(2i - 4] + ok)] =0 
=> r-(i-2) + 3k) =2x1-0x2+2x3=8 


and thus Statement I is also true. 


134. 


Since a and c are non-collinear. Equating the coefficients of a 
and c in the two values of r we get. 


6-A=14+pH,2A-1=3u-1 > A=3,uU =2 

So there exist values for 1 and such that the two values of r 
are same showing that the lines intersect and hence they are 
coplanar. Thus, statement I and statement II both are true and 
the first follows from the second. 

|1-2 0+1 -1-0] |-1 1 -1| 

1 =I 1 |= | oh. ot | =0 
| 1 2 3 | [1 2 3] 


135. 


Since, 


The lines in Statement I are coplanar and equation of the plane 
containing them is 


|x-1 y z+1| 
| 1 -1 1 |=- (x + 2y -32 -8)=0 
} 1 2 3 | 


So Statement I is true. 


2 3 
Also, Statement II is true because — = — = — and1+2-3=0 


But does not lead to Statement I. 


136. 


Any point on the first line is (2, + 1, x, —3, —3x, + 2). 


Any point on the second line is (y, + 2, —3y, + 1, 2y, — 3) 


If two lines are coplanar, then 2x, — y, =1, x, + 3y, = 4and 
3x, + 2y, =5 are consistent. 


2 1 
137. The direction cosines of segment OA are 


—3 
—_= =~ gnd ——. 
V14 14 V14 
OA = 14 


This means OA will be normal to the plane and the equation of 
the plane is 2x + y —3z =14. 


138. If 1, m,n denote the direction ratios of L, andl+ m—n=0and 
1-3m+3n=0>51=0,m=n 


=> direction ratios of L, are 0, 1, 1 similarly for L, and L;, we 
find that the direction ratios of both are 0, 1, 1 showing that L,, 
L,, L; are parallel, thus Statement I is False. 


Statement II is True, because solving the given equation we get 


—2 
x=0,y-—z=-landy-z= ; which is not possible. 


Solution (Q. Nos. 139-142) 
139. Here, AABC is an isosceles with AB = AC 


So, internal bisector of A is perpendicular to BC. 
A (1, 2, 3) 


B(O,0,1) Mv2 


AAMB = AAMC (RHS rule) 
M is mid-point of BC. 


=1-=1 
So, w=(S1) 
2 2 


.. Equation of internal bisector through A to side BC is 


C(-1, 1, 1) 


r= + 2} + 3h) + u(3i + 25+ 28) 


=> r=(i+ 2) + 3k) + (31+ 3) + 4k) 

Aliter Equation of BC is r =k + A(i — }) 

Let position vector of M on BC ber. 

Now, AM = Position vector of M — Position vector of A 
=(M — Aj + k) — (i+ 2j4 3k) 
=(A—1)i-(A + 2)j -2k 


Since, AM-(i-j)=0 > hae 


—la Le A 
Position vector of point, M = a + r +k 


Equation of internal bisector through A to the side BC is 


r= +2} +98) +u(2i + 23+ 2%) 
=> r=(i+ 2} + 3k) +uGi+3j+ 4k) 
140. Now, equation of AC is 
r=(i+2j+3k)+ A(i+ j + 2k) 
AG,.23) 
3 N 
B(O, 0, 1) C(-1, 1, 1) 


Also, BM =(1+ 2A)i + (2+ A)j+ 20+ Ak 


BM. (23 + j + 2k) =0 


> 21+ 2A)+(2+A)+ 414+ A)=0 
—8 

> A=— 
9 


-7i + 10} + 11k 
Position vector of N = Wi + 10j + 11k 


Equation of altitude through B to side AC is 


r=k { ae j+—k | 
) 8 ) 


+ t(-71 + 10} + 2k) 


> 


» 


141. Clearly, mid-point L of AB is (2 1, 2} 


Equation of median through C to AB is 


A (1, 2, 3) 
1 
fa 
B(0, 0, 1) C(-1, 1, 1) 
> 404 35 «” 
r=(-1+j+k) of 33 k| 
=> r=(-i+ j +k) + p(3i + 2k) 
Bg 2 2 
142. We have, cosA = 3° +3? — (2) 
2(3)(3) 
cosA = ba = S 
18 9 
Now, area(A ABC) = 5008) 
sinA =—,/1— ie 
81 
9 17 17 
=— X —— =—— sq units 
2 9 2 


Solution (Q. Nos. 143-144) 
143. ia =V 727 3 =r 
3 —1 4 
Any point B =3r + 1,2 —r,3 + 4r (on the line L) 
AB =3r, —-r, 4r + 6 
Hence, AB is parallel to x + y-—z=1. 
Hence, 3r-—r—4r-—6=0 
a2r=-6; r=-3 
Hence, B is (—8, 5, —9) 


144, Equation of plane containing the line L is 
A(x — 1) + Bly — 2) + Cz —3)=0 
where, 3A-B+4C=0 
..Eq. (i) also contains the point A(1, 2, — 1) 
Hence, C=0,3A=B 
Equation of plane x —1+ 3(y —2)=9 
x+3y-7=0 


...(ii) 
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Solution (Q. Nos. 145-148) 


145, jac r=(2) oes (:) -% 
: 3 9 \3 9 


146. AB=-—4i + 4} + 0k 
AC =2i + 2} + 2k 


=-a(-i — j + 2k)=8(1+ j-2k)=n 
Area of AABC = sl AB x AC | = 4V6 


147. h =| Projection of AD on n | 
AD =-31 —5j+3k 


148. Equation of the plane ABC 
A(x —3)+ By +(z-1)=0 
where, A=1,B=1,C =-2 
: x-3+y-2z+2=0 


x+y-2z=1 
Solution (Q. Nos. 149-151) 
149. Line L, is parallel toa =i + 25+ 3k 
Line L, is parallel to b =31 + J+ 2k 
Normal to the plane perpendicular to line L, and L, is 
axb =(i +7) —5k) 


and plane passes through the point with positive vector 


35 5, a 
=-1+-j+2k 
2 2 


Equation of plane is r-(i + 7j — 5k) =9 


150. Angle bisector of vector a and b is, 
Line ee 
q =a 
and pee 0r4 3] + 5k) 


14 
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Hence, the plane with either (2, — 1, —1) or (4, 3, 5) as the x mtnl_ sin®, 
direction ratio of normal and passing through (2, —3, 2) is the y 1l+mn_ sin@, 
required plane. 
x y Zz 
x-2 yt3 3-2 SS = 


sin®, sin®, sin@, 


. .. Equation of line is 
= =i 


x — y _ 2 
St ag a8=y ign oe ee eS 152. (b) 153. (c) 154. (a) 
2 4 3 5 Solution (Q. Nos. 155-157) 
151. -. Equation of requir ed plane is 155. Let the position vector of L bea + Ab 
ae j aleM is =(6+3A)i+(7 + 2A)j + (7-2) k 
=p aa ee) So, PL =(6 + 3A)i + (7 + 24)j + (7-24) k — (i + 25 + 3k) 
.. Required distance = ea ar = a =(5+3A)1+(5+ 2A) 7+ (4—2A) k 
Since, PL is perpendicular to the given line which is parallel to 
= Solutions (Q. Nos. 152-154) b=31+2j-2k 
The three plane intersect in a straight line. All three plane pass => 3(5 + 3A) + 2(5 + 2A) —2(4-2A) =0 
ear origin (clearly). => =—1and thus the position vector of L is 31 + 5j + 9k 
‘i i = 1(1 — 12) + n(-n — Im) — mn + m) 156. Let the position vector of Q, the image of P in the given line be 
| a ee | x1 + y,j + zk, then L is the on oe PQ. ; ; 
1=1? +m? +n? +2lmn > Goss 
Let 1 = cos 6;, m = cos 82, n = cos 03 [since, 1, m,n € (0, 1)] x +1 yy +2 z+ : 
cos’@, + cos’@, + cos”, + 2cos®, cos0,cos0, =1 —% 2 =3, 2 7a 2 i 
cos’@, + (2cos®, cos0;)cos0, + cos”, + cos’6, —1=0 > x =5,y, =8, 2, =15 
cos 0, => Image of P in the line is (5, 8, 15) 


—2cos0, cosO3 + /4cos”0, cos’@, — 4cos”0, — 4cos’0; + 4 157. Area of the APLA = LIAL 
= 2 


2 
=~—cos@,cos0; + ,/1 — cos®,./1 — cos’0, = lei P3y4 ok|| 3i—2)4 2k| 


- ne _ eae sane) = sv +9436 9444 4= wi sq units. 
8, + 8, +0,=% Solution (Q. Nos. 158-160) 
ny +mz= 128 158. Let P(x, y, z) be any point on the locus then 3PA =2PB 
‘ > 9 (PA)*= 4 (PB)? 


n’y + mnz =y Iz 
=> 9[(x +2)? +(y —2)? + (z -3)*] 


(1+ mn)z =(1—n’)y 
= 4[(x — 13)? + (y +3)? + (z -13)"] 


z 1-n 
y 1+mn =5(x° + y? +27) + 140x —60y + 50z — 1235 =0 
x-ny y-nx => x+y" +27 + 28x -12y + 10z — 247 =0 
i ; 159. The required coordinates are 
le —nly = my — mnx 2x13 +3(-2) 2x(-3)+3(2) 2x13 +3x3)_ 
(1 + mn)x =(m+ nl)y 245 , — , na (4, 0,7) 
y l+mn 
7 % m+nl 160. Direction ratios of AB are 13 + 2, —3 — 2,13 -3 
y-lz _z-—ly ie. 15,—5, 10 
no om Let the equation of the required line L be 
my — mlz =nz-nly=> (m+ nl)y =(n + ml)z xt+2_y72_2z73 
z_m+nl_ sinO,sin0, _ sin®, l m n 
y n+ml_ sin@,sin@, sin@, then 15] —5m+ 10n =0 


which satisfied by (c) 


Solution (Q. Nos. 161-163) 
161. Equation r =a + fis line passing through a and parallel to f. 
This will meet the plane r- m = d at point for which 
(a+m).n=d>t=d-a.n 
Required distance = (a + (d -a.n)h — a| = \d —a. Al 
162. Foot of the perpendicular from the point A to plane r.f =d 
=a+(d-an)n 
163. Let b be position vector of image of a 
bt+a_ 
ae 


a+(d-an)n 


b=a+2(d-aa)a 
Solution (Q. Nos. 164-166) 


164. The centre of the sphere is at the mid-point of the extremities 


3.3 3 
of a diameter => the centre | — 5 zs - . 


2 2 2 
and hence the radius = (2) : (2) | (4) 
2 2 2 


165. Equation of the circle can be written as 
x’ -l6x+y*?-9+2z7=0 


or ety? +2? =25 


166. 


Distance of the point (3, 6, — 4) from the given plane is equal to 
the radius of the sphere = the radius of the sphere 


_| Gi + 6j — 4k)-(2i — 2} —k) -10 -|$ 12+4 a4 
J4+441 3 


Solution (Q. Nos. 167-168) 


167. Mid-point of BC = (= and *) 
2 2 

w0-(802) 

AD is equally inclined to axes > A =7, =10,2A -—p =4 
168. A(2, 3,5) B(—1, 2,3) C(7, 5, 10) 

Projection of AB = — 3i — 3k on BC =8i + 2y+ 8k 

ABLBC 84/3. 
[BC] 11 

Solution (Q. Nos. 169-171) 
169. Horizontal plane P, is of the form 


DR’s 


r-n, =0, where n, = (4, — 3, 7) 
Plane P, is of the form r-n, = 0, where 7, = (2, 1, —5) 
The vector b along the line of interaction 
=n, Xn, =(4, 17,5) =n; (say) 
Since the line of greatest slope is perpendicular to n, and n3, 
the vector along the line of greatest slope 
=n, Xn; =(3,-1,1)=n, 
and n,= = aa 
vi’ vii’ Vi1 
Since (0, 0, 0) is a point on both the planes, it is a point on the 


line of intersection and hence the equation of a line of greatest 
slope is 


170. 
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x VY _ ~ 
3 -1 1 
Jil Vil Vil 


171. The point on the line at a distance J/11 from the origin is the 
required point and it is (3, — 1, 1) 


Solution (Q. Nos. 172-174) 


A (2, 1, 0) 
B (1, 0, 1) 
P(x, y, 2) 
C (3, 0, 1) 

x-2 y-1 z 
-1 -1 1/)/=0 

1 -1 1 
(x —2)[(—1) -@)]-(& -1)[(- 1) -1] + z[1 + 1] =0 
Ay —1)+2z =0 
=> y+z-1=0 


The vector normal to the plane is r = 01 + J + k 

The equation of the line through (0, 0, 2) and parallel to n is 
r=2k + Aj+k) 

The perpendicular distance of D(0, 0, 2) from plane. 


172. (b) 173. (c) 174. (d) 
175. (A) iA =P 2-2 V, =i+ j-5k; 
x72 y-1_z+3. _oft.t_et 
i 5 5 are V, =2(4+ y—5k) 


Hence, lines are parallel and both contains the points (1, 0, 2) 
and (2, 1, — 3) Coincident lines both L, and L, may lie in an 
infinite number of planes. 

V, =214+2j-k| 
(B) a “J ~ | => Lines not parallel 

V, =1-2j+3k 
Also, both intersect at (3, 5, 1) 
Hence, lines are intersecting, hence they lie on a unique plane. 


g= 0) your 2=0 
C)G: = = = 
On ‘ = 


t 


L, is parallel to — 61 + 9j — 3k | 
L, is parallel to 21 —33 + k 

=> Lines parallel but not coincident. 

Since, (0, 1, 0) does not lie on Ly, not intersecting. 

Hence L,, L, lies in unique planes. 


(D) Lines are skew can be verified. 


176. L,: < = a 2% . z ...{i) (passing through P and Q) 
ead. yes etl . 

i ee = = eecl 

a i ; (ii) 


(passing through R and parallel to v = 1 + k) 
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(A) Distance of P(0, 3, — 2) from L, 
PN =(¢ + 1)i-6j+2t-1)k 
PN-V=0 

[(¢ + 1)i -6} + (¢ +k] (+ k) =0 


Now, 


P (0, 3, -2) 


N 


[(+1),-3, +1] _» 
v=i+0j + k 


Lo 


(¢+1)+(¢+1)=0; t=-1 
Hence, PN = 6) 

|PN | =| -6j| =6 
(B) Distance between L, and L, 


P (0, 3, -2) 


b n=5i—-j-11k 


OG, %=Nqg © Ad,-3)) 


Equation of plane containing L, and parallel to L, 


Ax + Bly —3)+ C(z +2) =0 
where 3A+4B+C=0 
And A+B+C=0 

A+C=0 


C=AV,A=-A, B=+h/2 
.. Equation of plane 


Ax 4 


xy 3) + A(z + 2) =0 


2x-yt+3-2z-4=0 
2x-y-2z=1 ...(i) 
Now, distance of the point (1, — 3, — 1) lying on the line L, from 


the plane (i) 
2+3+2-1 


a= 
3 


|=2 
(C) Area of APOR 
QR =a=21+ 10j+ 0k 
QP =b=314+ 4j+k 
i 
axb=2]1 


3 


He Ol tame 
- oS > 


= 2[i(5) — j(1) + k(4 — 15)] =2[5i — j — 11k] 
|axb|_ 
ain 
(D) Distance of (0, 0, 0) from PQR 
Equation of plane PQR is(r — p)-n 
=[xd + (y -—3)j + (< + 2)k]- [51 —j —11k] 
=5x —(y —3)-1l(z + 2) =0 
=5x—-—y-—11z-19=0 


25 +14 121 = 147 = 3-49 =7v3 


177. 


178. 


179. 


Distance from (0, 0, 0) of the plane 
19 
25 +1+121 


_ 19 
147 


(A) 3-1 —2(-2) + 5(A) = 0 
> toe 
5 

(B) Point (3, A, 1) lies on 

axty+z-3=0 

=x-2y+2=1 
3-2+A+p-3=0and3-2A+uU-1=0 
A+U+3=0and2A -—u-2=0 


So, A+W=-3 
(C) sind = 1-44 1(-3)+1-5 __ 6 
V+ +1 f16+9425 v3 V50 
6 =sin | ie 
25 
1:34 1(-4) + 1-5 4 
D) cos 8 = = 
a V3 f16+9+25 3 V50 
= cost * 
75 
1 3 =5 
3 -k -1|=1(12k + 2) —3(-36 +5) —5(6 + 5k) 
5 2 —12 
=12k+2+4+ 108 —15 —30—-25k =0 
k=5 


L, L, and L; are concurrent for k =5. 


Slope of L, = — : Slope of L, = : 


Slope of L; =~? 
Sec => k=-9 
k 3 
SP ee pe 
k 2 5 


L, L, and L, form a triangle, if they are non-concurrent or any 
two out or three are not parallel. 


k#-9,--,5 


W| an 


k= 2 and 0 will be the values for which L,, L, and L, form a 
triangle. 
Given, oe = 32, where A, B and C are respectively, (a, 0, 0), 
(0, b, 0), (0, 0, c). 
(A) Centroid of tetrahedron [a, B, y] = (< = <) 

a= 4a, b = 4B, c =4y 


640By = 32 x6 
apy =3 
q 
3 


(B) Equidistant point (c, B, Y) = (. 


Nolo 


180. 


a =20, b =2B,c =2y 
8apy =32 x6 
apy = 24 
(C) The equation of the plane is 24 . +721 
a c 


..Foot of the perpendicular from the origin 


1/ 1/b 1/c 
=(q, B, v-| 


a 
Ysa” yb Vise? 


where, ave) : Tara - 
or t=(° +B + )t? 
a 
a? +624" 
peg ee 
Oo B 
eet +R +H 
Y 
Now, abc =6 X32 
(a? +B? + y?) =192 ay 
(D) Let P be (a, B, y), then PA L PB 


and 


= a(a —a)+ B-b)+ y=0 
=> aa + bB=a0° +f? +? 
PB 1 PC 
> aa + b(B —b) + cy—c)=0 
=> bB+ cy=a74+P*+ 7’ 
a= b_e 
ia 1/B A/y 
aa B? Y pou th + 
20 2p 
and eee 
2y 
abc =6 X32 
=> (a? + B? + y?) =192 x 8aBy 
= 15360By 


Let O(0, 0, 0), AG, 4, 7) and BO, 2, 6) be the given point 


Area of AOAB = 50A -OB sin( ZAOB) 


Now, OA = 3° + 4477 =VJ74 
OB =./5° +27 +6? =/65 
Also dc’s of the line OA and OB are 
3 4 «7 5 2 6 
= ; : and —., : 
V74° J74° 74 V65° J65° 65 


1 3 3 
. Required area — x V74 x V65 X —===+65 
2 V74 2 


181. 


182. 


183. 


184. 
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(B) Let the required sphere be 


x+y? +27 + 2ux + 2vy + wz +d =0...(1) substituting given 


points then we get1 + 2u+ d=0 
1+2v+d=0 and1+2w+d=0 


1+d 
=> “u=vewe 
2 
If R be the radius of the sphere, 
then R=v+v+w?-d 


covert above equation in terms of d differentiate, equate to 
zero solve for d. 


(C) Let the given points be A, B and C respectively. 
Then find AB, AC, BC and then apply AB’ + AC’ = BC? then 
solve for the A. 
(D) Any point on the line is (1 —r, r + 1,r) 
The direction ratio of the line joining (1, 3, 4) &(1-r,r+1,r) 
is—r,r—2,r—4 

(-1)(-r) +1-(r-—2) +(r -—4) =0 

r+r—2t+r—4=0 
3r=6 > r=2 


..Foot of the perpendicular is (—1, 3, + 2) 
Distance = ./(2)’ + 0+ 4=2V2 


d =2V2 
_d__2W2_ v2 
ie ae 


The solid diagonals may be taken as the lines join (0, 0, 0), 
(a, a, a) and (a, a, 0) and (0, 0, a). The direction ratios will be 
a, A, a,; a, a, — a. 


2 2 2 
a“+a°-a 1 api 
> cos = > @=cos |= 


3a? x V3a? 3 4 


Let us take the solid diagonal as the one joining (0, 0, 0) (a, a, a) 
and plane diagonal as joining (0, 0, 0) and (a, a, 0). We easily 


get the angle as cos |=. 


V6 
The third part is easily found as cos") 


Hence, matching follows (A) > (r) ;(B) > (p) ;(C) > (q) 


(i) Shortest distance 
_|oB-OAxBC|_ (G+ 9)-ixGxb] 4 
|OA x BC| ix(j+ k) V2 
> J2m=1 


The length of the edges are given by a=5 —2 =3,b =9 —-3 =6 
and c =7 —5 =2, so length of the diagonal 


= Ja? +b? +c? =./9+ 36+ 4=7 units 


Foot of perpendicular r from (6, 5, 8) on y-axis is (0, 5, 0). 


Required distance 
= (6 - 0)? + (6-5)? + (8 — 0)? =10 


10 
> San ea 


270 


185. 


186. 


187. 


188. 


189. 


190. 


191. 


192. 
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Given lines are 

r = (3, 8,3) + A(-3, 1, 1) 

r =(-3,-7,6) + w(-3, 2, 4) 
where, A and are parameters 


and 


Shortest distance 
(3-3, 


7 —8, 6 —3)-[(3, -1, 1) x (-3, 2, 4)] 
(3, -1, 1) x (-3, 2, 4)| 
_ (6, -15, 3)-(-6, —15, 3) 


[36 + 225 +9 
= 270 = 3/30 units = AV30 
rN =3 
Given planes are 
x—cy —bz=0 (i) 
cx -—y+az=0 ...(ii) 
bx + acy —z=0 ... (iii) 
Equation of plane passing through the line of intersection of 
planes (i) and (ii) may be taken as 
(x —cy —bz)+ A (cx —y +. az) =0 ...(iv) 


Now, eliminating 1 we get 
a’ +b? +c° + 2abe =1 
M-1)+1x3 
+1 
XN =3 


The coordinates of vertices of projected triangle will be 
A’(-1, 1, 0), BY(L, — 1,0), C’(L, 1, 0) 


We must have =0 => 13 


-1 1 1 
1 
area of triangle = 5 1-1 1)|(Two dimension area formula) 
1 1 1 


= 2 square units. 


Plane must pass through 
(? =§ 641.751 


> > 


2 2 2 
-14+3+2x3=A S>A=8 


Jor 1, 3,3) 


=> 


x’ +y? +z” =square of distance from origin 


4sin’t + 4cos’t + 917 =4 + 90° 
which is shortest at t = 0 
=> Shortest distance = 2 
The point (—1, A, — 2) must be lie on the plane 
2x—-2y+z+12=0 
—2-2h-2+12=0 
N=4 
We can easily show that the distance of (—1, 4, 
of the sphere (1, 2, — 1) is equal to its radius. 


—2) from centre 


a+1+2+0 2+b+1+0 
1= 25 
4 4 
gad t2ter0 
4 
=> a=1,b=5,c=7 


193. 


194. 


195. 


196. 


197. 


=> Distance of centroid from origin is 


41° +25 + 49 =V75 =5v3 > A=3 


Equating the distances of circumcentre (—1, A, —3) from 

(3, 2, —5) and (—3, 8, —5) we get 

2? 4 (A +2)? +(-3 45)? =(-1 +3)? + (A 8)? + (-3 4 
N=4 


5)" 
=> 

Note : Verify 
(i) (-1, A, —3) is at the same distance from third vertex. 
(ii) (-1, A, —3) lies on the plane containing three points 
(3, 2, —5); (-3, 8, —5) and (-3, 2, 1). 

D.R’s of PP, =(k, —1,3) 

D.R’s of P,P; = (2, k, —1) 

; PP, 1 P,P; 

k(2) -k -3=0:k =3 


A plane containing line of intersection of the given planes is 
x-y-z—-4+Ax+y+2z-4)=0 
iLe.,(A + 1)x + (A —1)y + (2A -1)z —- 4A 4+ 1) =0 


vector normal to it 
V=(A+1)i+(A-1)j+@A-Dk 

Now the vector along the line of intersection of the planes 
2x+3y+z-1=0 


and x + 3y + 2z —2=0is given by 
: 4k 
n=|2 3 1|/=3G-j+k) 
Ls 2 


As nis parallel to the plane (i), therefore n- V = 0 
(A + 1)-(A —1) + (2A -1) =0 


-1 
2+2A 


1=0 > }=— 
2 
3y 


Hence, the required plane is 4 cere 2z—-2=0 


x—3y—-4z-4=0 


Hence |A+B+C-4|=7 
Clearly, minimum value of a’ + b? + c? 
|3(0) + 2(0)+(0)-7|]_ 49 7, 
= = =— units 
Vey +a +a ) 4 2 
4x+7y + 4z+81=0 esa(i) 


5x + 3y + 10z =25 ..(ii) 
Equation of plane passing through their line of intersection is 
(4x + 7y + 4z + 81)4+ A(x + 3y + 10z — 25) =0 


or (4+ 5A)x + (7+ 3A)y + (4+ 10A)z + 81-254 =0 ...(iii) 
plane (iii) L to (i), so 
44+ 5A) + 7(7 + 3A) + 44+ 10A) =0 
Bs N=-1 
From (iii), equation of plane is 
—x+4y —6z+106=0 (iv) 


Distance of (iv) from (0, 0, 0) 
106 «106 
J1+16+36 53 


198. Line through point P(—2, 3, — 4) and parallel to the given line 


x+2 2y+3 324+4 
3 5 
se gk 

+ i ei 
is REE = 2= 3 =), 

3 2 A 
Any point on this line is gjsh—a, iat, eee: 

[., 44-9 ae 


Direction ratios of PQ are en ; 


Now, PQ is parallel to the given plane 4x + 12y —-3z +1=0 


=> line is perpendicular to the normal to the plane 


4h -9 5A +8 
wn) + 12{ ; a( 5 0 


> 
5 
> X=2 = 04.2] 
=> r= (0 + (= -s) +6) =e 
2 2 


, The given points are O(0, 0, 0), A(0, 0, 0), B(0, 4, 0) and C(6, 0, 0) 
Here, three faces of tetrahedron are xy, yz, zx plane. 


Since point P is equidistance from zx , xy and yz planes, its 
coordinates are P(r, r, r) 


Equation of plane ABC is 
2x + 3y + 6z =12 
P is also at distance r from plane ABC 
|2r + 3r + 6r — 12) 


(from intercept form) 


> =r =>|11r—-12|= 
J{4+9 +36 
> iret See 3 
18 
r=2/3 (as r <2) 
. The equation of the given planes can be written as 
x-yt+z+1=0 
Axz + 3y +2z-3=0 
3xtAyt+z—-2=0 
The rectangular array is 
Lowel Dt 1 
A 3 2 -3/=0 
3 A 1 -2 
1-11 
A,=|’ 3 2 
3° 1 
Applying C, > C, + C, and C3 > C; + C;, then 
1 as) iO 
Ag=|X 3+ 2-Al=(A-4)(A 43)... 
3 34+ -2 
-1 1 #1 
Also, A;=| 3 2 -3 
XK 1 -2 
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201. 


202. 


203. 
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Applying C, — C, + C, and C; > C; + C,, then 


cae 0 0 
Aj=| 3 5 0 |=—5(A —2) .. (ii) 
XK At+1 A-2 
11 1 
A,=|A 2 -3 
3 1 =—2 
Applying C, > C, — C, and C3; > C3 — C,, then 
diss dea 0 
A,=|X% 2-K -3-A|=3A-16 .. (iii) 
3 =2 =5 
LL =2 2 
A,=|-A 3 -3 
3 hh -2 
Applying C; > C, + C, and C3 > C3 — C,, then 
1. 1. 0 
Az;=|% 34+A -3-A/=(A4+3)(A —2) ... (iv) 


3 34+A —5 


If the given planes form a triangular prism, then we know that 
A, =0and none of A,, Ay, A; is zero. Here from Eqs. (i), (ii), 
(iii) and (iv) we find that if A = 4, then A, = 0 and none of A,, 
A), Ag is zero. Consequently for A = 4, then given planes form 
a triangular prism. 


7x + 6y + 2z =272andx—-y+z=16 
8 
=> a a aaa 


Let y =5A,A el > x =48-8A 
andz =16+ y—x=13A —32 


48 
But x > 0, y > Oandz >0 > ear 
32 
=> <5 and 13A-32>0>5 ar 
=> X>3 
dr € [3,5] 
Zmin =39-32=7 > x=24,y =15 


x+y+z-42=4 

The given two lines are intersect each other, then 

aat+bB+ay+d, a+ bP + cy + dy 
al + bm-+ qn Al + bom + con 


= — 2d? -d* 
sinA+sinB+sinC sin2A+sin2B + sin2C 
: : 4 1e , Al 
=> sin—sin—siIn— = — 
2 2 16 
k k-1 2 
{[c-abc]=0 > 1 k -—1/=0 
2k 3k-1 =k 
=> k-4k?+8k-2=0 
Here f (k) =3k? -8k+8>0VKER 


(" Its discriminate is negative) 


*, The equation has only one real root. 


272 Textbook of Vector & 3D Geometry 


204. Taking O as the origin, let the position vectors of A, B and C 
bea, b, c respectively. Then the position vectors of G,, G, and 


G; are 
b+ect+a a+b 
; and 
3 3 3 
1 
V, = ie hecland V0; OG, OG;]| 
> =" oceans b=] abd 
on ea 
2 
=> Vaso SMe ava ots 


205. Let the equation of planes is lx + my + nz =p 


A= (2. 0, 0 B= [0 Pe 0] C= [0 0, 2) respectively 
n 


l m 


Centroid of OABC = & a 2) = (459121) (say) 
4l 4m 4n 
P+mtn’=1 
2 2 2 


ag P+ Posi 
16x; l6y; 162; 


16 
2.2 2,2, 2.2 _ 2.22 
> MV, + YZ, + 2% a 


k=16 => 2k=32 = 2k =2 


206. 1? + m? + nf =1,15 + mi + nz =1 


(iy + mp + nz) (5 + ms + n3)—(hl, + mm, + mn)? 


=(myny — myn)” + (Mly — ngly)? + (mz — Lam,)? 
(my — lpm)” + (yng — mony)? + (ly — yl)” 


+ (ly + mm, + nny)” = 


5 4 

207. Coordinates of the point, S = [= ae | 

2 2 2 
5 4 
non n 
=> 2x|—+—+—]=-1 
t 2 ") 
> nn? +n? +1)=-1 
n =— 1is the only solution. 

208. We have, l+m+n=0 ..(i) 
and 2l* + 2m? —n? =0 ...(ii) 
Now, a(l? + m*) —n? = 
=> a1 —n?)—n? =0 [el +m? +n? =1] 
> 3n? =2 
> n=t a 

3 
Again, al? + m?) =n? 
> 2[(l + m)? — 2lm] =(- (1 + m))* 
=> l=m 
l+m=+,? > aa 
> l=+ on =m 
6 


209. 


210. 


.. Direction cosines are 


1 1 2 1 1 2 
Gewese 2) 
1 1 2 
° ae) 
cid (-3 oe 2) 
: ie eV 


-1{-1 
The angle between in both the cases is cos (=) : 


Elimination n between the given relations, we get 
2 
al + bm 
ul? + vm? +w =0 
—¢ 
2 2) ! 2 2 ‘ 
=> (c‘u+ a'w)—, + 2abw.— + (b'w + c’v) =0 ...(i) 
m m 

Lo b’w + c” 

—..— =product of roots = —— 

m ™ cu+aw 

Ll mm. mn: 

or a ee me (by symmetry) 


bewte'v c’uta’w a’vt b’u 
If lines are perpendicular, then 


Ll, + mm, + nn, = 0 


> a'(v + w) + bw + u) + c*(u+ v) =0 
Again, if the lines be parallel, then their d’c are equal so that 
the roots of Eq. (i) should be equal, ie. discriminate = 0 


4a°b*w? — 4(c?u + aw) (b’w + cv) =0 


> a’c’vw + b’c’uw + cluv =0 
a BC 

> —+—+—=0 
u vow 


The coordinates of any point on the line 
x+2 yti_z-3 


3 2 2 
(30 — 2,20 —1, 2A +3) 
The distance between the above point and (1, 2, 3) is 32. 


ya —2-1)? + (2A -1-2)? + (24 +3 -3)? =3v2 


= dare given by 


17 
56 43 111 
Required points are (—2, — 1,3) and & —, mt) 
L717 AF 


. The required line is perpendicular to the lines which are 


parallel to vectors b; = 21 —2j + kand b, =i+2j+ 2k 
respectively. So, it is parallel to the vector b = b, x by. 


ij k 
Now, b=b, Xb, =|2 -2 1 |=-6i-3}+ 6k 
i 2 2 


Thus, the required line passes through the point (2, —1, 3) and 
is parallel to the vector b = — 61 —3j + 6k. 
So, its vector equation is 

r =(2i — j + 3k) + A(6i —3] + 6k) 


or r =(2i —j + 3k) + p(2i + j - 2k), 


where W=-3A. 


212. 


213. 


=3 —3 
The coordinates of any point on the line . — _— =—are 
=3 =3 
given by ~ =V~? a7 24, 
1 1 


So, let the coordinates of A be (2A + 3, A + 3, A). 
Let the line through O(0, 0,0) and making an angle * with the 


given line be along OA. Then, its d’r are proportional to 
24 4+3-0,A4+3-0,A-0 
or 2A+3,A4+3,r 


The direction ratios of the given line are proportional to 2, 1, 1. 


It is given that the angle between the given line and the line 


along OA is *. 


T (24 +3)x2+(A+3)xX14+Ax1 
cos = 
3 (2a +3) +(V +3)? + Mee +41? 
_ 6A +9 
6X? + 181 +18 V6 
X=-1,-2. 
O(0, 0, 0) 
1/3 n/3 
<< A 5 > 
x-3_y-3_2 
a ° 4 1 


Putting these values of A in the coordinates of A i.e. 

(2X + 3, A + 3, A), we find the coordinates of A and B ice. 
A(1, 2, -1) and B(-1, 1, — 2). 

So, the equations of OA and OB are 


x-0 y-0  z-0 

-1-0 1-0 -2-0 
or Fete. 
sy | 
and ~ eV e% 
-1 1 -2 


Clearly, height h of AABC is the length of perpendicular from 
é +2 yr 1 z-0O 
A(1, — 1, 2) to the line : = ; = 


through P(—2, 1, 0) and is parallel to b = 21 + 3+ 4k. 


which passes 


A(1, -1, 2) 


B’ P(21,0) M Cc 


Chap 03 Three Dimensional Coordinate System 


214. 


273 


PA xb 
, PA xD 
|b 
Now, PA =—3i + 2j—2k and b =2i + j+ 4k 
i j k 
PAXxb=/-3 2 -2)=10i+8-2k 
2 dh 
|PA x b| = /10? + 8’ + (-7)° = 213 
and |b| = 2? +17 + 4? =/21 
pa Axl 
|b| 


_v213_ [71 
vai V7 

It is given that the length of BC is 5 units. 
Area of AABC = (BC xh) 


1 71 1775 . 
=-X5*X = sq units. 
2 7 28 


If the coordinates of the point P be (a, B, y). 
Then, ae Ai) 
a B c 


Again d’c of OP are proportional to a, B, y and hence these are 
also the d’r of the normal to the plane which is perpendicular 
to OP and since it passes through P, its equation is 


a(x — a) + By —B) + ¥@ — ¥) = 0 
or axt+By+yz=07+B'+7" 


...(ii) 
It meets the axes in A, B, C and hence the coordinates of these 


2 2 2 
a+ Bo + 
points are Vechat 0, | etc. 
of 


The equation of the plane through A and parallel to the YZ 


Be BP ae 
+P? + 
plane is x = ca a ; 
Qa 
Similarly the equations of other planes are 
24 p24 a2 21 O24 a2 
+B + +B? + 
=® B Y and z = 2s B y : 
B i 


The locus of their point of intersection is obtained by 
elimination a, B, y between the three equations of the planes 
and relation (i) 


1,1,1_ a+P?+y¥ 
x? y? z? (a? +B? + 7)? 
: 1 
7 +R +" 
7 a Cc 
Again, t t 
oii ax by cz a7 +R +" 
1 
= from E (i 
eee [ q. (i)] 
1 1 1 al ‘I 1 
— + 


x yo zz ax by cz 
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215. Any point on the line is (37 + 2, 4r —1, 12r + 2). 


216. 


217. 


218. 


If it lies on the plane x — y + z =5, then 
(3r + 2)-(4r-1)+(12r +2) =5 
Sre=0 


Hence, point of intersection is (2, —1, 2). 
Its distance from (—1, — 5, — 10) is 


JOedy C1457 $0410) 
= /9 + 16 + 144 = 169 = 13 


Any plane through the intersection of given planes is 
(x+3y+6+A(Bx-y-4z)=0 


or (1+ 3A)x + (3-A)y — 4Az +6=0 wcll) 
Its perpendicular distance from (0, 0, 0) is 1. 


6 
(i + 3A) + (3-2)? + (40)? 
>A=H+1 


. Required planes are 2x + y —2z +3 =0Oand 
x—2y—-2z-3=0. 


=1 


The image of the plane 
x—2y+2z-3=0 wa) 

in the plane x+y+z-1=0 (ii) 
passes through the line of intersection of the given planes. 
Therefore, the equation of such a plane is 

(x —2y +2z-3)+t(xt+y+z-1)=0 
=> (1+t)x+(-24+t)yt+(2+t)z-3-t=0 ...(iii) 
Now, plane (ii) makes the same angle with plane (i) and image 
plane (iii). Thus, 

Lege o Pee ei ea+i 


33 (bell +2 Oe 


2 
= t=0,-- 
3 


2 
For t = 0, we get plane (i); hence for image plane, t = a 


The equation of the image plane 
3(x —2y + 2z -3)-Ax+y+z 
=> x-8y+4z-7=0. 


1)=0 


Given, square base OP = OR =3 
P (3,0,0), R =(0,3,0) 


Q(3,3,0) 


Also, mid-point of OQ is T (3. >.0} 


Since, Sis directly above the mid-point T of diagonal OQ and 
ST =3. 


3. 3: 
ie. 33. —, 3) 
22 


Here, DR’s of OQ (3, 3, 0) and DR’s of os(2, 2.3} 


9 9 


.. Option (a) is incorrect. 


Now, equation of the plane containing the AOQS is 


x y 2 
3 3 0;=0 
3/2 3/2 3 
x y Zz 
=> 1 1 0;/=0 
1 -1- 2 
x(2 — 0) — y(2 — 0) + z(1-1) = 0 


=> 
=> 2x—-2y=0 or x-y=0 
.. Option (b) is correct. 


Now, length of the perpendicular from P(3, 0, 0) to the plane 


containing AOQS is 
3-0] 3 
Jit+1 v2 


.. Option (c) is correct. 
Here, equation of RS is 
x-0 y-3_z-0 
3/2 —3/2 3 
3 3 


> x Xr, XN+3,z=3A 
2 : 2 


To find the distance from O(0, 0, 0) to RS. 
Let M be the foot of perpendicular. 


=X 


¢ 0 (0,0, 0) 
1 
1 
if 
| 
1 
L 
* ; 2 
0030) t Sa. 
19s 32 3X 3 33 
3-34] |o'5 
(3 2 \( ay 
OM LRS => OM-RS=0 
=> K ~3(3—38) + 90a) =0 
4 2 2 
> fo 
3 
M333) 
2° 2 
as nies bey y= fe |B 
4 4 4 2 


.. Option (d) is correct. 
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219. Let image of Q(3, 1,7) wrt. x -—y +z =3 be P (a, 8, y). Direction ratios of PO areX —a, A-a, A 1. 
O-3 Bat _ yor _—28=147—3) Now, PQ LL, 
i = 1 i (Gay +a)’ ‘ 1(A-)+1-(A-G)+0:(A-1) =0 
> a-3=1 B= 7=-4 => =a 


Hence, Q(A,A,1) 

Direction ratios of PR are) —B,A +B,A +1. 

12 (3.1.7) Now, PR LL, 

1(A —B) + (-1)(A +B) + 0(A +1) =0 
A-B-A-B=0 => B=0 


a=-1,p=5,y=3 


TTT Hence, R(0,0,—1) 
Now, as ZQPR = 90° 
X-y+z=3 [as a,a, + b,b, + cc, = 0, if two lines with DR’s @,b,,c,;a2,b5,c2 


are perpendicular] 


(A-A)A—0)+(A-A)A—0)+(A—-1)(A +1) =0 


* Plos Ba) => (h-1)(A+1)=0 > A=1 or A=-1 
Hence, the image of Q(3, 1, 7) is P(— 1,5, 3). A =1, rejected as Pand Qare different points. 
To find equation of plane passing through => =-1 
P (- 1,5, 3) and containing ieee eed 221. Iftwo straight lines are coplanar, 
— ie 2 
q b, oa 
and ~—*2 -Y V2 -7 772 ae coplanar 
a2 by C2 
A (x4; Yt» 21) 
P (-1, 5, 3) (a4,61,C1) DR's 


x=0) yO 2-0 

=> 1-0 2-0 1-0/=0 

1-0 5-0 3-0 

=> x(6-5)-y@Gt+1)+z26+2)=0 
x-—4y+7z=0 


= ("2,Y9,2, ) 


(a2,b2,C2) ~DR's 


Then, (x2 — 4, V2 — Vy. Z2 — 21), (Q, by, c,) and (ay, by, cy) are 


coplanar, 
220. (i) Direction ratios of a line joining two points (x;,y,,z,) and 
. X2-~% Yo7VN 427% 
(X2,Y2,Z2) are X2 — X,V2—Y.Z2—Z1- ‘cd ‘ b Z 5 
(ii) If the two lines with direction ratios a,,b,,C;3a2,b),C are = : : tye 
perpendicular, then a, az + b, by +c, cz = 0 a by C2 
Line L, is given by y = x;z =1 can be expressed Here, eek Yo * 
-1 3-a -2 
Lyn = =* =a [say] * 
ty, A 0 x-5 y—0 z-0 : 
> = 7 ..-(i) 
> x=0,y =O,z =1 0 —(a -3) —2 
Let the coordinates of Q on L, be (O,,1). y z 
; . = _ and x=a,—= 
Line L, given by y = —x,z = —1 can be expressed as -1 2-a 
x y ztil [say] ' F 
— SS = — sa = en a 
ef eh. ” => gee ...(ii) 
0 =1 2-Q 
=> x=By =-B,z =-1 
: 5 -aQ 0 0 
Let the coordinates of Ron L, be (B,—B,—1). 
Q (A, 2, 1) = 0 3 —2 |=0 
0 -1 2-a 
=> (6-a)[(B-a)(2-a)-2]=0 


Y 


(5 —a) [a? -5a + 4]=0 


> (5-a)(a-1)(a- 4) =0 
P (A, A, A) R (0, 0, -1) “ a =1,4,5 
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223. 
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Equation of straight line is / : . 
a b c 


Since, J is perpendicular to J, and 1, . 
So, its DR’s are cross-product of J; and I. 


Now, to find a point on /, whose distance is given, assume a 
point and find its distance to obtain point. 


-0 y-0_z-0 
Let i= =! =2 


a b c 


which is perpendicular to 


1, :3i—j+ 4k) + 1+ 2j + 2k) 
1, :31 + 3j + 2k) + s(2i+2j)+ k) 
ijk 
DR’soflis|1 2 2/=-2i+3j—-2k 
2 2 4 
: XV # =h, ky 


a 

Now, A(—2k,, 3k,, —2k) and B(—2k», 3k», —2k,). 
Since, A lies on |. 

(-2k,)i + (3k,)i —(2k,)k =(3 + tit (-14 20 j4 (44 20k 
=> 34¢=-2k,-1+ 2t=3k, 4+ 2t=-2k, 
i k,=-1 
=> A(2, —3, 2) 
Let any point on /,(3 + 2s,3+2s,2+5s) 

(2-3 — 2s)? + (-3 -3 - 2s)? + 2-2-5)" =Vi7 


95° + 285 +37 =17 


> 
=> 9s” + 285 + 20 =0 
=> 9s* + 185 + 10s + 20=0 
= (9s + 10) (s + 2) =0 

-10 

s =—2, —- 


778 
Hence, (—1, —1, 0) and G s *) are required points. 


X+2 yl Z 
—1 3 

> x=2A-2,y=-A-1,z =3A 

Let foot of perpendicular from (2A — 2, —A — 1, 3A) 

tox+ty+z=3 be (x2, yo, Z2). 


=A 


Any point on 


X2 — (20 2) _ Va (-A 1) _ 22 (3A) 
af 1 1 
(2A -2-A-1+3A—-3) 
1+1+1 
4r 
=> x,-244+2=y,+A4+1=2,-30 =2 
2nr i 7 isk 5X 
X= ; = : =24 
23 y2 3°72 3 
= X,-0 yo-1 2-2 
2/3 413 5/3 
Hence, foot of perpendicular lie on 
x y-1_z-2 5 * y-1_ z-2 


2/3. —-T/3 ~5/3 2 —] 5 


224. 


225. 


226. 


x-1 y—0_z-—(-3) 
2 =" a 
ij k 
Normal of planeP:n=|7 1 2 
3. 1D) 6 


= i(-16) — j(-42 —6) +2) 
=-16i+ 48} + 32k 
DR’s of normal n = i- 3j ~2k 


Point of intersection of L, and Ly». 


=> 2K,+1=K,+4 
and —k, =k, -3 
=> k, =2andk, =1 


.. Point of intersection (5, — 2, —1) 
Now equation of plane, 
1-(x —5) -—3(y + 2) -&z+1)=0 


=> x —3y —2z -13=0 
=> x —3y —2z =13 
a=1,b =-3,c=-2,d =13 

= +1 _2 

Since, Se ee 
2 K 2 
ame +1 =z 

and - =2 =— are coplanar. 
5 2 k 
2 0 0 

=> 2 K 2}|=0 
5 2 K 

> st Pas 


n, = b, x d, =6j—6k, fork =2 
n, =b, x d, =14j + 14k, fork =—2 
So, equation of planes are (r—a)-n, = 0 
> y-z=-1 and (r-a)-n,=0 
= ytz=-1 
Equation of the plane containing the lines 
x2. yas 24 
3 4 5 
HL, YSZ. 23 
2 3 4 
is a(x —2) + b(y —3) +c(z — 4) =0 


and 


where, 3a+4b +5c=0 

2a +3b+4c=0 
and a(1 — 2) + b(2—3) + c(2-3) =0 
Le. at+b+c=0 


From Eqs. (ii) and (iii), : = - = > which satisfy Eq. (iv). 


Plane through lines is x — 2y + z = 0. 
Given plane is Ax —2y + z =d is V6. 


Planes must be parallel, so A =1 and then 


[als 
aes 


=> |d|=6 


227. The equation of the plane passing through the point 
q Pp Pp g & P 
(—1, —2, —1) and whose normal is perpendicular to both the 
given lines L, and L, may be written as 


(x+1)+7(y+2)-5(¢+1)=0 > x+7y—-5z+10=0 
The distance of the point (1, 1, 1) from the plane 
1+7—-5+4 10 13 ‘ 

= units 
[1 + 49 + 25 


V75 


228. The shortest distance between L, and L, is 


|" (-1)) i + (2-2) +B - (C1) k}- (Ci -7) + 5k) 
53 
_| Gi + 4k)-(-i —7j + 5k) 
53 
17 : 
ego 


229. The equations of given lines in vector form may be written as 


L:r =(-i-2j-k)+4(3i+ j+2k) 


and L):r =(2i-2j+3k) +m (i+ 2j+ 3k) 
Since, the vector is perpendicular to both L, and L, . 
ijk 
31 2|=-i-7j+5k 
1. 23 
. Required unit vector 
_ (4-7) +5k) 
WGC +6) 
1 A A A 
= —~ (-i —-7j+5k) 


5v3 
230. Given three planes are 


Pix-y+z=1 ..(i) 
Pyixty-z=-1 
and P3:x—3y +3z=2 ...(iii) 


On solving Eqs. (i) and (ii), we get 
x=0,z=1+y 
which does not satisfy Eq. (iii). 
As x—3y +3z=0-3y +3(1+ y)=3 (#2) 
So, Statement II is true. 


Next, since we know that direction ratios of line of intersection 


of planes ax+bhy+qz+d,=0 


and Ay X + boy + coz + dz = Vis 
DyCy — boc, Cay — AyC2, Ady — ayb, 
Using above result, 
Direction ratios of lines L,, L, and L, are 
0, 2,2; 0,—4,-4; 0, -2,-2 
Since, all the three lines L,, L, and L; are parallel pairwise. 
Hence, Statement I is false. 


231, 


Given planes are 3x —6y —2z = 15 and2x+y—2z =5. 
For z = 0, we get x =3, y=—1 
Since, direction ratios of planes are 

<3,-6,-2> and <2,1,-2> 


(ii) 
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Then the DR’s of line of intersection of planes is < 14, 2,15 > 
and line is 


x-3  ytl1_z-0 


14 2 15 =i [say] 

=> x=1414+3,y =2A-1,z=15A0 
Hence, Statement I is false. 
But Statement I] is true. 

abe 
LetA=|b c a 

c a b 

= RG +b+c)[(a—b)’ +(b—c)? +(c—a)"] 


(A) Ifat+b+c#0anda’+b?+c° =ab+be+ca 

= A=0 and a=b=c#0 

=> The equations represent identical planes. 

(B)at+b+c=0 and a’+b’? +c’ #ab+be+ca 

= A=0 

= The equations have infinitely many solutions. 
ax+by =(a+b)z, bxt+cy =(b+c)z 

= (b’—ac)y =(b’-ac)z Sy =z 


=> axt+by+cy=0 => ax=ay > x=y=z 


(C) a+ b+c#0anda?+b*+c* #ab+bet+ca 
=> A#0 

The equations represent planes meeting at 
only one point. 

(D) a+ b+c=Oanda’?+b?+c* =ab+be+ca 
=> a=b=c=0 


= The equations represent whole of the 
three-dimensional space. 


Any line parallel to - = a = - and passing through P(1, — 2, 3) 


is 


Q 
K=1 Yt2 2-3 
1 4 5 


=A (say) 


Any point on above line can be written as 
(A +1, 4A —2,5A + 3). 
..Coordinates of R are(A + 1, 4A —2,5A + 3). 
Since, point R lies on the above plane. 
Ad +1) + 3(4A —2)- 450 4+3)+22=0 = A=1 
So, point R is (2, 2, 8). 
PR = (2-1)? + 2 +2)? + 6-3)? = 42 
PQ = 2PR =2V42 


Now, 
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234. Given, equations of lines are 
fae 
it —2 3 2 -1 -1 


Let n, =i—2j+3kandn, =2i-j-k 


.. Any vector n perpendicular to both n,, n, is given by 


n=n, Xn, 
ij k 
=> n=|1 -2 3 | =5i+7j+3k 
a ae 


.. Equation of a plane passing through (1, — 1, — 1) and 
perpendicular to n is given by 


5(x —1) + Hy +1) +3(z+1)=0 


> 5x +7y+3z+5=0 
5+21-21+5 10 

. Required distance = = units 
\or +72 +3?| 83 


235. Equation of line passing through (1, — 5, 9) and parallel to 
x=y=zZis 
x-1l_yt+5_z-9 
1 1 1 
Thus, any point on this line is of the form 
(A+1,A—5,A +9). 
Now, if P(A + 1,4 —5, A + 9) is the point of intersection of line 
and plane, then 
(A+1)-(A-5)+2X4+9=5 
> A+15=5 
= Xx =-10 
..Coordinates of point P are (— 9, — 15, — 1). 


=r (say) 


Hence, the required distance 
= (1+ 9)? + (-5 415)? +041) 
= 4/10? + 10 + 10° = 10V3 


236. Since, the line oe Me Bs 


2 lies in the plane 


=1 
lx + my — z =9, therefore we have 
21-m-3=0 
[ normal will be perpendicular to the line] 
> 2l1-m=3 ...(i) 
and 31-2m+4=9 
[" point (3, — 2, — 4) lies on the plane] 
=> 31 -2m=5 ...(ii) 


On solving Eqs. (i) and (ii), we get 
l=landm=-1 
124+ m? =2 

237. Given equation of line is 
x-2 yt+l_ z-2 
3 4 12 
and equation of plane is 
x-yt+z=16 ...(ii) 


=X (say) ...(i) 


238. 


239. 


Any point on the line (i) is 
BA + 2,40 —1,12A + 2) 
Let this point be point of intersection of the line and plane. 


(3A + 2) —(4A —1) + (12 + 2) =16 


> 111 +5=16 
=> 11A =11 
=> A=1 


..Point of intersection is (5, 3, 14). 

Now, distance between the points (1, 0, 2) and (5, 3, 14) 
= (5-1)? + G-0)? + (14-2) 
= i494 144 
= 169 


=13 


Let equation of plane containing the lines 2x —5y + z =3 and 
x+y+t4z=5be 
(2x -—5y +z-3)+ A(x+ y+ 4z-5)=0 
=> (2+A)x+(A—-5)y + (4A + Iz -3-5A =0 (i) 
This plane is parallel to the plane x + 3y + 6z =1. 
2+X A-5 4441 


1 3 6 
On taking first two equalities, we get 
64+3A=A-5 
> 2A=-11 
11 
=> = — — 
2 


On taking last two equalities, we get 
6A —30=3 + 120 


=> —6A =33 
11 
> =-— 
2 


So, the equation of required plane is 


11 -11 44 11 
2 (Ce | SO: Ly t1}z-3+5x—=0 
2 2 2 2 


7 21 42 49 


=> ae ao Mea > =0 

=> x+3y+6z-7=0 

Given, /+m+n=0 > /=-(m+n) 

=> (m+n) =P 

> m +n? +2mn=m'? +n’ [=m +n’, given] 
=> 2mn = 0 


Case I When m= 0, then 
l/=-n 

Hence, (/, m, n) is (1, 0, —1). 

Case II When n = 0, then 


l=-m 
Hence, (/, m, n) is (1, 0, -1). 
Pees aa ee 
cos = asa 
> ee 
3 


240. 


241. 


242. 


Plane and line are parallel to each other. Equation of normal to 
the plane through the point (1, 3, 4) is 
x-1_y-3_z-4 


=k Sa 
; = ; [Say] 
Any point in this normal is 
(2k+1,-k+3,4+k). 
(2 14+13 ers Aree s)y 
> ; : lies on plane. 
2 2 2 
= 2(k +1) (S=*} 4 (F2£) 43-0 
2 2 
=> k-=-—2 


Hence, point through which this image pass is 
(2k+1,3-k,4+k) 
(2(-2) + 1,3 + 2, 4-2) =(-3,5, 2) 
Hence, equation of image line is 

X+3 yrs 2-2 


Le. 


3 1 —5 
Given planes are 
2axt+y+2z-8=0 
5 
and 2x+yt2z4 5 =0 
Distance between two parallel planes 
3 5 
|d;—do|_ _ 2 
(eh ee |e er ee 
21 
ae ee 
3. 2 
The given line are 
x2 Oe ee : 
— y = ..-(i) 
i 1 —k 
-1 —k —5 
and eg ii) 
k 2 1 
Condition for two lines are coplanar. 
% —X2 Vi-y2 422 
L, m n |=0 


l M2 Ng 


wher,e (x, y1, Z,) and (x2, y2 Z2) are any points on the lines (i) 
and (ii), respectively and <], m,n, >and <1, m,n, >are 
direction cosines of lines (i) and (ii), respectively. 


2-1 3-4 4-5 

1 1 —k |=0 

k 2 1 

1 =f 1 
=> 1 1 —-k\|=0 

ko o2 1 
=> 1(1+2k)+1(1+ k?)-(2-k) =0 
=> k? 4+ 2k+k=0 
=> k? +3k=0 
> k=0,-3 
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243. 


244, 


245. 
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Note : If 0 appears in the denominator, then the correct way of 
representing the equation of straight line is 

= 
y ;z=4andx 
1 1 2 1 


x= 2 


qa" Ze 5 


Given A plane P: x —2y + 2z -5=0 


To find The equation of a plane parallel to given plane P and 
at a distance of 1 unit from origin. Equation of family of planes 
parallel to the given plane P is 

Q:x-2y+2z+d=0 
Also, perpendicular distance of Q from origin is 1 unit. 


0 — (0) + 200) +d eo 


=> 
1? + 2? +2? 
d 
> f]-13 dns 


Hence, the required equation of the plane parallel to P and at 
unit distance from origin is 
x—2y+2z+3=0 
Hence, out of the given equations, option (a) is the only correct 
option. 
eo, yee 2b 
3 4 

x-3 y—-k_z—0 

1 2 1 


To find The value of ‘k of the given lines L, and L, are 
intersecting each other. 


Given Two lines L, : 


and I,: 


x-1. yl z-1 

2 3 4 
x-3 y-k_z-0 

1 2 1 
= Any point Pon line JL, is of type 
P(2p + 1,3p —1, 4p + 1) and any point Q on line L, is of type 
O(q + 3, 2q + k, q). 
Since, L, and L, are intersecting each other, hence both points 
Pand Q should coincide at the point of intersection, i.e., 
corresponding coordinates of P and Q should be same. 

2p+1=q+3, 3p—-1=2q+kand4p+1=q 

On solving 2p + 1=q +3 and 4p + 1 =q, we get the values of p 
and q as 


Let Tye 


=p 


and L,: =q 


=— and g=-5 
Pp ; q 


On substituting the values of p and q in the third equation 
3p -1=2q+ k, we get 


3 
3 (=) ~1=2(-5)+k 


> pa 
2 
Angle between straight line r =a + Ab and plene r-f = d is 
sin 8 = ae 
| b|| | 
ing = at 25+ 4k) G+ 2) + 3k) 


J1+44+r 14449 
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247. 
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_ 5 +3A 
VA? 45 14 
5 
Given, cos 8 = ./— 
14 
3 3 543A 
sin 8 = > — 
J14— V14 (45-14 
=> 9 (M7 +5) =9A? + 30 + 25 
=> 9? + 45 =907 + 330A + 25 
2 
=> aa 


Mid-point of AB is M (1, 3, 5). 


A (1, 0, 7) 
I 
= 
I 
I 
He 
$ > 
Me x_y-1_z-2 
ae 1° 2 3 
I 
B (1, 6, 3) 
wie iene Se 
1 2 2 
1 3=1 5-2 
as >1=1=1 
1 2 3 


Hence, Statement II is true. 
Also, directions ratios of AB is 
1=1,6=03=7) 
(0, 6, —4) 
and direction ratios of straight line is 
(1, 2, 3) 
The two lines are perpendicular, if 
0(1) + 6(2) —4(3)=12 -12 =0 
Hence, Statement I is true and statement II is a correct 
explanations of statement II. 
Let the coordinates of Q be (2A, 3A + 2, 44 +3) which is any 
point on the straight line AB. 


i.e. 


...(i) 


...(ii) 


P(3, -1, 11) 


A a) > B 


«. DR’s of PQ is (2A -3, 3A +3, 44-8) 


Also, perpendicular to straight line AB a =2 "= 


having DR’s (2, 3, 4). 


Thus, 2A -3) + 3(3A +3) + 4(40-8) =0 
=> 4h -6+90 +94 160-32 =0 
= 29h. -29 =0 


N=1 


248. 


249. 
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Hence, coordinates of Q are (2, 5, 7) 
| PO|= (3-2)? +(-1-5)? +(7-11)" 
= 1+36+416 = V53 


Let Q be any point on the plane. 


Then equation of PQ is 


-1 +5 -9 
x-1l_y _Z ah 


where 


x=A+1Ly=A-5,z=A+9 lies on the plane 


x-y+tz=5 
=> A41-A4+541AN49=5 
x =-10 


Hence, coordinate of Q is Q(-9, - 15, - 1) 
| PQ|= (10)? + (10)? + (10)?= 1073 


We know that, cos” 45°+ cos”120°+ cos’ =1 


1 1 
+ —+cos’@=1 = cos’ = 
4 
1 
> ES => 0=60° or 120° 


The image of the point (3, 1, 6) with respect to the plane 
x-y+z=Sis 


x-3  y-1_z-6 _ —2(3-1+6-5) 
1 =] 1 14141 
[ x MVM 2a 2(ax, + by, + cz, + d)| 
| a b c a+b +c? 
—3 -~1 2-6 
= See et ee 
1 =] 1 
—" x=3-221 
y =14+2=3 
and z=6-2=4 


which shows that Statement I is true. 


We observe that the line segment joining the points 
A(3, 1, 6) and B(1, 3, 4) has direction ratios 2, - 2, 2 which are 
proportional to 1, - 1, 1. The direction ratios of the normal to 
the plane. Hence, Statements II is true. Thus, the Statements I 
and II are true and Statement II is correct explanation of 
Statement I. 


Dr’s of given line are (3, — 5, 2). 
Dr’s of normal to the plane = (1, 3, — &) 


.. Line is perpendicular to the normal. 


=> 3(1) — 5(3) + 2(-a) =0 
=> 3-15-20 =0 
> 20 =-125> a=- 


Also, point (2, 1, — 2) lies on the plane. 
: 24+3+6(-2)+B=0>B8=7 
(a, B) = (- 6, 7) 


=> 


252. 


253. 


254. 


255. 


Projection of a vector on coordinate axes are 


X2— %, V2 — Vis 22 7% 


Xo — X, =6, 
Y2-N =-3, 
Z_—Z, =2 
Now, (x2 - 4)? + 2-91) + @2 21) 


=,/36+9+4=7 
3 


So, the DC’s of the vector are & --,-. 
if 77 


Equation of line passing through (5, 1, a) and @, b, 1) is 
x-3 y-b_z-l 
5-3 1-b 


a=1 


... (i) 


RE: % V7 _% Z| 


X2-—X% Ye27Vr 22 x | 


1 13 
Point (0, >" -2) satisfies Eq. (i), we get 


1 13 
ee =i 
3_2 _ 2 
2 1-b a-1 
> a-1 5 =>a=6 


2 
3 
2 


G) 


Also, —3(1—b) -o( 2-5) 

=> 3b-3 =17-2b 

=> 5b =20>b=4 

Given, Kol Yo 2 2-3 
k 2 3 

sea x-2 y-3 2-1 
3 k 2 


Since, lines intersect at a point. Then, shortest distance 
between them is zero. 


k 2 3 

3 k 2/=0 

11 -2 
=> k-2k —2) -2(-6 —2) + 3(3—k) =0 
=> —2k? -5k+25=0 
=> 2k? + 5k —25=0 


= 2k’ + 10k —5k—25=0 
=> 2kk+5)—5(k +5) =0 


5 
=> k=-,-5 
2 


Hence, integer value of k is — 5. 


Let the drection cosines of line L be 1, m and n. Since, the line 
intersect the given planes, then the normal to the planes are 


perpendicular to the line L. 
21+3m+n=0 


and 1+3m+2n=0 


...(i) 
...(ii) 
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256. 


257. 


258. 


259. 


We know that, the image (x, y, z) of a point (x, y;, z;) ina 


From Eqs. (i) and (ii), we get 
l 
-= alls = a =k 
3. =3. 3 
We know that, 1? + m? +n? =1 


(3k)? + (-3k)? + (3k)? =1 


1 
=> 27 =1 => k=—— 
33 
aes cosa = 
V3 V3 
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Since, a line makes an angle of — with positive direction of 
4 


each of X-axis and Y-axis, therefore 
I TT 

Qa=— y — an 

4 B 4 


We know that, cos” @ + cos” B + cos” y=1 


27 27 Des 
=> cos’ — + cos’ — + cos’ Y=1 
4 4 

11 ’ 
> —+—+4+cos* y=1 

2 2 
> cos Y=0 > y=90° 
Given, equation of sphere is 


x+y? +2? -6x—-12y -2z+20=0 


whose coordinates of centre are (3, 6, 1). 


Since, one end of diameter are (2, 3, 5) and the other end of 


diameter be (a, B, Y), 
a+2 B+3 yt5 


then 3, 6, 1 
2 2 a 

=> a=4p=9 

and y=-3 


Hence, the coordinates of other point are (4, 9, — 3). 
Given equations of lines are 

x=ay+b,z=cy+d 
and x=a’y+,z=c'y+a’ 
These equations can be rewritten as 


x-b_y-0_z-d 


a 1 c 
x-b’ y-0_ z-d’ 


a’ 1 c’ 


and 


These lines will perpendicular, if aa’ + 1+ cc’ =0 


Ll, + mm, + nn, =6 


plane ax + by + cz + d = Ois given by 


XX VT7VM _% 74% 


a b c 
2 (ax, + by, + cz, + d) 
a+b +e? : 


Thus, the image of point (—1, 3, 4) in a plane x — 2y = 0 is given 


by 
KL y-3 2-4 


1 —2 0 
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2[1 XC) + (-2)x3 + 0x 4) 262. If a,, b,, c, and ay,b,c2 are DR’s of two lines, then the angle 
1+4 between them is given by 
=> EE VRP 2 e4 HAD aa, + bb, + cc, 
1 —2 0 5 “ose = 2 2 2 | 2 2 2 
14 9 28 13 Va? +b? + of a} + 2 + 03 
> x= 1=-,y= + 3= : : . 
5 5 5 The given equations can be rewritten as 
and z=4 a ee |e ee 
Hence, the i f point (-1,3, 4)is(2,- "2, 4 ai a 
nee, Hhesnaes ck permit hain) 5 we Angle between the lines is given by 
6—24+ 18 
260. Centre of sphere x* + y? +z” + 2ux + 2vy + 2wzt+d=0 is cos 8 = 
J9+44+36/44+ 14449 
(-u, —v, —w). 
Given equation of first sphere is a 0 
; V49V157 
x? 4 y? +27 +6x 8y —2z =13 ...(i) 
=> 8 =90° 


whose centre is (—3, 4, 1) 


and equation of second sphere is 263. Since, the centre of sphere 


ie {1 1 ; 
x+y? +z? -10x + 4y -2z =8 ..-(ii) ety t2?-x+z-2=0is (: 0, -1) and radius of sphere 
whose centre is (5, —2, 1). 
ie ia 10 
Mid-point of (—3, 4, 1) and (5, —2, 1) is (1, 1, 1). = f—-+—+2 =— 
: 4 4 2 
Since, the plane passes through (1, 1, 1). 
2a—3a+ 4a+6=0 
> 3a=-6 >a=-2 
261. Direction ratios of line normal are 
(4, by, C1) = (1, 2, 2) B . 
and direction ratios of a plane are 
(ap, bz, C2) =(2,-1, VA) Distance of plane from centre of sphere 
+ bby + 
Since, sin® = RSs A 2 + a 4 
a? + be +c? a2 +b? +02 -|2 2 aie 
Vyl+4+1 6 
1X2+2(-1)+2xJA v6 


Va) + @)2 + @)2 lay? + (0)? + (WA? 09 


So, radius of circle = ,]— — — 


> = ——— 35+1=41r 
3 3V544 _ [30-18 _ [12 


